Hacettepe Journal of Hacet. J. Math. Stat.
Volume 51 (2) (2022), 421 429
Mathematics & Statistics DOI : 10.15672/hujms.784819

RESEARCH ARTICLE

Controlled g-dual frames and their approximates
in Hilbert spaces

Sayyed Mehrab Ramezani

Faculty of Technology and Mining, Yasouj University, Choram, Iran

Abstract
In this paper, we introduced and characterized the controlled g-duals of a frame in a
separable Hilbert space H . Afterwards, we obtained new C-controlled g-dual frames
from the given C-controlled g-dual frames. In addition, the approximation for controlled
g-dual frames was defined and some of their properties were investigated. Finally, we
characterized the relationship between approximately C-controlled dual and C-controlled
g-dual.
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1. Introduction

Frames for Hilbert space were formally defined by Duffin and Schaeffer [8] in 1952 while
studying some problems in non-harmonic Fourier series. Recall that for a Hilbert space
H and a countable index set J, a collection {f;};cs C H is called a frame for the Hilbert
space H if there exist two positive constants ¢, d such that for all f € H

dlFI? < DKL P < dllfl% (1.1)

jeJ
c and d are called the lower and upper frame bounds, respectively. If only the right-hand
inequality in (1.1) is satisfied, we call {f;};ecs a Bessel sequence for { with Bessel bound
d.
The bounded linear operator T is defined by
T:0%(]) — K, T{c;}jes =Y ¢ifi,
jedJ
which is called the synthesis operator of {f;};ecs. Moreover, T*f = {(f, f;)};es for all
{¢j}jes € £3(J). The map T* is called the analysis operator of {f;}jcs. The bounded
linear operator S is also defined by
S=TT": 35—, S()=>Afffi
Jj€J

which is called the frame operator of {f;};cs. For more information about the frames see
[5].
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Two Bessel sequences {f;}jcs and {g;}jcs are said to be duals for J{ if the following
equalities hold
f= Z(f, fivgi = Z(f,gj>fj, for all f € H.
jeJ jeJ
Note that because S : 3 — H by S(f) = >2;c,(f, fj) f; is bijective, self-adjoint and

F=8STH) =X A7 it = D (87 i fi
jeJ jeJ
hence the sequence {S™!f;} ey is also a frame by Corollary 1.1.3 [5] and it is called the
canonical dual of {f;};cs. Dual frames are important in reconstructing vectors (or signals)
in terms of the frame elements.

Dehghan and Hasankhani Fard [7] introduced and characterized the g-duals of a frame
in a separable Hilbert space and Ramezani and Nazari [9, 10] extended this concept for
a generalized frame and a continuous frame. A frame {g;};cs is called a g-dual frame of
the frame {f;};cs for H if there exists an invertible operator A € B(JH) such that for all
feH

f=2 (AL, 915,
jeJ
where B(JH) denotes the set of all the bounded operators on H. Thus, {g;};jes is a g-dual
frame for { f;};e.s associated to A if and only if {A*g;};c s is a dual frame for { f;};cs. They
showed that also by applying g-duals, one can deduce further reconstruction formulas to
obtain signals.

Weighted and controlled frames have been introduced recently to improve the numeri-
cal efficiency of iterative algorithms for inverting the frame operator on abstract Hilbert
spaces [1]. By decreasing the ratio of the frame bounds, weighting improves the numerical
efficiency of iterative algorithms, such as the "frame algorithm" [5] for the inversion of the
frame operator. However, they have been employed earlier in [2] for spherical wavelets.
Let GL(H) be the set of all the bounded operators with a bounded inverse. A frame
controlled by the operator C' or C-controlled frame is a family of vectors {f;};c; C K,
such that there exist two constants A, > 0 and B, < oo, satisfying

AIFIP < D AF FNC i f) < Bell fI1% (1.2)

Jje€J
for every f € H, where C € GL(H). Every frame is an [-controlled frame. Hence the

controlled frames are generalizations of frames. The controlled frame operator S, is defined
by
Sef =) {f £;)C; = CS, (f € %), (1.3)
jeJ
where S is the frame operator of { f;};es. The synthesis operator for a C-controlled frame
{f;}jes is defined as follows

T.({ag}jes) = Y _aiCf; =
jeJ
where T is the synthesis operator of {f;};cs and S, = T, T*. C-Controlled frame {f;};cs
and Bessel sequences{g;}; e are said to be the C-controlled duals for H if the following
equality holds.
F=> {f.g;)Cf;, forall f € H.

jeJ
Through the exciting developments in the g-dual frames and controlled frames, we intro-
duced the notion of controlled g-dual frames in Hilbert spaces and characterized all the
controlled g-dual frames for a given controlled frame. We defined approximate controlled
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g-duals for the controlled frames and using this concept and established a relationship be-
tween approximately controlled g-dual frames and controlled dual frames and controlled
g-dual frames.

