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ABSTRACT. In the present paper, we introduce the notion of generalized Fg-
contraction and establish some fixed point results for such mappings, which
extend and generalize the result of Alam and Imdad , Sawangsup et al.
and many others. Our results reveal that the assumption of M-closedness of
underlying binary relation is not a necessary condition for the existence of
fixed points in relational metric spaces. We also derive some N-order fixed
point theorems from our main results. As an application of our main result,
we find a solution to a certain class of nonlinear matrix equations.

1. INTRODUCTION

It is widely known that the Banach contraction principle (BCP) [7] is the first
metric fixed point theorem and one of the most powerful and versatile result in
the field of nonlinear analysis. It asserts that every contraction mapping on a
complete metric space possesses a unique fixed point. Several extensions of this
principle were considered by many authors to various generalized contractions and
different type of spaces (see [1], [3], [4], [5], [6]. [8], [10], [12], [18], [20], [21], [26]).
Wardowski [26] generalized the Banach contraction principle by introducing the
notion of F-contraction on metric spaces. The result of Wardowski was further

extended and generalized by several authors (see , , , , , and

references therein) by improving the condition of F-contraction .
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Another important generalization of the BCP was obtained by Alam and Imdad
[1] in 2015. They generalized the BCP to complete metric spaces endowed with
an arbitrary binary relation. Subsequently, Sawangsup et al. [23] introduced the
notion of Fy-contraction in relational metric space by modifying the condition of
F-contraction. They also introduced the notion of Fy~- contraction and established
some multidimensional fixed point results of N-order.

In the present paper, we improve the idea of Sawangsup et al. [23] by introduc-
ing the notion of generalized Fy-contraction mappings and prove some fixed point
results for such mappings. Our results generalize the result of Alam and Imdad [1],
Wardowski [26], Sawangsup et al. [23] and many others in the existing literature.
We also introduce the notions of multidimensional generalized Fg~-contraction and
Frn~-graph contraction and prove some multidimensional results for the existence of
fixed points of N-order. Our results do not force the underlying binary relation to
be M-closed for the existence of fixed points in relational metric spaces. Moreover,
we furnish some examples to demonstrate the usefulness of our main results. As an
application, we apply our result to find a solution of a class of non-linear matrix
equations.

2. PRELIMINARIES

Throughout this paper, we assume that N, Ny, R and RT stand for the set of
positive integers, the set of non-negative integers, the set of real numbers and the
set of positive real numbers, respectively.

Definition 1. [26] Let F denotes the family of all functions F : RT — R satisfying
the following properties:

(F1) F is strictly increasing, i.e., for all o, u € R* such that o < p,F(0) < F(u);

(F2) for each sequence {g, }nen of positive numbers we have lim,,_,o 9, = 0 iff
lim,, o F(o,,) = —00;

(F3) there exists k € (0,1) such that lim, .o+ 0"F(0) = 0.

Example 2. [26] LetF; : RT - R, i =1,2,3,4 by:

(i) F1(0) = log(0) for all o> 0;
(ii) Fa2(o) = o0+ log(p) for all o > 0;
(iii) F3(o) = —% for all o > 0;

(iv) Fa(o0) = log(o? + o) for all o > 0.

Definition 3. [20] Let (X,d) be a metric space and M : X — X be a mapping.
The mapping M is said to be a F-contraction if there exists T > 0 and F € F such
that

d(Mv,Mp) > 0= 7+ F(d(Mv,Mp)) <F(d(v,p)), v,peX.

We accept the following relation-theoretic notations and definitions in our sub-
sequent discussions.



FIXED POINT THEOREMS TO GENERALIZED Fr-CONTRACTION MAPPINGS 633

Definition 4. [1] Let X be a non-empty set. A binary relation ® on X is a subset
of X x X. We say that v relates to p under R if and only if (v, p) € R.

Definition 5. [1|] Let R be a binary relation on X. If either (v, p) € R or (p,v) € R
then we say v and p are R-comparable and we denote it by [v, p] € R.

Definition 6. [1]] A binary relation R defined on a non-empty set X is called

(a) reflexive if (v,v) € R for all v € X,

(b) irreflexive if (v,v) & R for all v € X,

(¢) symmetric if (v, p) € R implies (p,v) € R,

(d) antisymmetric if (v, p) € ® and (p,v) € R implies v = p,

(e) transitive if (v, p) € R and (p, z) € R implies (v, z) € R,

(f) complete, connected or dichotomous if [v, p] € R for all v, p € X,

(g) weakly complete, weakly connected or trichotomous if [v,p] € R or v = p

for all v,p € X.

Definition 7. [1] Let X be a non-empty set and R be a binary relation on X. A
sequence {v,} € X is called R-preserving if

(VnyVnt1) €R,  for all n € Ny.

Definition 8. [1|] Let (X, d) be a metric space and R be a binary relation on X. If
for any R-preserving sequence {v,} on X such that

d
{vn} = v,

there exists a subsequence {vy, } of {vn} with [vy, ,v] € R, for all k € Ny, then the
binary relation R is called d-self-closed on X.

Definition 9. [1,/22] Let X be a non-empty set and M be a self-mapping on X. A
binary relation R is called M -closed, if for v,p € X with

(v,p) eR = (Mv,Mp) eR

and the mapping M is also called comparative mapping on X, under binary relation

R.

