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1. Introduction

Domination in graphs [1] has received considerable attention in graph theory due to the various applications for real world
problems such as the chess problem, communication network problems, location of radar stations, routing and coding theory
[2]-[4]. There are several variations of domination; one of which is total domination [5]. Since implementations of dominating
and total dominating sets in modern networks are expensive, some restrictions are added to them. Then Henning and Naicker
[6] defined the disjunctive total domination as a relaxation of total domination. For a set S C V(G), if each vertex is adjacent to
a vertex in S or has at least two vertices in S at distance two from it, then the set S is a disjunctive total dominating set, briefly
DTD-set, of G. When a vertex u satisfies one of these two conditions, it is known that u is disjunctively totally dominated,
briefly DT-dominated, by vertices of S. Furthermore, when u satisfies the first condition (the second condition, respectively), it
is known that u is fotally dominated (disjunctively dominated, respectively) by vertices of S. The disjunctive total domination
number, ¥/ (G), is the minimum cardinality of a DTD-set in G. A DTD-set which gives the value ¥*(G) is called ¥?(G)-set.
This parameter is studied on grids, trees, permutation graphs, claw-free graphs and it is applied on some graph modifications
such as bondage and subdivision [6]-[12]. This paper is about disjunctive total domination number of shadow distance graph
of some special graphs.

Let G be a graph having vertex set V(G) and edge set E(G). For two vertices u and v if there is an edge joining them, then they
are adjacent (or neighbors). The distance d(u,v) between u and v is the length of the shortest path joining them in G. The
greatest distance between any pair of vertices of G is the diameter of G and denoted by diam(G). We follow [1] for graph
theory terminology and notation which are not defined here for simplicity.

The distance graph [13] D(G, D;) of G has vertex set V(G) and two vertices u and v are neighbors in D(G, D;) if d(u,v) € Ds,
in which D is the set of all distances between distinct pairs of vertices in G and Dy is a subset of D. The shadow graph D, (G)
[14] of a connected graph G is obtained by taking two copies of G and joining each vertex u in the first copy to the neighbors
of the corresponding vertex v in the second copy.

The shadow distance graph Dy, (G, D;) of a connected graph G is defined by Kumar and Muralli [15] and is obtained from G
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with the following properties:

(i) The graph Dy (G, Dy) consists of two copies of G say G itself and G'.
(i) Forv € V(G), the corresponding vertex is denoted by v € V(G').
(iii) V(Dsa(G,Ds)) =V(G)UV(G).
(iv) E(Ds(G,Dy)) = E(G)UE(G") UE;, in which Eq is the set of all edges between two distinct vertices v € V(G) and
w € V(G') satisfying d(v,w) € Dy in G.

If Dy = {1}, then this gives the definition of shadow graph D;(G). The shadow graph D, (Ps) and shadow distance graphs
Dyi(Ps,{2}), Dsq(Ps,{3}) are shown in Figure 1.1.

1 2 3 4 5 6 1 2 3 4 5 6
7 8 9 10 11 12 7 8 9 10 11 12
Dy(F) Dya(Ps, {2})

7 8 9 10 11 12
Dsd(PG- {3})

Figure 1.1: The shadow and shadow distance graphs of a path Py

Now, we make use of the following known theorems in our results.
Theorem 1.1. [6] Let G be a cycle with n > 3. Then ¥*(G) = 2n/5 when n =0 (mod 5) and ¥ (G) = [2(n+1)/5] otherwise.
Observation 1.2. [11] If diam(G) € {1,2} for a connected graph G having at least two vertices, then ¥ (G) = 2.

2. Disjunctive total domination of shadow distance graphs

We, in this section, determine the disjunctive total domination number of shadow distance graph of some special graphs
such as cycle, path, star, complete bipartite and wheel graphs. Throughout the paper, we will label vertices of D,(G) and
Dy (G,Dy) for G 2 W) 5, K, as the vertices in the first copy of G by 1,2, ...,n and the vertices in the second copy of G by
n+1,n+2,...,2n starting from the left.

Theorem 2.1. If D,(C,) is a shadow graph of a cycle with n > 3, then

_[IF1+1 ifn=2(mod )
¥ (Da2(Cp)) = { 2, otherwise.

Proof. We first establish the upper bound for ¥ (D>(C;,)). Let

S{5i+1 l0<i< Fﬂl}u{nJrSiJrﬂOgig [”51W1}

In all cases of n based on mod 5, the set S is a DTD-set of D>(C,). Thus, if n =2 (mod 5), then |S| = [%] + 1 and for other
cases |S| = [%]. Therefore,

1+1, ifn=2(mod 5)

1, otherwise.

