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Keywords Abstract — Let of represent the class of analytic functions f defined in the open unit disk
Convolution, U:={z€eC:lz| < 1} such that f(0) = f/(0) — 1 =0 and let 22 represent the well-known class of
hypergeometric Carathéodory functions p such that p(0) =1 and Rep(z) >0, z € U. A functions p analytic

function weighted in U such that p(0) =1 belongs to the class &, for k = 2, if and only if

int It 2 .
integral transforms ) ”1 \ i
p(z)=—f—da(0) (zeU),

2w ) 1-ze 10
0
2n 2
where a(6):0 <0 < 2x is a function of bounded variation with [ da®) =27 and [ |da(0)| <
0 0

kn.ForsomeneR,¢<1,k=2andy=0,let %Z(y, ¢) denote the class of functions f € o satis-
fying the condition: e/" ([1 -7) @ +yf () - g] €P.  (zeU).For feZ](y,c), we define

1
the integral transform S, (f) (z) = [m(9) f(—fz)d t, where m is a non-negative real-valued
0

1
weight function with [m(¢)dt = 1. The main objective of this paper is to study conditions
0

for invariance of the integral transforms S, and other relevant properties in connection
with functions in the class %Z(y, ¢). Also by varying parameters, we encompass a large
number of previously known results.

Subject Classification (2020): 30C45, 30C80.

1. Introduction and Definitions

Let A (U) represent the class of all analytic functions f defined in the open unit disk U := {z€ C:|z| < 1},

and for a positive integer n and a € C, let

Hlan) :={fe #U): f(2) =a+anz"+an12""+...  (zeU)}.
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Also, the subclass «f of the class .#[a, n] is defined as:
o :={fe#10,1]: f'(0) =1}. (1.1)

The class of univalent functions is represented by . and it is a subclass of the class «¢, whereas, #*,€, %
and 2 are the well-known classes of starlike, convex, close-to-convex and quasi-convex functions respec-

tively.

For f, g € o/, we define the Hadamard product or convolution f * g by

(F*8)@=z+) anbyz"  (z€l),

n=2

where f is defined by (1.1) and
g(z)=z+anz" (zeU).

n=2
Let 22 denote the well-known class of Carathéodory functions p such that p € #(U), with
p(0)=1 and Rep(z)>0 (zel).
Also &2 (¢) represents the class of Carathéodory functions p such that p € #(U) with

p0)=1 and Rep(z)>¢ (0=<¢<l1,z€l).

For details of these classes, we refer [7]. The function p €22, if and only if it satisfies the conditions p(0) =1

and
1 2ﬂl-kze_’.g
p(z)= E\[mdd(@) (zel),
0

where a(0) : 0 < 0 < 27 is a function of bounded variation satisfies the conditions
21 21
fda(@) =2m and /Ida(@)l < km.
0 0

or equivalently, p € 27 if and only if there exist p;, p2 € 2 such that

k 1
pl(Z)—(———)pz(Z) (k=2,zel).

()—(5+1
pie= 12

4 2

Let p be an analytic function defined in the open unit disk U. Then p € 22¢(¢), if and only if p(0) =1 and

()_(E+l) ()_(E_l) (2) 0=s¢c<1l,k=2,zel)
pZ—4 Zplz 4 2p2Z —C ;—rZ ’

where p1, p2 € 22(¢). For detail of the classes 2 and 224 (¢), see [17] and [18] respectively.

ForsomeneR,¢<1,k=2andy =0, let %Z(y, ¢) denote the class of functions f € of satisfying the condi-
tion:
ei"((l—ﬂf(z) +Yf'(z)—c)€9’k (zeU). (1.2)

V4
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where «f is defined by (1.1) . For various related classes, we refer [1, 5, 9, 11, 13, 14].

The well-known Gaussian hypergeometric function % is defined as:

F (a,BA;2) = % %z”

! (zel), (1.3)

where a,,A€C, A ¢{0,—-1,-2,...}. Here for a # 0, we have

aa+1)(a+2)...(a+n-1), n=1,2,3....
(a)n:{
1, n=0

IfReA >Repf >0, then

rw

— (P la-pMPla-t2)"%dr  (zel).
T(@)T(A- ﬁ)f

F (a,B;M;2) =

Moreover, for Rea > 0, Re >0 and Re (A + 1) > Re (a + ), we have

r')
F@r(B)r(A-a-p+1)

1
F (a,BiA;2) = S (D) 1 dt (zel),
0

(1-1t2)

where
M =tFta-pr " FPgA-al-A-a-p+1;1-1),

for detail, see [3, 8]. For special choices of parameters, F (, §; A; z) contains Noor integral operator [12, 15],

Ruscheweyh derivative [23] and others. For a function f € %Z(y, ¢), we define the integral transform

S (f) (=) = fm(t) f( (1.4)

1
where m is a non-negative real-valued integrable weight function such that fm(f)dt=1and f € %Z(y, 19)
0

satisfies (1.2). The operator Sy, (f) contain Libera, Bernardi, and Komatu operators as special cases. For

fe 92;’ (¥,6), Sm (f) has been investigated by various authors, for reference, see [3, 10, 19— —22].
2. A Set of Preliminary Results

To establish our main results, we will use the following lemmas.