Definition 10. [14|] Let R be a binary relation on X and M : X — X be a mapping.
We denote the relational graph of mapping M under the binary relation R on X,
by G(M;R) and defined as:

GM;R)={(v,Mv)eR:ve X}
Definition 11. [14] Let R be a binary relation on X and M : X — X be a self-

mapping. By X (M;R), we denotes the set of all those v € X for which (v, Mv) €
G(M;R), that is,

X(M;R)={veX: (v, Mv) e GIM;R)}.
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The above Definition [I1] is equivalent to the Definition 2.12 of Shukla and
Rodriguez-Lépez [25] which states that X (M;R) is a set of all those points v in X
for which (v, Mv) € R, that is,

X(M;R)={veX: (v, Mv) e R}.

Definition 12. [14] Let (X,d) be a metric space, R be a binary relation on X
and M : X — X be a mapping. A binary relation R is called Mg-d-closed if the
following condition holds:

(v,p) € GIM;R), d(Mv,Mp) <d(v,p) = (Mv,Mp) € G(M;R).

Remark 13. We notice that the condition of Ma-d-closedness is weaker than the
condition of M -closedness. The following example illustrates this fact.

Example 14. Let X = [0, 1] equipped with usual metric d(v,p) = |v—p|. Let a bi-
nary relation R and a self-map M on X be defined as ® = {(0,0), (1,0),(1,1),(1/3,1)}
and
[ v/4, ifrel0,1/3],

M{v) = { 1,  ifve(1/3,1].
Then G(M;®) = {(0,0),(1,1)} and for each (v,p) € G(M;R), we have d(Muv,
Mp) = d(v,p) and (Mv,Mp) € G(M;R). Hence the binary relation R is Mg-
d-closed. But R is not M-closed in X because (1/3,1) € R and (M1/3,M1) =
(1/12,1) ¢ R.

Definition 15. [2] Let (X,d) be a metric space and R be a binary relation on X.
A self-mapping M on X is called R-continuous mapping at point v € X if for
any R-preserving sequence {v,} such that {v,} L v, we have {M(v,)} 4, M(v).
Moreover, M is called R-continuous if it is R-continuous at each point of X.

By above definition, it is clear that every continuous mapping is R-continuous
and under universal relation the definition of J-continuity coincides with the defi-
nition of continuity.

Definition 16. [16] A self-mapping M of a metric space (X,d) is called k- con-
tinuous, k = 1,2,3..., at a point v € X if {M*v,} — Mv, whenever {v,} is a
sequence in X such that {M*~'v,} — v in X. Moreover, M is called k-continuous
if it is k-continuous at each point of X.

It is obvious by the definition of k-continuity that every continuous mapping M
of a metric space (X, d) is k-continuous and the notion of continuity coincides with
the notion of 1-continuity. However, k-continuity of a function (for & > 2) does not
imply the continuity of the function (see Example 1.2 in [16]).

Definition 17. [13] Let (X,d) be a metric space endowed with a binary rela-
tion ®. A mapping M : X — X is called (R, k)-continuous at a point v € X

if whenever {v,,} is R-preserving sequence in X such that {M*~'v,} 2, v, we have
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{M*(v,)} L, Mv . Moreover, if M is a (R, k)-continuous at each point of X then
M is called (R, k)-continuous.

By the definition of (R, k)-continuity, it is clear that every $-continuous mapping
is a (R, k)-continuous mapping and both the definitions coincide for £ = 1. Also
every k-continuous mapping is (R, k)-continuous and for universal relation the def-
inition of (R, k)-continuity is equivalent to the definition of k-continuity introduced
by Pant and Pant in [16].

Remark 18. Every continuous, k-continuous and R-continuous mapping is a (R, k)-
continuous mapping but converse may not be true. The following example illustrates
that (R, k)-continuity does not imply R-continuity and k-continuity as well.

Example 19. Let X = [—1,2] be a metric space equipped with a usual metric
d(v,p) = v —p|. Let R = {(5, 3257) : n € N} be a binary relation on X and M
be a self-mapping on X, defined as

1/3, ifve[-1,0],
M@)=1{ 1/2, ifve(0,1],
v, ifve(l,2].

Clearly, M is not a continuous mapping in X and the sequence {v,} = {2%}, neN
is R-preserving in X as (Vpn,Vny1) € R, for alln € N. Since {v,} — 0 asn — oo
then {Mv,} — 1/2 # MO0. Hence, M is not a R-continuous mapping in X. Now,
for each k =2,3,4,...,

[ 1/2, ifvel-1,1]
Mk(”)_{ v, ifve(1,2).

Since M*(v) is continuous everywhere in X, except at v = 1. Also, there does not
exist any R-preserving sequence {v,,} in X such that {M*~1v,} — 1 asn — co. So
M is obviously a (R, k)-continuous mapping in X. However, for {v,} = {1+1} n €
N, {M*1v,} — 1 and {M*v,} — 1 # M1 yields M is not a k-continuous mapping
in X.

Hence, the mapping M is a (R, k)-continuous mapping in X, but M is neither
a continuous nor a k-continuous and also not a R-continuous mapping in X.

Definition 20. [2] Let (X,d) be a metric space and R be a binary relation on X.
If every R-preserving Cauchy sequence converges in X, then we say that (X, d) is
R-complete .

Every complete metric space is f-complete under an arbitrary binary relation R
and both the definitions coincide under the universal relation.

Definition 21. [15] Let R be a binary relation on a non-empty set X andv,p € X.
A path of length k € N in R from v to p is a finite sequence {zo,21,...,25} C X
satisfying the following conditions:
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(1) z0 =v and z = p;
(2) (2i,2i11) € Rforallie {0,1,2,...,k—1}.
We denote by v(v; p; R), the family of all paths in  from v to p.