Y (DAC)) <1 = {{ ]

VR vl

Now, we will prove the reverse inequality. Assume that T = {v{,v,...,Vj,...,Vj,...,» } is a yl-set of Dy(C,,) with v; < vy <
e <V < <y < Vg1 < ... <vj < ... <y, where v; and v; are any positive integers such that 1 <v; <nforie {1,2,...,m}
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andn+1<v;<2nforje {m+1,m+2,..,t} Let fy =vey1 —vforx e {1,2,....,r — 1} with x # m. We must prove f; <5
for each x € {1,2,...,t — 1} provided that x # m.

Let us suppose that f; > 6 for every x. We claim that f, = 6 for some x € {1,2,...,# — 1} with x # m. In accordance with this

claim, we construct the set

{6i+1 l0<i< [ZWI}U{n+6i+2|O§i§ [”;ﬂl}

However, some vertices, i.e. vertices 4 and 5 are not DT-dominated by this set. Thus, it is needed to add some new vertices.
This makes fx <6 for some x, which contradicts our claim. Therefore, f;, <5 for all x € {1,2,...,# — 1} with x # m. Thus, it is

clear that Z Sot Z fx < 5(t—2). This yields
=1

(51 (s

Therefore, we have |T| =7 > [2]+ 1 forn =2 (mod 5) and |T'| =t > [%] for the other cases of n. The proof is completed
by combining the lower and upper bounds for ¥¢(D(C,)). O

w ) fo+ ZfXSSt—

x=m+1

Theorem 2.2. If D, (P,) is a shadow graph of a path with n > 3, then

2321 41, ifn=1(mod5)

==, otherwise.

Proof. For the upper bound on yd (D2(Py)), let

) 1
S:{5i+3|0§i§ [”SW—l}u{stz\ogig {’1,5}—1}

If n=0,2 (mod 5), then let ' = SU{n—1}; if n =1 (mod 5), then let S’ = SU {n,2n — l} and if n = 3,4 (mod 5), then let
§' = S. The set §' is a DTD-set of D,(P,) in all cases. Thus, if n = 1 (mod 5), then %/ (D>(P,)) < |S'| = [252] + 1 and for
other cases ¥/ (D, (P,)) < |§'| = [242].

We now prove the lower bound on ¥/(D>(P,)). Assume that T = {v{,v2,...,Vi, ..., Vj, ..,y } is @ ¥-set of Dy(P,) with
V<V << < <y < Vg <<y <. < vy, where v; and v are any positive integers such that 1 <v; <n for
ie{l,2,..,mlandn+1<v;<2nforje {m+1,m+2,. ..t} Let fy =vep1 —vy forx e {1,2,....t — 1} withx #m. As
similar as the proof of Theorem 2.1 we conclude f, < 5 for each x € {1,2,...,t — 1} with x # m. This yields

fo+ Z fi <5(t—-2).

x=m+1

Since vi = 3 and v, 1 = n+2 in all cases of n, it follows ): St Z fi=Vm+vi—(n+5).
x=m+1

If n=0 (mod 5), then v, =2n—3 and v;, = n — 1. Thus,

2n— 9*fo+ ): fi <5(t-2),

=1 x=m+1
and hence |T'| =t > [#5-1]. This implies that /(D> (P,)) > [242].

If n=1,3 (mod 5), then v = 2n— 1 and v,, = n. Thus,

m—1

n— 6_fo+ ): fo <5(t—2),

=1 x=m+1

and hence |T'| =t > [22247. This implies that %/ (D>(P,)) > [242]+1 forn= 1 (mod 5) and %/ (D> (P,)) > [242] forn =3
(mod 5).
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If n=1i (mod 5) fori € {2,4}, then v, =2n—i+2 and v, =n— 1. Thus,

m—1 t—1

2n—l—4—fo—|— Y A<s50-2),

x=m+1

and hence |T| =t > [#=407. This implies that 3 (D (F,)) > [242].

The proof is completed by combining the lower and upper bounds for ¥¢(D,(F,)). O

Theorem 2.3. Let K ;,W1 ,,K,.s denote a star, a wheel and a complete bipartite graph, respectively, and if G = H, where
H € {Ki 5,Wy, Ky}, then ¥ (D2(G)) = 2.

