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Abstract: Hermitian linear complementary dual codes are linear codes whose intersections with their Hermitian
dual codes are trivial. The largest minimum weight among quaternary Hermitian linear complemen-
tary dual codes of dimension 2 is known for each length. We give the complete classification of optimal
quaternary Hermitian linear complementary dual codes of dimension 2.

2010 MSC: 94B05

Keywords: Linear complementary dual code, Hermitian linear complementary dual code, Optimal codes

1. Introduction

Let Fy := {0, 1,w,w?} be the finite field of order four, where w satisfies w? +w+1 = 0. The conjugate
of x € Fy is defined as T := 2. A quaternary [n, k,d] code is a linear subspace of F} with dimension k
and minimum weight d. Throughout this paper, we consider only linear quaternary codes and omit the
term “linear quaternary”. Given a code C', a vector ¢ € C is said to be a codeword of C'. The weight of a
codeword c¢ is denoted by wt(c).

Let u :== (ug,ug,y...,u,), v = (v1,v2,...,v,) be vectors of F}. The Hermitian inner product is
defined as (u,v)p = w11 + u2¥3 + -+ + upU,. Given a code C, the Hermitian dual code of C is
Cth = {z € F} | (z,y), = 0 forally € C}. A generator matrix of the code C is any matrix whose
rows form a basis of C. Moreover, a generator matrix of the Hermitian dual code C+" is said to be a
parity check matrix of C. Given a matrix G, we denote the transpose of G by GT and the conjugate
of G by G. Hermitian linear complementary dual codes, Hermitian LCD codes for short, are codes
whose intersections with their Hermitian dual codes are trivial. The concept of LCD codes was invented
by Massey [7] in 1992. LCD codes have been applied in data storage, communication systems and
cryptography. For example, it is known that LCD codes can be used against side-channel attacks and
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fault injection attacks [3]. We note that a code C is a Hermitian LCD code if and only if its generator
matrix G satisfies det GG # 0 [5].

Two codes C,C’ are equivalent if one can be obtained from the other by a permutation of the
coordinates and a multiplication of any coordinate by a nonzero scalar. We denote the equivalence of
two codes C,C’ by C ~ C’. Let G, G’ be generator matrices of two codes C, C’ respectively. It is known
that C' ~ C’ if and only if G can be obtained from G’ by an elementary row operation, a permutation of
the columns and multiplication of any column by a nonzero scalar.

It was shown in [6] that the upper bound of the minimum weight of the Hermitian LCD [n,2,d]
codes is given as follows:

g (18] n=123 (ods) g
= L%”J —1 otherwise.

Also, it was proved that for all n # 1, there exists a Hermitian LCD [n, 2, d] code which meets this upper
bound. We say that a Hermitian LCD [n,2,d] code is optimal if it meets this upper bound. It was
shown in [4] that any code over F2 is equivalent to some Hermitian LCD code for ¢ > 3. Furthermore,
it was proved in [6] that a Hermitian LCD code leads to a construction of a maximal-entanglement
entanglement-assisted quantum error correcting code. Motivated by the results, we are concerned with
the complete classification of optimal Hermitian LCD codes of dimension 2.

This paper is organized as follows. In Section 2, we present a method to construct optimal Hermitian
LCD codes of dimension 2, including all inequivalent codes. Also, a method to classify optimal Hermitian
LCD codes of dimension 2 is given. In Section 3, we classify optimal Hermitian LCD codes of dimension
2. Up to equivalence, the complete classification of optimal Hermitian LCD codes of dimension 2 is
given. It is shown that all inequivalent codes have distinct weight enumerators, which is used for the
classification.

2. Classification method

Let 0, be the zero vector of length n and 1, be the all-ones vector of length n. Let
(ag, a1, az2,as,aq,as) be a tuple of nonnegative integers. We introduce the following notation:

(1004 04 1o 1o, 1o, 1,
Glao, a1, az, as, as, as) = <o 1 04 1o, O, 1oy wl,, w1, )"

3

We denote by C(ag, a1,as,as,as,as) the code whose generator matrix is G(ao, a1, as, as, a4, as). By the
same argument as in [1], we obtain the following lemma.