3. MAIN RESULTS

Firstly, we introduce the notion of generalized Fy-contraction mapping and Fg-
graph contraction mapping. Then, we will state our main results.

Definition 22. Let (X,d) be a metric space and R be a binary relation on X.
Suppose M be a self-mapping on X and A is any non-empty subset of X (M;R).
Then, the mapping M is called a generalized Fg-contraction with respect to A, if
for each v,p € A with (v,p) € R, there exist F € F and 7 > 0 such that

d(Mv,Mp) >0 = 7+ F(d(Mv, Mp)) <F(d(v,p)). (1)

If we take A = X (M;R) in the above definition then we get the following defin-
ition, which is a special case of the Definition

Definition 23. Let (X,d) be a metric space and R be a binary relation on X. A
self-mapping M on X is called a generalized Fg-contraction with respect to X (M ; R)
or Fg-graph contraction, if for each v,p € X(M;R) with (v,p) € R, there exist
FeF and 7 > 0 such that

d(Mv,Mp) >0 = 7+ F(d(Mv,Mp)) <F(d(v, p)). (2)

Clearly condition and condition is weaker than the condition of Fg-
contraction due to Sawangsup et al. [23].

Now, we state our first result for a generalized Fg-contraction mapping in a
relational metric space.

Theorem 24. Let (X,d) be a metric space and R be a binary relation on X.
Suppose M : X — X be a mapping and there exists a non-empty subset A of
X(M;R) such that the following conditions hold:

(a) M(A) C A,

(b) M is (R, k)-continuous mapping or R is d-self closed,

(¢c) M is a generalized Fy-contraction with respect to A,

(d) there exists Y C A such that M(A) CY C A and (Y, d) is R-complete.

Then, for each vy € A, there exists a Picard sequence {v,} of M, starting from
v1 = v which converges to the fixed point of M.

Proof. Let A be a non-empty subset of X(M;R) and vy € A. Then by virtue of
subset A, we have (vg, Mvg) € R. If v9g = Mvg then the proof is complete. So in
view of condition (a), there exists a point say v1 in A such that v; = Mvy. Again,
since v1 € A so (v, Mvq) € R. If v1 = Mvy then v is a fixed point of M and the
proof is complete. Therefore 11 # My, and by assumption (a), there exists a point
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say vo € A such that vo = Mvy. Continuing this process again and again, we get
a R-preserving Cauchy sequence of points {v,} in A such that

Vpt1 = My, and (v,,v,41) € R, for all n € No.

We denote ¢, = d(Vny1,vn), n € Ng and assume that v, # v, for n € N. Then
¢, >0, for n € N and

F(Cn) < F(Cnfl) —7< F(Cn72) —2r1 <. < F(CO) —nr. (3)
rom , we get lim F = —oo and together with (F2), we have
F (3] g nl;OO Ch d togeth ith h

lim ¢, =0. (4)
n—oo
From (F3), there exists k € (0,1) such that
lim (pF(C,) = 0. (5)
By (B), the following inequality holds
ChF(Ca) = CrF(Co) < R (F(Go) — nT) — (RF((o) = —CrnT <0, (6)
for all n € N. Making n — oo in @ and using , we obtain
lim n¢® = 0. (7)

From @, we observe that there exists ny € N such that ndz <1 for all n > n;.
Consequently, we have

1
for n > nj. In order to prove that the sequence {v,}nen is a Cauchy, consider
m,n € N with m > n > n;. From and triangle inequality, we get

o0 o0 1
d(”ma’/n) < Cm—l + Cm—Q +oeee Cn < ZCZ < Z 7,17

(o]
Now it follows, from the above inequality and by the convergence of > that

Lo 1]k
=N
the sequence {v,}nen is a Cauchy in A. Since {vy}neny € M(A) C Y therefore
{Vn}nen is a R-preserving Cauchy sequence in Y. Since (Y,d) is a R-complete
metric space so there exists a point say v* € Y C A such that lim v, = v*.

n—oo

We now assume that M is a (R, k)-continuous mapping. Since the sequence
{vn} = {M* Y (v,,_141)} converges to v* then (R, k)-continuity of M implies that
{M*(v,,_41)} converges to M(v*). Hence, from the above we conclude that
M(v*) = v*, that is, v* is a fixed point of the function M.

Alternately, we assume that % is d-self-closed. Since {v,} is a R-preserving
sequence in A such that

(va} L v
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and v* € A, therefore by assumption of d-self-closedness, there exists a subsequence
{vn, } of {vn} with [v,,,v*] € R for all k € Ng. From contraction condition (22)),
we obtain

F(d(Vnyt1, Mv*)) = F(d(Mvy,,, Mv*)) <F(d(vn,,v*)) — T
= dWny+1, MV") < d(vp,,v") — 0 as k — oo,
which yields v, +1 4, M(v*), that is, M has a fixed point at v* in X. O
The following example illustrates our Theorem [24]

Example 25. Let X = (—1,2] be a metric space equipped with a usual metric
d(v,p) = |v—p|. Let L = {(ﬁ, ﬁ) ‘n € N} and ® = {(0,0),(0,1), (1,1), (0, %),
(0,H),(1, %), (1, %), (é, %)}UL be a binary relation on X. We define a self-mapping
M on X as

1, ifve(-1,0]
Mv) = %, if v € (0,1],
v, if v e (1,2],
then it is easy to see that X (M;R) = {0, i, %,1}. Suppose that A = {0, i, %} C