Proof. Since diam(Dy(G)) =2 for G = H, where H € {K| 5,W,, K}, the result follows from Observation 1.2. O

Theorem 2.4. Forn > 6,

3741, ifn=5(mod8)

(37, otherwise.

¥ (Dsa(P{2})) = {

Proof. We first establish the upper bound for y¢ (D (P, {2})). Let

§= {{8i+378i+5} |[0<i< Vgﬂ 1}U{n+8i+6 l0<i< Figﬂ 1}.

Ifn=0,6,7 (mod 8), then let S’ = S; if n = 1,5 (mod 8), then let S’ = SU{2n— 1}; if n =2 (mod 8), then let §' = SU{2n—2};
if n =3 (mod 8), then let ' = SU{n—2,2n— 1} and if n =4 (mod 8), then let ' = SU{n—3,2n—2}. The set &' is a
DTD-set of Dyy(P,,{2}) in all cases. Thus, if n =5 (mod 8), then ¥/ (Dyy (P, {2})) < |S'| = [3] + 1 and for other cases

¥ (Dsa(Pr, {2})) <181 = T¥1.

Let T be a y/-set of Dyy(Py,{2}) to prove the lower bound. Assume that T = {v,V2, ..., Vi,.ce, Vj, o0y Vi } With vy < vy < .. <
Vi <o <V < Vg1 < ... <Vvj <... <, where v; and v; are any positive integers such that 1 <v; <nfori¢c {1,2,...,m}
and n+1<v; <2nfor je€{m+1,m+2,..,1}. Let fy =vepo—v forx e {1,2,....,m—2} and f, = vy —v, fory €
{m+1,m+2,....,t —1}. We must prove f, <8 forxe {1,2,...m—2}and f, <8forye {m+1,m+2,....,t — 1}. Suppose

that at least one inequality is not true. Without loss of generality, let f, > 8 for at least one y. We claim that f,, ;1 =9 for
y =m+ 1. In accordance with this claim, one of the set can be constructed is

{n+6}U{{8i+3,8i+5} lo<i< {”;4} —1}U{n+8i+7 lo<i< m —2}.

However, all vertices of this set are not DT dominated Therefore, f, < 8 for each x € {1,2,...,m—2} and f, <8 for each

ye{m+1,m+2,...t — 1}. This yields Z Sit Z fy<8(t—3)

y=m+
t—1

m—
Since vi =3, v, =5 and v, = n+ 6 in all cases of n, it follows Z fit ¥ fi=vmatvmtvi—(n+14).
x=1 y=m+1

If n =i (mod 8) for i € {1,2}, thenv,,—1 =n—i—35, v, =n—i—3 and v, = 2n — i. Thus,

m—2
3n— 31722—fo+ Z fr<8(t—3)
x=1 y=m+1

and hence |T| =t > [#=2527. This implies %/ (Dyq (P, {2})) > [327].

If n=1i (mod 8) fori € {3,4},then v, =n—i—3,v, =n—i+1and v, =2n—i+2. Thus,
m—2 t—1

3n— 31—14_fo+ Y A <8(t-3),

x= y=m+1

and hence |T| =1 > [M] This implies ¥ (Dyq (P, {2})) > [27].
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If n=1i (mod 8) fori € {5,6},then v, =n—i+3,v, =n—i+5and v, =2n+i—6. Thus,

m—2

3n—l—12—2fx+ Z fy <8(r—3),

y=m+1
and hence |T'| =t > [22=127. This implies that %/ (Dyy (P, {2})) > [3] + 1 for n =5 (mod 8) and %! (Dyq (P, {2})) > [2]
for n = 6 (mod 8).

Letn =i (mod 8) for i € {0,7}. We take i = 8 for n =0 (mod 8). Then v, =n—i+3,vy,=n—i+5and v, =2n—i+6.
Thus,

3n—3i= fo+ Z fy<8(t—3)
y=m+1

and hence |T| =1t > [M] This implies ¢ (Dsq(Py,{2})) > [%"1

Consequently, the proof follows from the lower and upper bounds. O
Theorem 2.5. Forn > 3,

1+1, ifn=3,4,5(mod38)

', otherwise.

Y (Dol {2})) = {{

00| 00|

Proof. For the upper bound on ¥?(Dyy(Cy, {2})), let

—2 -3
S{{8i+1,8i+3} lo<i< [”SW l}u{n+8i+4|0§i§ [”SW 1}.