Lemma 2.1. [20] Let ¢1,¢2 < 1 and let the functions p and g be analytic in U with p (0) = g (0) = 1. Then the
conditions

Rep(z)>¢1  (z€U) and Reeg(z2)-¢2>0  (zeU)

imply

Re(e™(p+q)(2)-8)>0  (zeL),
where1-6=2(1-¢1)(1—-¢2).
Lemma 2.2. Let¢; <1, y =1 and ¢ = ¢(¢1,y) be such that

1- 1 1m L du
o1 mo (——1)[ m () ( —d @.1)
Y Jo 1+1 o 1+

C_
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If F (a, B;; 2) =9(2,%,1+]—1/;z),then

1-¢;
2(1-¢)’

1 1 1
Ref m(t)gz(z,—,l+—;tz)dt>l—
0 Y Y

where m is a real-valued non-negative weight function with fol m(t)dt =1 and & (a, B; A; z) is defined by

(1.3). The value of ¢ is sharp.

LemmaZ2.3.let0<a<land f<A-— a< . Then
ReM (z) =Re{(l-a) F (a, B;y;2) +aF (a+ 1,64, 2)} = M (-1) = ¢, (zel).

This result is sharp.

Lemma2.4. Let -1 < a <0 and > a. Then for

(1+%)(1+ﬁ)fﬂ[ﬁ_m dt, for p# a

M (z) = (zel),
(1+a)? Of—t Aralogd 4y, for f=
we have
(““)(”ﬁ)fﬁtiﬁf”dr, for f# a
ReM(z) > M(-1)=¢, = . (zeU).
(1+a)2ft(+“i°g”dt, forf=a
0

These inequalities are sharp.

Lemma2.5. Let—-1<a<0,g>1and

q1 q-2 1-alog(:
M(z)=(1+m [t lg( ) wdt (zeU).
T(q) o t 1-tz
Then g1
1y ( a) q—Z( 1 _ l) ¢
ReM(z)= M(~1)=¢, = OB, Jlog(-)7™| g~ 1~ alog(-)| ——dr.

For the proof of Lemma 2 to Lemma 5, we refer, [4].
3. Main Results

In the following theorem, we find the conditions such that S, (f) € 2((1,¢1) whenever f € %Z(y, q).
Theorem3.1. Let¢; <1, y=1,k=2andlet¢=¢ (cl,y) be defined by (2.1). If f € 922(7/, ¢), then Sy, (f) defined
by (1.4) also belongs to the class % (1,¢1). The value of ¢ is sharp.

Proof.

Let

(1- )f( )+Yf (2) = p(2) (zeU), (3.1)

where p(0)=1.1If fe %Z(y, ¢), then by (3.1), we have

k k
p(2) =( )m (z) — (———)pz (z) € P (6) (zel), 3.2)
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pi €22 (¢),i =1,2 and conversely. For y # 0, from (3.2), we write

rliep)er(eay) 2o ge L2 o (f: ;) 1()—(1—6——)p2(z).

On further simplification, we obtain

© n+1

@=|53)ne-(5-3) "
2= (4 p1(2) - p2(2) ngol+nyz (zel), 3.3)
which is equivalent to
"(2) = (I—€+1 ()—(I—C—l) (2) | *F (2 l'1+l' ) (zel) 3.4)
f@=| +5|n@=|7 -5z Ltz z :

where Z (2, )l/; 1+ )l,; z) is defined by (1.3). For y = 0, we write

fl(@)= (g + %) (zp1(2) - (g - 1) (zp2 (2)

k 1 k 1
( )m(z) (———)pg(z) *F(2,1;1;2).