X(M;R) and Y = {1/4,1/6}. Then clearly Y = M(A) C A and Y is R-complete.
Since {vy} = {7+ : n € N} is a R-preserving sequence in X and {v,} — 0 but
{Mv,} — % # MO. Therefore, M is neither a continuous nor a R-continuous
mapping in X. Now, for each k =2,3,4,...,

Mk(ll) _ {(133 ifV € (7171}’
v, ifve (1,2

As M*(v) is continuous everywhere in X, except v = 1 and there does not exist any
R-preserving sequence {v,} in X such that {M* 1v,} — 1 asn — oo. Then, it
is obuvious by Deﬁm’tion that M is a (R, k)-continuous mapping in X. However,
for {v,} = {1+21:neN}, we have {M*'v,} — 1 and {M*v,} — 1 # M1
which implies M s not a k-continuous mapping in X. Now, we will prove that
M is a generalized Fy-contraction mapping with respect to A. For this, we take
T = 1,F € F given by F(p) = 0+ In(o),0 > 0 and v,p € A with (v,p) € R
such that d(Mv, Mp) > 0, we have only one choice for such (v,p) in R, that is,
(v,p) = (0,1/4). Then from (1)), we obtain

1
d<MV? Mp)e[d(My,Mp)—d(l/,p)] — d(MO’ MZ) e[d(MO,M%)—d(O,i)] — 1

a0, p) a0, 1) 3
Hence, all the assumptions of Theorem[24] are hold and M has infinite fized points
mn X.

_1 _
e 6 <e L

Remark 26. It is noticeable that the binary relation used in the Example [25] is
not M -closed even though M has infinite fized points in X, which reveals that the
assumption of M-closedness of the underlying binary relation is not a necessary
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condition for the existence of fixed points in relational metric spaces. Thus in
Example the fized point results of Sawangsup et al. [23], Alam and Imdad [1)],
Samet and Turinici (22] and many others does not work but our result is still valid
therein.

Remark 27. We also notice that, the binary relation R used in Example[25 is not
one of the earlier known standard binary relation such as reflexive , symmetric,
transitive, anti-symmetric, complete or weakly complete. Therefore, theorems con-
tained in (12,710, 11] can not be apply in the above example. Thus, Theorem
extends all the classical results to an arbitrary binary relation.

We get the following corollary as a direct consequence of Theorem [24] by taking
T = logi and F = log v in Theorem

Corollary 28. Let (X,d) be a metric space and R be a binary relation on X.
Suppose M : X — X be a mapping and there exists a non-empty subset A of
X(M;R) such that the following conditions hold:

(a) M(A) C A,
(b) M is (R, k)-continuous mapping or R is d-self closed,
(c) there exists o € [0,1) such that

d(Mv,Mp) < o d(v, p), for all v,p € A such that (v,p) € R.

(d) there exists Y C A such that M(A) CY C A and (Y, d) is R-complete.

Then M has a fixed point in X.
Now we prove fixed point theorem for Fy-graph contraction mappings in rela-
tional metric spaces.

Theorem 29. Let (X,d) be a metric space and R be a binary relation on X.
Suppose M be a self-mapping on X and X (M;R) be a non-empty set such that the
following conditions are satisfied:

(a) R is Mg-d-closed;
(b) M is (R, k)-continuous or R is d-self closed;
(¢c) M is Fp-graph contraction on X,
(d) there exists Y C X(M;R) such that M(X(M;R)) CY C X(M;R) and
(Y, d) is R-complete.
Then, for each vy € X(M;R), there exists a Picard sequence {v,} of M, starting
from v = vy which converges to the fixed point of M.

Proof. Suppose X (M;R) be a non-empty and v¢ be any point in X (M;*R). Then
by virtue of X (M;R), we have (vg, Mvg) € R . If vg = My then vg is a fixed
point of M and the proof is completed. Therefore, we assume that vg # My and
Mvgy = vy (say). Now as (vo,v1) = (vo, Mvy) € G(M;R) and M is a Fy-graph
contraction, we have

d(Mvy, Mvy) < d(vo,v1). (9)
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In view of assumption (a) and from condition (9), we get (Mvo, Mvy) = (v1, Mvy) €
R. Again, if v; = Mwv; then the proof is complete, otherwise there exists a point
say vo in X, such that v = Mv; and v; # vo. Continuing this process again and
again, we get a R-preserving Cauchy sequence of points {v,,} in X such that

Vpt1 = My, and (v,,vnp+1) €R, for all n € No.

If we take v,, = v, 41 for some n € N, then v,, is called fixed point of M. Therefore,
we assume that v, # v,y for n € N, that is, d(vy,vne1) # 0 for n € N. Now
proceeding the proof of Theorem we get the conclusion. O

The following example illustrates the utility of Theorem

Example 30. Let X = (—1,3] be a metric space equipped with a usual metric

d(v,p) = v —p| and P = {( n’nJrl) :n € N}. Let a binary relation R and a

self-map M on X is defined as ® = {(0,0),(0,%), (3, 4), (3, %), (1,5), (1,2} UP
and

%7 Zfl/ S (_170]7
M(v) =1 s, ifve(0,1],
2, ifve(l,3].

Then, clearly X(M;R) = {0, %, 2,1} and G(M;R) = {(0,3), (2, %), (3, 4), (1, D)}
For each (v,p) € G(M;R), we have d(Mv,Mp) < d(l/ p) and (Mv, Mp) €
G(M;R) which yields the binary relation R on X is Mg-d-closed. However, R
is not M-closed in X as (0,0) € R but (M0, MO0) = (3,2) ¢ R. Since {v,,} =
{1}, n € N is a R-preserving sequence in X as (Vn,vni1) € R and {v,} — 0 then
{Mv,} — % % MO. Thus, M is neither a continuous nor a R-continuous mapping
i X. Now, for each k = 2,3,4, ...,

ke s ) ifre(=1,1],
M) = {; ifve(1,3].