If n=1 (mod 8), then let S = SU{n}; if n =2 (mod 8), then let ' = SU{n— 1}; if n = 3 (mod 8), then let S = SU{2n} and
otherwise let S’ = S. The set S’ is a DTD-set of Dy;(Cy, {2}) in all cases. Thus, if n = 3,4,5 (mod 8), then ¥/ (Dy4(Cp, {2})) <
|S'| = [227 4 1 and for other cases ¥ (Dyu(Cy, {2})) < |S'] = [22].

Now, we need to prove the lower bound to complete the proof. Let T be a y?-set of Dyy(Cy,{2}). Assume that T =
V1,v2, e Viy ey vy v With vy < vy < < <l < < Vgt < .o < vj < .. < vy, where v; and v; are any positive
integers such that 1 <v; <nforie {1,2,....m} and n+1 <v; <2nfor j € {m+1,m+2,....t}. As similar as the proof of
Theorem 2.4, we define functions fy = vyo — vy forx € {1,2,....m—2} and f, = vy —vyforye {m+1,m+2,...,t —1}.
It is easily seen that f; < 8 for eachx € {1 2,..,m—2} and f, <8 foreachy e {m+1,m+2,....t — 1} as in the proof of

Theorem 2.4. This means that ): fot ): fy <8(t—=3).
x=1 y=m+1

—

Since vi = 1, v =3 and v, 1 = n+4 in all cases of n, it follows ): fot Z fHr=Vm—1+Vm+v,—(n+8).
x=1 y=m+1

If n=1i (mod 8) fori € {1,2},then vy =n—i—5,v, =n—i+1and v, =2n—i—4. Thus,

m—2

3n— 31—16—fo+ Z fy <8(1—3),

y=m+1

and hence |T| =t > [#=28]. This means that %/ (Dy,(C,,{2})) > [g"]

If n=3 (mod 8), thenv,,_| =n—2, v,, = n and v, = 2n. Thus,

m—=2 t—1
3n—10—fo—|— Y £ <8(t-3),
y=m+1

and hence |T| =1t > [{] + 1.

Letn=i(mod 8) fori € {0,4,5,6,7}. We take i = 8 forn =0 (mod 8). Thenv,,—; =n—i+1,v, =n—i+3andv, =2n—i+4.
Thus,

3n—3i= fo+ Z fy <8(t—3)
y=m+1

and hence |T| =t > [#=34247 This implies that %/ (Dyq(Cy, {2})) > [32]+1 for n =4,5 (mod 8) and ¥/ (Dsq(Cy, {2})) >
[317 for otherwise. O
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Theorem 2.6. Forr > 1and s> 2, ¥ (Ds(Kys,{2})) =

Proof. LetV(Dyy(K5,{2})) =V (K,s) UV (K] ) be vertex set of Dy (K5, {2}), in which V (K,s) = {u1,u2, ..., ur, v1,v2, ..., vs}
and V(Kj) = {u},uy, ..., u;, V|, v}, ..., v }. We first establish the upper bound for ¥ (Dyy Krs7 {2})). If S = {uy,u,v1 }, then
the set S is a DTD-set of Dyg(K.s, {2}) Thus, ¥ (Dyq(K,5,{2})) <

For the lower bound, let T be a ¥(Dyy (K5, {2}))-set. Suppose that |T| = 2, this means that the vertices of T are adjacent.
Then we have the following cases.

Case 1. Let T = {u;,v;} for any i € {1,2,...,r} and j € {1,2,...,s} (The case T = {u},}} for any i € {1,2,...,r} and
j€{1,2,...,s} is similar). All vertices except u} and u are totally dommated by the vertices of 7. However, since d (u i) =2
and d(u}, u,) = 3, the vertex u/ is not DT- dommated by the vertices of T'.

Case 2. Let T = {u;,u;} for any i, j € {1,2,...,r} and i # j. (The case T = {v;,v;} for any i,j € {1,2,...;s} and i # j is
similar.) Since d(u;,u;) =2 and d(u;,u;) = 3, the vertex u; is not DT-dominated by the vertices of 7.