4 2

This is the limiting case of (3.3) for y — 0. Differentiating (1.4) and then simplifying, we have

1
i‘s/m(f)(z):%fm f(tZ)dr_f() fﬁdt (zel), 3.5)
0

1
where m a non-negative real-valued weight function such that ['m ()dt = 1. Both (3.4) and (3.5) yield
0

1 1
1 1 1 1
E‘s'm(f) (z) =ki1p1 (z)*/m(t)g(z,—;l+—;tz)dt—kzpz(z)*fm(t)ﬁ(Z,—;l+—;tz)dt. (3.6)
4 Y Y 5 Y Y

For y =0, we have

k1
S0, (N (2) = (Z+§)

1 1
m(t) k 1 m(t)
Pl(z)*o (1—tz)2dt] _(Z_E)m( ) * (1—tz)2

which is just the limiting case of (3.5) for y — 0 and m a non-negative real-valued weight function such
1

that [m(f)dt =1. For y = 1, using Lemma 2, we write
0

1 1
Refm(t)g(Z,—;l+—;tz)dt>cl:1——p,cl <1 (zel),
Yy v 2(1-¢)

where ¢ is given by (2,1) the condition mentioned above in the statement of the theorem and m a non-
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1
negative real-valued weight function such that [m (1)dt = 1. Again using Lemma 1, we obtain
0

1 1
pi (z)*fm(t)g(z,)—/;l+;;tz)dte,@(cl) fori=1,2 (zel). (3.7)
From (3.5), (3.6) and (3.7), we obtain 3, (f) € (1, p). To prove the sharpness, we consider the function
f € Z(y,¢) determined by the relation

1+ kz+
1-nL2 4 yf@=a- c)#w (zeU).

On simplification, we obtain

2z 473 622 10z*
fllay=1+01- c)k{ +....}+(1—c){—+ +}

1+7’ 143y 1+2y 1+4y
This implies that
f@=z+1-¢) Z a 22 (z€U). (3.8)
1+2n-1)y 1+2ny
Now, using (3.8) in (1.4), we have
S f(2) = z+k(1-¢) Z mzw +2(1-¢) Z mzz”“ (zeU), (3.9)

where

1 1
pn=m@) *"1dt and v, =[m() *"dt.
0 0

The function given in (3.9) is the required extremal function for the parameter ¢.

Theorem 3.2. Llet0<a <1, f<Al—a< é and let § be the convolution operator defined as:
5 (2):= f(2) % 2F (a, B; A; 2) (zel). (3.10)

Suppose that f € Z(0,¢). Then,
Se€ER(1,y=1-2(1-¢)1-¢1))

with
ai=MED=01-a)F(a,f4-1)+aZF (a+1,61-1).

In particular
. in(f@ _ 1-2¢, . : in
(i) e ( Z 2(1—c1)) € P implies that e'" §' (z) € P
and
(i) e" (@ - %) € Py yields(e §' (2) - ¢1) € Py

Proof.
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Rewriting (3.10), we have § (z) := f (2) * zF (a,ﬁ;&; z) , where f € 21(0,¢). This implies that

f()

3 (2)= (27 (a,B;1;2)) = * M (2), (3.11)

f@
z
where M (z) = (2 (a, B; A; z))'. Now, taking derivative of hypergeometric function and using

AF (a+1,B;4;2) = PzF (a+1,p+ LA+ 1;2) + AT (a, ;4 2),

we obtain
M@ =1-a)F (a,i1z)+aF (a+1,6;1;2) (zeU).

For A > a + B, we write

A 1 1
( ) fm1 (I)Edt (ZE[U),

MO T T -a-p

where

_Q-ayfta-preh ‘ ‘
my (1) = pp— FA-al-aA-a-p+1;1-1)

+ P APl g (A—a-1,—gA—a-1-1).

For <A —-a<1and ae€ (0,1], using Lemma 3, we see that
ReM (z) > M (-1) =¢], (3.12)

where
a=0-0F(a,pA;-1)+aF (a+1,6;1;-1).

For f € Z1(0,¢), we have

fa_ (Z ;) 1()—(]—6——)192(2) (zel),
where p; € 2 (¢) for i = 1,2. This implies that
f() k 1 k1
*M(z) = (4 z)pl(z)*M(z)—(z—é)pg(z)*M(z) (zeU). (3.13)

Using (3.12) and Lemma 1, we write
pixMe2(y)fori=1,2 (z€U), (3.14)

wherey=1-2(1-¢)1-¢;). On combining (3.11),(3.13) and (3.14), we obtain

f()

F(2) == % M(2) € 2 (y).