As M*(v) is continuous everywhere in X, except v = 1 and there does not erist
any R-preserving sequence {v,} in X such that {M* ‘v, } — 1 asn — oo. So M
is obviously a (R, k)-continuous mapping in X. However, for {v,} = {1+ 1}, n¢€
N, {M*v,} — 1 and {M*v,} — 1 # M1, yields M is not a k-continuous
mapping in X. Hence, the mapping M is a (R, k)-continuous mapping in X, but M
is neither a continuous nor a k-continuous and also not a R-continuous mapping in

X. Now, we will show that M 1is a generalized Fy-graph contraction mapping with
7=1andF € F defined by

F(o) = o+ In(o), for all o > 0.
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For any v,p € X(M;R) with (v,p) € R and d(Mv,Mp) > 0, we have only one

choice for (v, p) = (0, %) i R. Then from ,

d(Mv, Mp) tanvtp)-dtpyy — AMOME)  ranmonry-aobyy _ Lt
d(v,p) d(0, §)

This yields M is a Fg-graph contraction with 7 = 1. Hence, all the conditions of

Theorem are hold and M has two fized points at points v = % and v = 2.

A generalized version of relation-theoretic contraction principle due to Alam and
Imdad [1] is derived from Theorem by taking 7 = log % and F = log v in Theorem
29

Corollary 31. Let (X,d) be a metric space and R be a binary relation on X.
Suppose M be a self-mapping on X and X (M;R) be a non-empty set such that the
following conditions are satisfied:
(a) R is Mg-d-closed,
(b) M is (R, k)-continuous or R is d-self-closed,
(c) there exists k € [0,1) such that
d(Mv,Mp) <k d(v,p), for all v,p € X(M;R) with (v, p) € R.
(d) there exists Y C X(M;R) such that M(X(M;R)) CY C X(M;R) and
(Y, d) is R-complete.
Then M has a fixed point.
Remark 32. We notice that Theorem[2] and Theorem[29 remain valid if we replace
the assumption of (R; k)-continuity of M either by continuity of M, k-continuity of
M or R-continuity of M (without altering the rest of the hypothesis).

The following theorem guarantees the uniqueness of fixed points of Theorem [29]
in a relational metric space.

Theorem 33. In addition to the hypothesis of Theorem suppose that R is a
transitive relation on X and v(v, p,R) is non-empty, for allv,p € X(M;R). Then,
M has a unique fized point in X (M;R).

Proof. Let v* and p* be two distinct fixed points of M in X(M;R) then v* =
Mv*, p* = Mp*. Since v(v*, p*, R) is non-empty, there is a path (say {20, z1,.-., 2k })
of some finite length & in R from v to p, so that

20 =V", 2z =p*, (zi,2i41) €R, foreachi=0,1,2,... k— 1.
By transitivity of R, we get
(V' 2z1) €ER, (z21,22) €ER, ..., (2-1,p") ER = (V" p") eR.
The condition implies that
A F((F, %)) = 7+ F(A(M, Mp")) < B, p)
which is not possible. Thus, M has a unique fixed point in X (M;R). |
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4. MULTIDIMENSIONAL RESULTS FOR THE EXISTENCE OF FIXED POINTS OF
N-ORDER

In this section, we drive some multidimensional results or N-order fixed point
theorems from our main results by using very simple tools. Let  be a binary
relation on X and we denote by R the binary relation on the product space X
defined by:

(Vlapl) € éRa (V27p2) € §R7

((VlaVQa'"aVN)a(p17p27~~.5pN))E§RN<:> (VB P3)€§R (VN pN)E%

Suppose M : XV — X is a mapping and by XV (M;RY), we denote the set of all
points (v1,va,...,vx) € X such that

(Vl,l/g,...,VN),(M(I/l,l/g,...,I/N),M(I/Q,l/g,...,Z/N,lll) RN
€ )
,...,M(VN,Z/l,...,Z/N_l))
that is,
(I/i,M(VZ-,Z/Z-H, .. .,I/N,l/l,yg,...,yi,l)) € R, for each i € {1,2,...,N}.
In addition, we denote by S]\A/; : XN — XN the mapping

( M(vi,va,...,un), M(va,vs,...,UN, V1) )

N —
SM(V17V27...7VN)_ a"'aM(VNayla"'aVN—l)

for all (vy1,vs,...,vy) € XN,

Definition 34. [2/] Let ® be a binary relation defined on a non-empty set X and
(Y1, V2, 0oy UN), (P1, P2y s pn) € XNV Then (v1,va,...,vn) and (py, pay -y py) are
RN -comparative if either ((v1,v2,...,un), (p1, P2, - px)) € RN or ((p1, P2, -, PN,
(v1,V2, ..y VN)) € RN, We denote it by [(ul, Voo s UN), (P15 Py - - ,pN)] e RN,

Definition 35. [2/] Let X be a non-empty set and R be a binary relation on X.

A sequence {(v},12,...,vN)} C XN is called RN -preserving if
((h, V2, v (g, Ve, o Vb)) € RY for allm € N.