2. Controlled g-dual frames

In this section, we define the concept of controlled g-dual frame by extending the concept
of controlled from dual to g-dual. We then show some properties of the dual g-dual frames.

Definition 2.1. Let H be a Hilbert space and C' € GL(H). Suppose that {f;};cs is
a C-controlled frame and {g;};cs is a Bessel sequence. Then, {g;};cs is said to be a
C-controlled g-dual of {f;};cs if there exists an invertible operator A € B(H) such that
for all f € H
F=> (Af,9))Cf;.
JjEJ

When A =1, {g;};es is a C-controlled dual frame of {f;}jc;andif A=C =1, {gj}ecs

is an ordinary dual frame of {g;}cs. Hence, the controlled g-duals are the generalizations

of the duals. The following equivalent conditions for the Bessel mappings {f;};es and
{9;}jes can be proved straightforwardly from Definition 2.1.

Lemma 2.2. For the Bessel sequences { f;}jes and {g;}jes and C € GL(H), the following
statements are equivalent:
(i) There exists an invertible operator A € B(H) such that
f=> (Af,9;)Cf;, for all f € K;
JjeJ
(ii) There exists an invertible operator A € B(H) such that
F=Y (A f,.Cfgj, for all f € H;
jedJ
(iii) There exists an invertible operator A € B(H) such that
(f.9) =Y (Af.g;)(Cfj,q), for all f,g € I;
JjeJ
In case that the equivalent conditions are satisfied, { f;}jcs and{g;};es are the C-controlled

g-dual frames.

Proof. Let (i) be satisfied and f € H. Then there exists g € H such that f = Ag and
g = ZjGJ(Ag,gj>ij. Therefore f = Ag = Zj€J<Ag,gj>AC’fj . Since {ACf;}jes is a
Bessel sequence, by Lemma 5.6.2 from [5] we have
f=> (Ag,g;)ACf; = (Ag, ACf;)g; = (A*f.Cfj)g;,

jedJ jedJ jeJ
and hence (ii) holds. A similar argument reveals that (i7) implies (7). It is clear that
(1) indicates (ii7). To prove that (ii7) implies (i), we fix f € H and for all g € H, the
assumption in (i7i) demonstrates that

(f = D (AL 05)C ) = (f.9) = D (AL 07)(C Ty )

jeJ jedJ

::<fvg>__<fag>
=0,

and (i) follows.
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Next, if the conditions (), (ii) are respectively satisfied for the Bessel sequences { f;} e
and {g;};es with the Bessel bounds B and D, then

D=

jedJ JjeJ JjeJ
< B|CIlIfI%,

ST ENCL ) (Z|f,fj ) ~<Z|<ij,f>2)

on the other hand

IFI* = 1 PP = 1D (AT f.CHidlgsn )

jeJ

(ZIA*f,Cf; ) (Z!gp )

< DIIFIPIAIP Y IKf. Chl%,

jeJ

and consequently,

ST I < . Ch)P

jeJ

< CID_{f: FiXC i £,

jeJ
accordingly,
2
5 JJ C j o )

revealing that {f;};cs is a C-controlled frame. Since (i) and (i) are equivalent, {g;};jes
is also a C-controlled frame and {f;};cs and {g;},cs are C-controlled g-dual frames. O

The following propositions give a method to construct new C-controlled g-dual frames
from given C-controlled g-dual frames.

Proposition 2.3. Assume that {g;};cs is a C-controlled g-dual frame of {f;}jcs for H
with the invertible operator A € B(H) and let « be a complex number. Then the sequence
{h;}jes is defined by h; = ag; + (1 — a)(A™H)*(S7Y)* f; which is a C-controlled g-dual
frame of {f;j}jes for I with the invertible operator A.

Proof. For all f,g € H, we have

> (Af,h)Cfj =Y (Af.agi+ (1= a)(A™)" (ST f)C

jed jeJ
=a) (Af,g)Cli+T—ad (S:'f, [;)Cf
jedJ jeJ
=f,
as asserted. O

Proposition 2.4. Assume that {g;};cs and {h;}jc; are C-controlled g-dual frames for
{fi}jes with the invertible operators A and B, respectively. Then for any o € C, aA*g; +
(1 — a)B*h;j is a C-controlled dual frame for the frame {f;};c.r.
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Proof. By Lemma 2.2 we have
D (frad g+ (L= a)B hj)Cfj =a) (f.A'g;)Cfi + (1= a) Y (f.B"h;)C;

JjeJ jEJ jeJ
=ay (Af,g;))Cfi+ (1 —a)> (Bf h;)CY
jeJ jeJ
= f.