Therefore, ¥ (Dsa (K5, {2})) = |T| > 3, and this concludes the proof. O

Theorem 2.7. Forn >3, ¥ (D (W1 ,,{2})) =

Proof. Let V(Dsa(Wi0,{2})) =V (W1,,) UV (W] ,) be vertex set of Dyg(W1 ,{2}) in which V(Wi ) = {c,u1,u2,...,u,} and
V(W] ,) ={c,u},uj,...,u, }, where c is the center vertex of W; ,. We first establish the upper bound for ¥ (Dsq (W1 n, {2})). If
S = {c,uy,uy}, then the set S is a DTD-set of Dy;(Wi 4, {2}). Thus, ¥ (Da(Wi 4, {2})) <

Now, we need to prove the lower bound. Let T be a ¥ (Dyy (Wi 4, {2}))-set. Suppose that |T| = 2. We have following cases.

Case 1. Let T = {c,u;} for i > 1. (The case T = {c/,u}} for i > 1 is similar.) Since d(u},u;) =3 and d(c},c1) =3, then
vertices ¢’ and u} are not DT-dominated.

Case 2. Let T = {u;j,uj} for i € {1,2,....n—1}. (The case T = {uj,u}, ,} for i € {1,2,....,n— 1} is similar.) Since
d(uj,u;) =3 and d(u), |, ui11) =3, vertices u; and u;, , are not DT-dominated.

Case 3. Let T = {u;,u’;} for j ¢ {i,(i— 1)(mod n), (i +1)(mod n)}. Note that we take j = n when j = 0. In this case, since
d(u,u;) =3 and d(u;,u;) = 3, vertices u; and u; are not DT-dominated.

In all cases, the assumption is false and ¥ (Dyy (Wi »,{2})) = |T| > 3, which completes the proof. O

Theorem 2.8. Forn > 14,

242, ifn=0 (mod 6)

#(Dsd(an {3})) = { 3

[21+1, otherwise.

Proof. For the upper bound for %! (Dyy(Py, {3})), let D= {3}U{{6i+5,n+6i+5} | 0<i< ["*] —2}. If n =0 (mod
6), then let S=DU{n—1,2n—3,2n—1}; if n = 0,2 (mod 6), then let S=DU{n—3,2n—3,2n—1}; if n =1 (mod
6), then let S=DU{n— 2,2n,2n—2}; if n =3 (mod 6), then let S = DU {n—4,2n—4,2n—2} and if n = 4 (mod 6),
then let S =DU{n—5,n—2,2n—5,2n—2} and if n =5 (mod 6), then let S = DU {n —3,2n —3}. Then the set S is
a DTD-set of Dyy(P,,{3}) in all cases of n. Thus, if n =0 (mod 6), then ¥/ (Dyq(P,,{3})) = |S| < % + 2 and otherwise

¥ (Dya(Pr, {3}) =S| < [4]+ 1.

Now, we prove the lower bound for ¥?(Dgy(Py, {3})). Let T = {v1,v2,...,Viy o0, Vj, .oy v } be @ ¥-set of Dyg(Py, {3}) with
V< vy < < < <V < Vg <. <y <l < vy, where v; and v are any positive integers such that 1 <v; <n
for i € {1,2,...,m} and n+1<vy; < 2n for j € {m+ I,m+2,..,t}. Assume that fi = v, —v; and f, = vy — v, for
y€{2,...,t —1} with y # m. We will show that f; <2 and f, < 6 for each y. Suppose first that f; > 3. In order to DT-dominate
v1, the condition f;, < 6 must be hold for at least one y. Thus, the set

-7
T ={2,5,n+4}yU{{6i+8,n+6i+8} |0<i< (”T} ~2)

is constructed. However, this contradicts with our upper bound. For example, if n = 1 (mod 6), then T = T'U{n—5,n—
2,2n—5,2n—2} and |T| = "4, a contradiction.
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Suppose now that f; <2 and f, > 7 for at least one y. Then the set

14]_1}

is constructed. However, this contradicts with our upper bound. For example, if n = 1 (mod 6), then T =T’ U {2n—2} and
|T| = "£%, a contradiction.

-1
Therefore, fi <2 and f, <6 foreachy € {2,....,r — 1}. This yields fi + ¥ f, <2+6(r —3). Since v =5 and v;,1.1 =n+5,
) =
=1
itfollows 2+ Y fy =24V —vi+Vvi —Vip1 =vim+ v, — (n+8).
y=2
If n =0 (mod 6), then v,, =n— 1 and v; = 2n — 1. This yields

t—1
2n—10=2+4Y f, <2+6(1—3),
y=2

and hence |T| = > [22£9].
If n =i (mod 6) fori € {1,2,3}, then v,, =n—i— 1 and v, = 2n— i+ 1. This yields

t—1
2m—2i-8=2+) f, <2+6(1-3),
y=2

and hence |T| =1 > (W]
If n = 4 (mod 6), then v,, = n— 2 and v; = 2n — 2. This yields
n—4 1—1

c 1-1)+8=2+ szygs%(t—S),
e

12(]

and hence |T| =1 > "3,

If n =5 (mod 6), then v, = n — 3 and v, = 2n — 3. This yields

t—1
2m—14=2+Y f, <2+6(t-3),
y=2

and hence |T| =1 > [22H].