Definition 36. [25] Let M : XV — X be a mapping. A binary relation R on X
is called My -closed, if for any (vi,va,...,UN), (p1, P2 -+ pn) € XV,

(Vlvpl) eER (M(Vlay%'"aVN)vM(p17p27"'apN)) eER
(V27p2) ER (M(V23V35"'ayl)’M(p27p37"-5p1)) eR

(VNapN) eRn (M(VNvl/h"'VVNfl)aM(pvalwnﬂprl)) eR



FIXED POINT THEOREMS TO GENERALIZED Fr-CONTRACTION MAPPINGS 643

Definition 37. If M : XV — X is a mapping. Then, we denote the relational
graph of the mapping M under the binary relation ®Y on XN, by GN(M;RYN) and
defined as:

GN(M;%N) = {((1/1,1/2, S UN), (M(lll,l/g, o UN), M(va,vs, ... v1),
...,M(VN,Vh...,z/N,l))) e RN . (vi,ve,...,VN) € XN}.
Definition 38. Let (X,d) be a metric space, R be a binary relation on X and

M : XN — X be a mapping. By XN(M;RY), we denote the set of all those
(v1,va,...,uN) € XN, for which

( (1/1,1/2,...,1/]\[), (M(V17V27...71/N)7M(l/2’1/3’...’7/1) ) c GN(M;%N),
a---7M<VN7V1a---7VN71))
that is,
XNM;RYY = {(v1,va,...,un) € XV ((Vl,VQ,...,VN), (M(l/l,llg,...,l/N),
M(ngg,...7V1),...7M(1/N71/1,...,1/N,1))) € GN(M;RM)}.
Definition 39. Let (X,d) be a metric space, R be a binary relation on X and

M : XN — X be a mapping. A binary relation R is called MY -d-closed if for every
((Vlay27"'aVN)7(p1ap27"' )pN)) € GN(M’%N) with

d(M(VlaVQa~‘~aVN)aM(p17p27~..apN)) Sd((l/17’/27~~'7VN)7(p1ap23"~7pN))
d(M(V27V3'~-7V1)3M(p27p33'~'vp1)) Sd((y27y37'-'7V1)v(p27p35'-'ap1))

d( M(Z/N,lll,...,l/N_l), ) d( (VN7V17--~7VN—1)7 >

M(pnsp1s - PN-1) (PN P13 PN—1)

(M(V17V27"'7VN)7M(p1ap27"'7pN)) EGN(M7§RN)
(M(v2,vs,...,v1), M(ps, ps,-..,p1)) € GN(M;RN)

IA

(M(VNvl/la"'aVN—1)7M(pNap17~-.5pN—1)) EGN(MvéRN)

Remark 40. It is obvious from the above definition that the condition of MY -d-
closedness is weaker than the condition of My-closedness of underlying relation in
relational metric spaces.

Definition 41. Let X be a non-empty set and R be a binary relation on X. A

mapping M : X — X is said to be a (RN, k)-continuous at (v*,v?,...,vN) e XV
if for any RY -preserving sequence { (v}, v2,...,vN)} in XN such that
{Mkil(l/il, V2 N M2 w3 vk MW o)

)

d
—>(U1,V2,...,VN)
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we have

(MEWL 02, o) MR W23 ) MR Ny L

77,7 TL7 7L7 rtn TL7 n’ rTn

{M (v ,...,VN),M(VQ,V?’,...,1/1),...,M(VN,VI,...,VN*I)}.

Then mapping M is called (RN, k)-continuous if it is (RN, k)-continuous at each
point of XV.

Lemma 42. /23] Given N > 2 and M : X~ — X be a given mapping. A point
(w2 .. vN) € XN is an N-order fized point of M if and only if it is a fived
point of S

Lemma 43. [25] Given N > 2 and M : XV — X, a point (v1,va,...,UN) €
XN(M;RN) if and only if (v1,va,...,vn) € XV (SN RY).

Lemma 44. [25] Let (X,d) be a metric space and DY : XN x XN — R be defined

by
N

N, V) = d(us,v)
i=1
for allU = (uy,ua,...,un), V = (vi,va,...,0n5) € XN. Then the following prop-
erties hold:

(1) (XN, DN) is also a metric space.

(2) Let{U, = (un,ui,,unN)} be asequence in XN and U = (uy,us, ..., uyx) €
XN Then Uy 2% U if and only if {ui} 2 u; for all i € {1,2,3,...,N}.
(3) I {U, = (up, ul,...,ul)} is a sequence on X, then {U,} is a DV- Cauchy

sequence if and only 1f {u } is a Cauchy sequence for all i € {1,2,3,...,N}.
(4) (X,d) is complete if and only if (X~, D) is complete.

Definition 45. Let (XV, DY) be a metric space and R be a binary relation on
X. If every RN -preserving Cauchy sequence converges in XN then we say that

(XN, DN) is RN -complete.

Every complete metric space is RY-complete under any binary relation % on
X" and both the definitions coincide under the universal relation.

Definition 46. [23] Let X be a non-empty set and R be a binary relation on X. A
path of length k € N in RN from (v1,va,...,vn) € XV to (p1,pgy---,py) € XV

s a finite sequence {(zé,zg,...,zév),(z%,z%,...,z{\’), ,(zi,z,%,,z,iv)} c xV
satisfying the following conditions:
(i) (z(%az(%v?zév) = (V17V2""7VN) and (Zkazk7~-~7ZN) (P1,P27--~7PN);
(1) ((2},22,...,20), (21, 2200, 2 0)) € RN forall i = 0,1,2,...,k — 1.