O

Proposition 2.5. Let {f;};es be a C-controlled frame for 3 with the C-controlled frame
operator S, and let {g;}je.s be a C-controlled g-dual frame of { f;}jcs for V. = Range{g;}jecs
with the invertible operator B € B(V). Then the sequence hj = B*g; + (S;1)* f; is a C-
controlled g-dual frame of {f;}jes for 3.

Proof. The operator B can be extended to the operator B; on H defined by By = BP+Q
where P and Q) respectively are the orthogonal projections onto V and V' of H. By
Proposition 2.3 from [7], By(V+) C V*+ and Bf = B*. Now, let A = I — 3P, in which I
denotes the identity operator on H. Since ||[I — A|| < 1, the operator A is invertible and
for f € 3, there exist unique vectors v € V and v € V* such that f = u + v. Therefore,
we have

D (Afhy)Cf; = Zéu +v,B*g; + (7)) Cf;
JjeJ jeJ
= %Z<Buagj>cfj + Z<B'Uagj>cfj + Z(Sc_l(%u + ), £)Cf;
jedJ jeJ jeJ
1

1
:§u+0+(§u+v)

=1
and this marks the end of the proof. ]

Corollary 2.6. Let {fj}jcs be a C-controlled frame for H with the C-controlled frame
operator S, and let {g;}jes be a C-controlled dual frame of { f;}jes for V = Range{g;};c.
Subsequently, the mapping h; = g; + (S:1)* f; is a C-controlled g-dual frame of {f;}jcr.

Example 2.7. Let {g;-}jej be a C-controlled dual frame of {f;};cs in H and put h; :=
A g; Then, Af = % f defines a bounded invertible operator on H and

S pmer =Y der,

jeJ jeJ i=1

1 & .
= —> > (f95)Cf;
i=1jeJ
1 m
= Ezf
=1
=/,

and therefore {h;};cs is a C-controlled g-dual frame for {f;};c; with the invertible oper-
ator Af = % f.

This example illustrates that the sum of many C-controlled dual frames can be a C-
controlled g-dual frame. The following proposition states that the sum of two C-controlled
g-dual frames is a C-controlled g-dual frame.
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Proposition 2.8. Let {g;}jcs and {h;}jcs be two C-controlled g-dual frames of {f;}jes
with corresponding invertible operators A and B, respectively. If A='4+ B~ is an invertible
operator, then {(g; + hj);j}jcs is a C-controlled g-dual frame for {f;};cs.

Proof. Let T € B(H) be the inverse operator of A~! + B~!. We have
S UTE (g +h))CF =Y (Tf9)CFH+ > (T h)Cf;
JjeJ jeJ jeJ
=A'Tf+ B7ITf
=(A"'+ B HYTf
=/
for all f € H. O

Proposition 2.9. {f;};cs and {g;}jcs are the D-controlled g-dual frames for I if and
only if {fj}jes and {g;}jes are CD-controlled g-dual frames for J.

Proof. Let {f;}jcs and {g;};es be D-controlled g-dual frames for H{. Then there exists
an invertible operator A € B(H) such that f =3, ;(Af, g;)Df; for all f € H and hence

f=cclf=cC (Z<AC_1f,gj>ij) =Y (AC'f,g;)CDf;.

JjeJ jeJ
This shows that {f;};es and {g;};es are CD-controlled g-dual frames for J with the
invertible operator AC~! € B(H). The converse is obtained by applying f = C~1Cf. O

3. Approximately C-controlled g-dual frames

The stability of frames is of great importance in frame theory. That is, if {f;};ecs is a
frame and {g;};es is in some sense "close" to {f;};c, does it follow that {g;};es is also
a frame? A classical result ( Paley-Wiener theorem for frames ) states that if {f;};cs is a
frame for J{ with upper frame bound A, then a sequence {g;};es in I is also a frame if
there exist constants A, u > 0 such that \ + ﬁ <1 and

I e =gl <A eyl (S lesl?) 51)

for all finite scalar sequences {c;}. We can consider 3.1 as a condition on the operator
K: () — K, K{cj}jes =Y ci(fi — g5)-
jed
For this reason, K is called the perturbation operator [3-5,12]. In this section, we demon-

strate that, under some conditions, approximately C-controlled g-dual frames are stable
under some perturbations.

Definition 3.1 ([6]). Two Bessel sequences {f;};cs and {g;};ec; with synthesis operator
T and U, respectively, are said to be approximately dual frames if || — TU*|| < 1 or
I -UT*|| <1

Definition 3.2 ([11]). The Bessel sequence {g;}jcs with synthesis operator U is called
an approximate C-controlled dual of a C-controlled frame { f;};c; with synthesis operator
T, whenever

1 =D (Fo 9 CFill < I, (f € 30,
jeJ
in other words, ||[I — T.U*|| < 1.