This implies that § € Z(1,y). Let f € 21(0,¢). For the extremal function which gives the sharpness, con-
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sider
@:(Eﬁ d —(k——) 1-2(1- c;)— (zeU)
z 4 -2 +2z
and
z
M(z):1+2(1—cl)1_
Now

19 o mrco» | (£ )14 20292)_(E_1)(y_20-92))
Z 4 2 1-z 4 2 1+2z

which on simplification yields

f(Z) « M(z )_(E 1)[1+4(1—C)(1—C1)Z _(E_l)[l_‘l(l—c)(l—ﬁ)z ' (3.15)
4 1-2 4 2 1+2z
Thus from (3.15), we obtain the required extremal function.
Theorem 3.3. Let -1<a <0, f>aand f € Z4(0,¢). Then
GeR,(1,1-2(1-¢)(1-¢1)),
where
@@= IVD g ey (3.16)
z) = e ——— T 3 Z)= Z Z y .
n=1(n+a)(n+p)
and
Lra)(eh) jﬁtﬁl;‘;f“dt, for f# a,
1=
1+a) Of%aiogndt, for = a.
This result is sharp.
Proof.
Let a € (-1,0), 8> a and ¢ be defined by (3.16) . Then
o (1 1
94 (z) = * Y A+a)(1+5) z"*f(z) (zel)
(1-2)* n=0(n+a)(n+p) z
or
oo (1 1 1
G (z) = z( ta)(1+p)(n+ 1) ”*f(z)=f(Z)*M(z) (zeU), 3.17)
n=0 (n+a)(n+p) z z
where ( ,6)
l+a)ll+ 00 z" 00 z"
M(z2) = ay & S ).
(2 p-a ango(n+a+1)+'6n§o(n+ﬁ+l) (el
The function M can also be written as
1 1BtP — @
M(z)_m(ua)(uﬁ)g‘ e dr  (z€U). (3.18)

Using Lemma 4, from (3.18), we have

1 1 1668 — qr®
ReM(2)> M(—1) = ¢y = . al +ﬂ)fﬁt x4 (3.19)
ﬁ—a 0 1+1¢
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Now for f € Z4(0,¢), consider

/@ (’f+1) (2) - (5—1) 2)  (zeU)
P VP e DY L 2=B)

where p; € 2 (¢) for i = 1,2. This implies that

f(Z) * M (z) = (E+l ()*M()—(E—l) (2) * M (z) (zel) (3.20)
~ =23 p1(z z 13 p2(z z z . .
Using (3.19) and Lemma 1, we write
pi(2)*M(2)e?2(1-2(1-¢)1-¢y1)) fori=1,2 (zel). 3.21)

On combining (3.17), (3.20) and (3.21), we obtain

G (z) = f(ZZ) * M@ eEP.(1-201-0)1-¢1) (z€U).
This implies that

Ge%(1,1-2(1-¢)1-¢1)).

For f = a, the similar result for the conditions described in the theorem can be obtained by taking the limit

B — «a in the previous case a < 8. Sharpness can be obtained as in previous theorems.

Theorem 3.4. Let -1 <a <0, g>1and f € Z(0,¢). Then the the operator §,,4 defined by

o (1+a)q

3a,q(z) :ga,q (f) (2)= )

1(n+a)qzn*f(Z) (zet)
n=

isin the class Z; (1,1-2(1—¢) (1 —¢1)) with

~ 4@l (1) 1)) ©
ql—M(—l)—W{log(;) (q—l—QIOg(?)) 1+[dt

Proof.

For g > 0 and a > -1, the operator §, 4 is defined as

A+a)9

q-1
Faq(f) (2= OB ——— 1o () 11 f (tz)de (zeU).

Nowfor-1<a <0, g>1and f € Z(0,¢),

2 1+,
Sa,q(f)(z)—nél(n+a)qz * f(2) (zel)
" 1 f f
, 2 nl+a)? 4 ﬂ_ (2)
Saq () 2 =Y e © =M@+ == (z€l). (3.22)

By Lemma 5, we see that

1+a) 1 11972 1))
ReM(z) > M(-1) = DR, ——F——/1lo ( ) (q—l—(xlog(;))l_wdt.
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Now for f € Z4(0,¢), consider

T T
z |1 T2)Pr@ Ty )P &S

where p; € 2 (¢) for i = 1,2. This implies that

M*M()—(E+1 ()*M()—(E—l) (2) * M (2) (zelU) (3.24)
- A=+ = el e 121G z z . .
Using (3.23) and Lemma 1, we write

pi*MeP(1-2(1-¢)1-¢y) fori=1,2. (3.25)

On combining (3.22), (3.24) and (3.25), we obtain

f(2)
Z

Saq(f)(@=—*M(@)eP(1-2(1-¢)1-¢c1)).

This implies that S’a q€ Z(1,7). The sharpness of the above result is straight forward.

For special choices of parameter, we also refer (2, 6, 16, 24].
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