Clearly, a path of length k involves k + 1 elements of X%, although they are
not necessarily distinct. Moreover, let 'y((ul, Vo, s UN ),y (P15 P25 s PN )5 §RN) be the
class of all paths in RY from (vq,v2,...,vN) t0 (p1, 09,5 PN )-
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Now, we introduce the notion of generalized Fpn~-contraction mapping and Fgn-
graph contraction mapping for N > 2.

Definition 47. Let (X, d) be a metric space endowed with a binary relation R and
AN is a non-empty subset of XN (M;RYN). A mapping M : XN — X is called a gen-
eralized Fyn -contraction with respect to AN, if for each (vi,va, ..., UN), (P1sPos---sPN) €
AN with ((Vl,l/g, o VN, (pl,pQ,...,pN)) € RN, there exist F € F and T > 0 such
that

d<M(V17V25"'aVN)aM(p17p27"'7pN)) >0 =

d(M(V17V27 ~--aVN)aM(p17p2a 7pN>)+
d(M(va,vs,...,v1), M(py, pg, s p1)) +

T+F SF(Zd(Vi7pi)).

d(M(VN7 Vi, "~7VN—1)7M(pN7p1a ""pN—l))

Definition 48. Let (X, d) be a metric space endowed with a binary relation R and
XN(M;RN) be a non-empty subset of X. A mapping M : XV — X is called a
Fyn -graph contraction, if for each (v1,va,...,UN), (p1,Pas -+, pNn) € XN (M;RN)
with ((v1,v2,...,UN), (p1,p2s-- - pN)) € RY, there exist F € F and 7 > 0 such
that d(M(v1,v2,...,uN), M(py,pas---,pN)) > 0=

d(M(vi,v2,....un), M(py, pay oy P ) +
d(M(V27 V3y .oy Vl)a M(pg,ﬂg, HE) pl))+

r4F : <F( Y dwip)). (10)

d(M(VN7V17 ~~~7VN71)7M(pN7p17 "'7pN71))

Now using Theorem we will prove a multidimensional result which conforms
the existence of fixed points of N-order.

Theorem 49. Let (X,d) be a metric space and R be a binary relation on X.
Suppose that M : XN — X be a mapping and there exists a non-empty subset AN
of XN(M;RN) such that the following conditions hold:

) M(AN) C AN,

) M is (RN, k)-continuous mapping;

) M is a generalized Fypn-contraction with respect to AV

) there exists YV C AN such that M(AY) C YN C AN and (YV, DY) is
RN -complete.

Then M has a fixed point of N-order.

(

(a
(b
(
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Proof. Let AN be a non-empty subset of XV (M, RY) and (v4,v2,...,v)) € AN.
Then by the virtue of subset AV, we have

< (1/[1),1/%,...,Z/év),(M(l/é,l/g,...,Z/év),M(l/%,l/g,... vd), c RN
) .

M@, v, ... v, MWE,vg, ... vl v
If (vd,vd vl = e MV N then proof
00,5 Vo N 1 N-1 ) p
LMy vy, vg )
is complete. So in view of assumption (a), there exists (v1,22,... %) in AN such
that
12 N 2 .3 N 1
(W, 0? VN)_(M(I/O,VO,...,VO),M(VO,VO,...,VO,1/0, )
11571 ) — N 1 N—-1
My, ves vy )
Again, since (v1,12,...,vY) € AN so0
1,2 N 1,2 N 2 3 N 1
(vi,vi,..., vy ), (M(vy,vi, ..., V] ),M(V17l/1,...7l/1]\;1/1), c RN
N 1 -1 :
7M(V17yla V1 ))
M@t vi . o), M@ vs, . vl vl
If (vi,v? vy = DL L S then the
1:Y1s---5¥1 N 1 N-—-1 )
oM@y vy, v )
proof is complete. Otherwise we will continue this process again and again and
obtain a RV -preserving sequence of points {(vL,v2,...,vY)} in AN such that
1,2 N 2 3 N 1
Wl 02 N )= ( M(vy,, vy .. vn ), M(ve, vy, ... vy, vs), >
n+1r¥n4+15 9 ¥n+1) — N .1 N—-1
M@y vy, v )
and
12 Ny (1 2 N N
((Vn,yn,...,yn),(Vn+1,l/n+1,...,un+1)) e RY, for all n € N.

Since M is (RY, k)-continuous, we get S3; is also (RY,k)-continuous. From the
generalized Fyn-contractive condition of M, we deduce that S is also a generalized
Fg~-contraction. Applying Theorem there exists Z = (v, vs, ...,vy) € XN

such that S (Z) = Z, ie., (v},v5,...,v) is a fixed point of SY. Using Lemma
we have (vi,v3,...,vy) is a fixed point of N-order of M. This completes the
proof. O

If we take 7 = log% and F = logv in Theorem then we get the following
corollary as a direct consequence of Theorem [49]

Corollary 50. Let (X,d) be a metric space and R be a binary relation on X.
Suppose that M : XN — X be a mapping and there exists a non-empty subset AN
of XN(M;RN) such that the following conditions hold:

(a) M(AY) C AY,
(b) M is (R, k)-continuous mapping,
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(c) there exists p € [0,1) such that

N ( ) N
M ViyVit1y--y VN, V1,..., Vi1
Ed M ’ Ty TEATy ’ ><Q§dl/i’/%’
i—1 ( (pivpiJrlv"'7pNap17"'7pi71) i—1 ( )

for each (v1,v2,...,un), (p1; Pa, - py) € AN such that ((v1,ve,...,vn), (p1s Pas s P)) €
RN, then M has a fixed point of N-order.
(d) there exists YN C AN and M(AN) C YN C AN, so that (YN, DY) is
RN -complete.
Using similar technique as in the proof of Theorem 9] we obtain the following
multidimensional result for the existence of fixed points of N-order.