The above definitions led us to define the following.
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Definition 3.3. Two Bessel sequences {f;};jes and {g;}jcs with synthesis operator T
and U, respectively, are approximately g-dual frames for J if there exists an invertible
operator A € B(H) such that ||[ —TU*A|| < 1lor [ -UT*A|| < 1.

Definition 3.4. The Bessel sequence {g;};ec; with synthesis operator U is called an ap-
proximate C-controlled g-dual of a C-controlled frame { f;},cs with synthesis operator T
if there exists an invertible operator A € B(H) such that

I = (AL, gnC il < IIfll, (f € 30,
jeJ
equivalently ||I — T.U*A| < 1.

Theorem 3.5. If two Bessel sequences { fj}jcs and {g;}je. are approzimately C-controlled
dual frames for 3, then {f;}jes and {g;}cs are C-controlled g-dual frames.

Proof. Since {fj}jcs and {g;} e are approximately C-controlled dual frames and ||1 —
T.U*|| < 1 where T, and U are the synthesis operators of { f;};cs and {g; } e, respectively.
Hence, T.U* is an invertible operator. Then for all f € H we have

f=TU(T.U") 7\ (f)=C (Z((TCU*)‘lfv gj>fj) = 2 _(Af,9;)CF;,

= =
where A = (T.U*)~! is an invertible operator. Thus, for all f € 3 we have

f=> (Af.9))Cf;,

jeJ

as claimed.

The following example illustrates that the set of approximately C-controlled duals of a
frame is a proper subset of the set of its C-controlled g-duals.

Example 3.6. Let {e;};cs be an orthonormal basis for J. Set
(1) {fi}tjes = {e1,e1,e1,e2,e3, -}
(2) {gJ}JGJ = {%617 %617 %61, €2,,€3, " }
and consider the operator C' : H — H given by C(f) = % f- Now we have

S FNCE £ = (frelen 1)+ 5 SF e, ).
JjeJ JjeJ
Thus, ) 5
§||f|!2 <> S )CH ) < SIFIP
jeJ
Therefore, {f;};cs is a C-controlled frame and {g;};c is a Bessel sequence and

1
1f = 324F 90 Chill = SIS, for all f € .
Jje€J
Hence, {gj}jes is not an approximately C-controlled dual frame of {f;};ec; but a C-
controlled g-dual frame for {f;};c; with the invertible operator A(f) = 2f; because

>ies(Af,9;)Cfj = f for any f € H.

The following theorem shows under what conditions the opposite of Theorem 3.5 is
established.

Theorem 3.7. If {fj}jcs and {g;}jes are C-controlled g-dual frames with invertible
operator A such that |[I — A7Y| < 1, then {f;}jes and {g;};jes are approzimately C-
controlled dual frames.
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Proof. Since {f;};jcs and {g;};es are C-controlled g-dual frames; subsequently, for all
feXH, f=>,ec,(Af,95)Cf;. Hence,

1f =Y () Chill = If =D _(AAT £, g)C 1]
jeJ jeJ
=|If = AT < A
O

Corollary 3.8. Let H be a Hilbert space and C € GL(JH). Let also {fj}jcs be a C-
controlled frame and {g;};es be an approximate C-controlled g-dual of {f;};cs with in-
vertible operator A. Then,

(1) {(UT}) tg;}jes is a C-controlled dual of {f;}jcs and

+oo
UT) g =g;+ Y (I —UT)"g;.
n=1
(ii) {gj}jes is a C-controlled g-dual of { f;}jes with invertible operator (T.U*)~L.
(iii) {gj}jes is an approzimately C-controlled dual of {f;};cs.

Proof. To prove (i) by the definition of an approximate C-controlled g-dual, we have
I —T.U"A| < 1,

implying that T,U* A is an invertible operator. By assumption, A is an invertible operator,
T.U* is thus an invertible operator. Therefore, similar to the argument in the proof of
Theorem 3.2 from [11], it can be revealed that {(UT}) 1g;}jcs is a C-controlled dual of
{fi}jes and
+o0
UT) g5 =g;+ > (I - UT:)"g;.
n=1
Now we prove (ii). We have already seen in parts (i) that T.U™ is an invertible operator,
the remainder of proof (i7) follows immediately from the proof of Theorem 3.5.
Finally, to prove (iit), by part (ii), {g;}jcs is a C-controlled g-dual of {f;};c; with
invertible operator (T.U*)~!. Additionally,

I — (T.U*A) ™Y = I - T.U*A|| < 1.

Now directly using Theorem 3.7, {f;};cs and {g;},cs are approximately C-controlled dual
frames and this completes the proof. O
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