Lemma 2.1. Given a code C, define C* := {(x,0) | x € C}. Let C}; ;. denote the set of all inequivalent

Hermitian LCD [n, k| codes C such that the minimum weight of C+" is 1. Then there exists a set Cp_1
of all inequivalent Hermitian LCD [n — 1,k] codes such that C,, ; = {C* | C € Cp—1,x}-

We assume ag = 0 by Lemma 2.1 and omit ag. Furthermore, throughout this paper, we use the
following notations:

G(CL) = G(a17 az,as, aq, CL5), C(a’) = C(a17 az,as, aq, a’5)7 (2)
respectively, to save space.
Proposition 2.2. Let C be an [n,2,d] code. Then there exist nonnegative integers ay, as, as, as, as such

that C ~ C(a) and 14 az + a3 + a4 + a5 = d.

Proof. Let G be a generator matrix of the code C'. By multiplying rows by some non-zero scalars, G
is changed to a generator matrix which consists only of the columns of G(a). Permuting the columns,
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G(a) is obtained from G. Hence it holds that C' ~ C(a). Since the minimum weight of C is d, we may
assume that the first row of G is a codeword with weight d, which yields 1 +as + a3+ a4 +a5 =d. O

Given a code C(a), we may assume without loss of generality that G(a) satisfies
14+as+as+ag+as=d, (3)
by Proposition 2.2. This assumption on a generator matrix reduces computations later.

Lemma 2.3. Let C be an [n,2,d] code C(a). Then C is a Hermitian LCD code if and only if C satisfies
the following conditions:

ap=n—d—1,
as<n-—d-—1,

as,aq,as <n—d,

—~ o~~~
S Ot
=

as + a4 + as + azaq + agas + asaz 20  (mod 2) if diseven,
asas + agas + asaz Zn—d (mod 2) otherwise.
Proof. Suppose C' is a Hermitian LCD [n, 2,d] code. Let G be a generator matrix of the code C. Let

r1,72 be the first and second rows of G respectively. The number of columns of G equals to the length
n. Thus, it holds that

o

2+a;+as+as+as+ a5 =n. (

)

Since the minimum weight of C is d, the following holds: wt(rq) > d, wt(ry + r2) > d, wt(ry + wrs) >
d, wt(r1 +w?ry) > d. By (3), we have wt(r1) = d. Substituting (8) in each equation, we obtain (4)
through (6).

The code C' is a Hermitian LCD code if and only if

—T
det GG = (r1,71)n(re,r2)n — (r2,71)n(r1,72)n # 0,
where

r1,71)n = 1+ a2 + a3z +ag +as = d,

( )
(r1,7m2)p = ag + was + wlay = as 4+ aq + w(ag + as),
(ro,m1)p = a3 + way + w?as = as + a; + w(ayg + as),
(ro,mo)p =14 a1 + az + a4 + as.

Here we regard n, d, ag, a4, as as elements of Fy. Therefore, (4) through (7) hold if C is a Hermitian LCD
[n,2,d] code and vice versa. O

Given an [n,2,d] code C(a), we define the following:
by =(n—d)—a; for 1 <i<5. (9)

Lemma 2.4. Let C be an [n,2,d] code C(a). Then C is a Hermitian LCD code if and only if C satisfies
the following conditions:

by =1, (10)
by > 1, (11)
b3, by, bs > 0,

b3 + b4 + b5 + bgb4 + b4b5 + b5b3 fé 0 (HlOd 2) if dis even,

b3by + babs + bsbs Z0  (mod 2) otherwise.
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Proof. The result follows from Lemma 2.3. O

Given an [n,2,d] code C(a), we define the following:
A = 4n — 5d. (12)