Consequently, if n = 0 (mod 6), then ¥/ (Dyq(Py,{3})) > 4 +2 and otherwise ¥ (Dyq(Py,{3})) > [4]+ 1. This completes the
proof. O

Since Dyy(P,,{3}) = Cg for n = 4, by Theorem 1.1 we have ¥/ (Dyy(Py,{3})) = 4. Therefore, we give the result of
¥ (Dyq(P,,{3})) for 5<n < 13 in Table 1.

n |

56 7 8 9
¥DuPn3)) |4 4 4 4 4 4 4 5 5

Table 1: The values of ¥ (Dyq(P,,{3})) for 5 <n <13

Theorem 2.9. Forn > 15,

nis ifn=1 (mod 6)

)
2], otherwise.

,}{J(Dsd(Cn;{3})) = {

Proof. For the upper bound for ¥!(Dyy(Cy,{3})), let D = {{6i+3,n+6i+3} | 0<i< [%2] —2}. If n =0 (mod 6),
thenlet S=DU{n—3,2n—3,2n—1}; if n =1 (mod 6), then let S = DU {n —4,2n—4,n,2n}; if n = 2 (mod 6), then let
S:DU{n—S,Zn—S,n—l,Zn—l};ian3(m0d6), thenlet S = DU{n,2n};if n =4 (mod 6), thenlet S=DU{n—1,2n—1}
and if n =5 (mod 6), then let S = DU {n,n —3,2n — 6}. The set S is a DTD-set of Dy;(C,, {3}) in all cases of n. Thus, if
n =1 (mod 6), then ¥*(Dyq(Cy,{3})) = || < ”*5 and otherwise 7/ (D4 (Cp, {3})) = || < [’?—21
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We need to prove the opposite inequality to complete the proof. Let 7 = {v{,v2,...,Vi, ..., v}, ..., v; } be a y-set of Dyy(Cy,{3})
with vy < vy < ... < <o <V < Vg <. <vj < ... < v, where v; and v; are any positive integers such that 1 <v; <n
forie {1,2,...,m}and n+1<v; <2nfor j€ {m+1,m+2,...,t}. Assume that fy = v, —v, forx € {1,2,...,r — 1} with
X # m. As similar as the proof of Theorem 2.1 we can show that f, <6 for each x € {1,2,...,# — 1} with x # m. This yields

fo+ Z fx<6t— )
x=m+1

m— t—1
Since vi = 3 and v,, | = n+ 3 in all cases of n, we have Z it X fi=vm—vi+Vi— Vsl =vm+v— (n+6).
x=1 x=m+1

If n =0 (mod 6), then v,, = n—3 and v; = 2n — 1. This yields
m—1

2n—10—2fx+ Z fe<6(t-2),

x=m+1
and hence |T| =1 > [%W
If n=1i (mod 6) for i € {1,3}, then v,, = n and v; = 2n. This yields
m—1

2n— 6_fo+ Z fe <6(t—-2),

=1 x=m+1
and hence |T| =t > [ 2407,
If n =i (mod 6) for i € {2,4}, then v,, =n— 1 and v = 2n — 1. This yields
m—1
2n—8—2fx+ Z fe<6(t-2),
x=m+1

and hence |T| =1 > [2H].

If n =5 (mod 6), then v, = n and v, = 2n — 6. This yields

12<[”6ﬂ )+102fx+ Z fi <104+6(1—5),

x=m+1

and hence |T| =1 > 2.

As a consequence, if n = 1 (mod 6), then ¥ (Dy4(Cp, {3})) > ”+5 and otherwise ¥/ (Dyq(Cy, {3})) > [© 2] and this completes
the proof. O

For n = 4, since diameter of Dy;(C,,{3}) is two, it is clear that ¥ (Dy;(Cp, {3})) = 2. For 5 < n < 14, the result is given in
Table 2.

7 8 9 10 11 12 13 14
4 4 4 4 4 5 5 5

Table 2: The values of ¥ (Dyy(Cp, {3})) for 5 <n < 14
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