Lemma 2.5. Let C be a Hermitian LCD [n,2,d] code. Then C is optimal if and only if the value of A
with respect to n is given as follows:

5 if n=0 (mod 5),
4 if n=1 (mod 5),
A=4¢3 if n=2 (mod?5),
2 if n=3 (mod 5),
6 if n=4 (mod5)
Proof. The result follows from (12). O

Lemma 2.6. Let C be a code C(a). If C is a Hermitian LCD code, then it holds that
0 < b3,byg,b5 <A
Proof. Substituting by, bs, by, b5, A in (3), we obtain
by = A+ 1— (bg + by + bs). (13)

Combining with (11), we obtain by +bs+b5 < A. Since 0 < bg, by, bs, it follows that 0 < b3, by, b5 < A. [

Lemma 2.7.
C(a) =~ C(a17a27a570‘37a4)' (14)

Proof. Multiply the second row of G(a) by w. Permuting the columns, the result follows. Note that
we may assume that the nonzero entry of a column is 1, provided that the entry of the other column is
0. O

By Lemma 2.7, we may assume az > a4, as. Notice that az > a4, a5 if and only if bg < by, bs by (9).

3. Optimal Hermitian LCD codes of dimension 2

By Lemmas 2.4 through 2.7, it suffices to calculate all bs, by, b5 satisfying

0 <b3 < by, b5 <A, (15)
b3 + b4 + b5 + b3b4 + b4b5 + b5b3 7£ 0 ifdis even, (16)
b3by + babs + bsbs 75 0 otherwise,

in order to obtain optimal Hermitian LCD codes of dimension 2, including all inequivalent codes. Notice
that by, bo are obtained by (10), (13) respectively. Our computer search found all integers bs, by, b satisfy-
ing (15) and (16). This calculation was done by Magma [2]. Recall that a1, ag, as, a4, as are obtained from
b1, ba, bs, by, bs by (9). For optimal Hermitian LCD codes of dimension 2, the integers a1, as, as, a4, a5 are
listed in Table 1, where the rows are in lexicographical order with respect to a1, a2, as, aq, a5, and m is a
nonnegative integer.



K. Ishizuka / J. Algebra Comb. Discrete Appl. 7(8) (2020) 229-236

Table 1: Optimal Hermitian LCD codes of dimension 2

n Code ai,a2,a3,a4,0as) m
n =5m Csm1 m, m,m,m,m — 2) m>2
Chm,2 m,m, m,m — 2,m) m > 2
Csm,3 m,m—1,m+1,m,m—2) m>2
Csm,a mm—1m+1m—2,m) m> 2
Csm.5 —1,m,m,m—1) m>1
Csm.6 mmflm,mfl,m) m>1
Csm,7 —2,m,m,m) m>2
Csm,s m,m — 3,m+1,m,m) m >3
n=5m+1 Csmi1,1 (mym,m+1,m,m—2) m > 2
Csm+1,2 (mym,m—+1,m —2,m) m>2
Csmt1,3 (mym,m,m,m —1) m>1
Csm+1,4 (mym,m,m —1,m) m>1
Csm+1,5 (mym—1,m+1m+1m—2) m > 2
Csm+1,6 mm—l m+1,m,m—1) m>1
Csm+1,7 —1,m+1,m—1,m) m>1
Csm+1,8 mm—1m+1m—2m+) m > 2
Csm+1,9 —2,m+1,m,m) m > 2
Csm+1,10 (M, m — 3m+1m+1m) m >3
Csm+1,11 (m,m—3,m+1,m,m+1) m >3
n=>5m+2 Csmi21 (m,m,m,m,m) m >0
Csm+2,2 (mym—1,m+1,m,m) m>1
n=5m+3 Csmtsz1 (mym—1,m+1,m+1,m) m>1
Csm+3,2 (m,m,m+1,m,m) m >0
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Csmssa2 (m+1,m+1,m+1,mm—1) m>1
Csmya,s (m+1,m+1,m+1,m—1,m) m>1
Csmtaa (Mm+1,m+1,m+1,m—-2m+1) m>2
Csm+as (m+1,m+1,m+2m+1,m—-3) m>3
Csmyae (Mm+1lm+1Im+2m—-—1m—-1) m>1
Csmya7 (m+1,m+1,m+2m—-3,m+1) m>3
Csm+a,s (m+1,m,m+1,m,m) m >0
Csmta,9 (M+1,mm+2,m+1,m—2) m > 2
Csm+a,00 (m+1,m,m+2,m+2,m—3) m >3
C5m+4,11 m+1mm+2mm—1) m>1
Csm+a,12 (m+1,m,m+2,m—1,m) m>1
Csm+ya,3 (m+1,mm+2m—2,m+1) m> 2
Chm+4,14 +1,m,m+2,m—3,m+ 2) m >3
Csm+ta,5 (m+1,m—1,m+1,m+1,m) m>1
Csmta,6 (m+1,m—1,m+1,mm+1) m>1
Csmsar (m+1,m—1m+2m+1l,m—-1) m>1
Csmya,is (m+1m—1m+2m—-1m+1) m>1
C5m+4,19 m+1m—2m+2m+lm) m > 2
Csmia20 (M+1,m—-2m+2m+2,m—1) m>2
Csmta,21 (M+1,m—2m+2,m,m+1) m > 2
Csmia22 (m+1,m—2m+2,m—-1,m+2) m>2
Csm+a2s (m+1,m—-3m+2m+1l,m+1) m>3
Csm+a2a (m+1,m—4,m+2m+1,m+2) m>4
Csmya2s (m+1,m—4m+2m+2,m+1) m>4

Lemma 3.1. Suppose a3 is a positive integer. Then

C(a) ~C(ai,a3 — 1,a2 + 1, a5, a4). 17

Proof. Add the second row of G(a) to the first row. Permuting the columns, the result follows. Recall that
C(a) is defined in (2). O



K. Ishizuka / J. Algebra Comb. Discrete Appl. 7(8) (2020) 229-236

234

Table 2. Equivalent optimal Hermitian LCD codes of dimension 2

n Code

n=>5m Csm,7 ~17,14 Csm,6 ~14 Csm 5

Csm,s ~17,14,17 C.Sm,3 ~17 C5m,2 14 Csm,1 ~7 Csm,4

n=>5m+1 Csmi1,9 17,14,17 Csma1,6 17 Csma1,4 14 Csma1,3 217 Csmy1,7
CSm+1,11 ~17,14,17 Csm+1,5 ~17,14 C5m+1,1 ~18 Csm+1,2

~14,17 Csm+1,8 ~17,14,17 C5m+1,10

n=>5m+2 Csm+t2,1 ~17 Com+2,2

n=>55m+3 Csm+3,1 ~17,14 Com+3,2 ~14,17 Csm+3,3

n=>5m+4 Csmya,s ~14,17 Csm+4,16 14 Csm+4,15
05m+4,6 14,17 Csm+4,22 ~i4 Csm+4,20
Csm+4,21 ~17,14,17 Csm+4,17 ~17,14,17 Csm+4,12
~17 Csm44,2 218 Csmaa,3 217 Csmaa 11
~17,14,14,17 Csm+4,19 ~17,14,14,17 05m+4,18
Csm+4,23 ~17,14,17 Csm+4,9
~17 Csmta,a 218 Csmaya,1 17 Csmta,13
05m+4,24 ~17,14,17 C5m+4,10 17,14 C5m+4,5 ~18 C5m+4,7
~14,17 C5m+4,14 ~17,14,17 CSm+4,25

Lemma 3.2. Suppose 1 + a1 + a3+ as +as =d. Then

C(a) ZC’(a/27a‘].vaf)'7a/57a/4)- (18)
Proof. Interchange the first row and the second row of G(a). Permuting the columns, the result follows. [J

By Lemmas 2.7 through 3.2, we have the equivalences among some codes listed in Table 1, which are displayed
in Table 2. Note that C' ~; C’ denotes the two codes C,C" are equivalent by (i). Also, C' ~; ; C’ denotes that,
given two codes C, C’, there exists a code C" such that C ~; C" ~; C".

Table 3 gives the weight enumerators of representatives in Table 2. The weight enumerator is given by
1+ 3Vt g gywira) y gywilritra) | gy wi(riters) 4 Sy“’t(”*'wz”), where 71,72 be the first and second rows of
G(a) respectively. Since the weight enumerators are distinct, the codes in Table 3 are inequivalent. Table 4 gives
the classification of optimal Hermitian LCD codes of dimension 2, with the case where n is so small that some
codes in Table 1 do not exist.

Recall that we have assumed ap = 0 by Lemma 2.1. It follows from (1) that there exists an optimal Hermitian
LCD [n,2] code C such that the minimum weight of C*" equals to 1 if and only if n = 4 (mod 5). Consequently,
we obtain the following theorem.

Theorem 3.3. (i) Up to equivalence, there exist two optimal Hermitian LCD [5m,2,4m — 1] codes for every
integer m with m > 2.

(ii) Up to equivalence, there exist two optimal Hermitian LCD [5m + 1,2,4m] codes for every integer m with
m > 2.

(iii) Up to equivalence, there exists a unique optimal Hermitian LCD [5m + 2,2,4m + 1] code for every integer
m with m > 0.

(iv) Up to equivalence, there exists a unique optimal Hermitian LCD [5m + 3,2,4m + 2] code for every integer
m with m > 0.

(v) Up to equivalence, there exist siz optimal Hermitian LCD [5m +4,2,4m + 2] codes for every integer m with
m > 3. One of them is the code such that the minimum weight of the Hermitian dual code is 1.
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Table 3. Weight enumerators of representatives

n Code Weight Enumerator

n=>5m Csmr 143yt 4 9y*™ 4 3ym+1
Csms  1+6y"" ' +6y"™ + 3y

n=>5m+1 Csmyr,0 1+ 6y*™ +6y*mtl 4 3ytm T2
Csms1,1 14 9y*™ + 3™+ 4 gytmt3

n=>5m+2 Csmian 1+ 6y*mT 4 6ytmT2 4 3y4m+3

n=>5m+3 Csmisa 1+ 9y"™ 2 4 6y"m+?

n=>5m+4 Csmyas 143y 46y"m3 4 gytmte
Csmias 14 9y*™T2 4 6y*™™>
Csm+ya,21 1+ 6y4m+2 + 3y4m+3 + 3y4m+4 + 3y4m+5
Csmta,23 14 6y*™ T2 4 6y*™+3 4 3y4m+6
Csmtana 14 9yt™ T2 4 3ytmF3 4 gym+7

Table 4. Classification of optimal Hermitian LCD codes of dimension 2

n m Code

n=>5m m=1 Csm,r
m > 2 Csm,7,Csm 8
n=tm+1m=1 Csmyi,9

m > 2 Csm41,9, Csm,1
n=5m+2m>0 Csmi21
n=5m+3 m>0 Csmnis1
n=5m+4 m=0 Csmia,s

m =1 Csm+4,8, Csm+4,6, Csm+4,21
m =2 Csm+a,8, Csm+4,6, Csm+4,21, Com—4,23
m >3 Csm+4,8, Csm+4,6, Csm+4,21, Csm+4,23, Csm4,24

4. Concluding remarks

A natural extension of this work is to classify the quaternary Hermitian LCD codes of larger dimensions. In
the case where the dimension is 3, there are 64 different codewords. By a method similar to that in Proposition 2.2,
the number of column vectors we need consider is reduced to 22. However, this is still a large number. Therefore,
it is difficult to extend our method to classify Hermitian LCD codes of larger dimensions.
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