Theorem 51. Let (X,d) be a metric space and R be a binary relation on X.
Suppose XN (M;RN) be a non-empty and M : X — X be a mapping such that
the following conditions hold:

(a) R is MY -d-closed;
(b) M is (RV, k)-continuous;
(c) M is Fpn-graph contraction on X%;
(d) there exists YV C XV (M;RY) such that M (XN (M;RYN)) C YN C XV(M;RN)
and (YV, DY) is RV -complete,
then M has a fixed point of N-order.
Proof. Suppose X (M;RY) be a non-empty set and (v3,v3,...,v)) € XN(M;
RN). Then, we have

((Vé,l/g,...,V(J)V),(M(Z/(lj,l/g,...,Vév),...,M(l/év,y(l),...,y(l)v_l))) e jN.

Now in view of assumption (a) and from Fgr~-graph contraction condition (10), we
have

12 N 12 N
((1/1,1/1,...,1/1 )3(”271/27"'71/2 )):
( M(ué,yg,...,V(J)V),M(Z/%,Vg,...,Vév,yé),...,M(Vév,y(l),...,yévfl) ),
( M@iv2,. vl MW v, o v, M )
Continuing this process again and again, we get a R®V-preserving Cauchy sequence
of points (v, 12, ...,vN) in X" such that
1,2 N 2 .3 N 1
WL, 02 N )= M(z/n,vn,...,un),M(Vn,Num.. ,Vn,Nun,
1 1> 1) — 1 -1
ntl> Pnt n+ RPN ¥ (7 VA V|
and
12 N 1 2 N N
((vpsvis oo v )y (Vg1 Vit Ving1)) € RY, for all n € N.
1,2 Ny _ (1 2 N 1,2 N
If we take (v, v, ...,V ) = (Vp i1, Vi1 -2 Vnyy) forsomen € N, then {(v,,, vy, ..., v,
is called a fixed point of M. Therefore we assume (v}, v2, ... v # (v, v2 ... vh )

for all n € N. Now proceeding the proof of Theorem [49] we get the conclusion. [
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Corollary 52. Let (X,d) be a metric space and R be a binary relation on X.
Suppose XN (M;RN) be a non-empty set and M : XN — X be a mapping such
that the following conditions hold:
(a) R is MY -d-closed,
(b) M is (RN, k)-continuous,
(c) there exists g € [0,1) such that
N N
M(Vi7l/¢+1 o UN,V1, ... Vifl) >
d I 9 I ) ) ’ < d Vi, 0;),
; < M (P Pis1s s PN+ PLs s Piz1) h Q; vir )
for all ((Vly LOTRIRD VN)’ (1017 P25 - pN)) € GN(M1 §RN)7
(d) there exists YV C XN (M;RY) such that M (XN (M;RY)) C YN C XN(M;RYN)
and (Y", DY) is R¥-complete.
Then M has a fixed point of N-th order.

5. APPLICATION TO NONLINEAR MATRIX EQUATIONS

In this section, we follow the following notations:

e X, denotes the set of all n x n Complex matrices;

e H, C X, is the set of all n x n Hermitian matrices;

e P, C H, is the set of all n X n positive definite matrices;

° H,‘f C H,, is the set of all n x n positive semidefinite matrices.
and for U,V € AX,,, we denote the following notations:

e U>=0<«=UE€Py;

e U0« UcH;

o U—-V>-0=U*»YV;

e U—-Vx0<=U=V.

Let B* is the conjugate transpose of B and A\™ (B*B) is the largest eigenvalue
of B*B. We use the symbol ||.|| for the spectral norm of B and defined by || B| =
\/ AT (B*B).

The symbol ||.||+ is used for the metric induced by trace norm and it is defined
by |Bller = 325, 8i(B), where s;(B),j = 1,2,...,n, are the singular values of
B € X,. Hence, (Hy, ||.||+) forms a complete metric space. See ( [8], [9], [18]) for
more details. Moreover, the binary relation < on H,, defined by:

UXV=V=U

for all U,V € H,.
In this section, we apply Theorem to establish a solution of the nonlinear
matrix equation.

U=Q+Zn:A;fg(U)Ai (11)

i=1
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where A; is an any n X n matrices, ) is a Hermitian positive definite matrix and
G is continuous order preserving mapping (i.e., if U,V € H,, with U < V implies
that G(U) < G(V)) with G(0) = 0.

Now we state the following lemmas which are very useful in this sequel:
Lemma 53. If U,V € H,} such that U = 0 and V = 0, Then
0 < tr(UV) < U]jtr(V).
Lemma 54. IfU € H,, and U < I, then ||U]| < 1.

Theorem 55. Consider the matrix equation and suppose that there is a pos-
itive numbers k and T such that

(i) For every U,V € H,;f withU <V and Y " | AiG(U)A; # > ATG(V)A;,

we have
[tr(V —U)|
tr(G(V)—g(U))| < ; 12
(o) -6 < T (12
(i) 37, AiAf < kI, and S A*G(U)A; = 0.
Then the matrix equation has a solution. Moreover, the iteration
U, = QJrZAfg(Un—l)Ai (13)
i=1

where Uy € H,, such that Uy < Q + >_1 ; A7G(Up)A;, converges in the sense of
trace norm ||.||¢,, to the solution of the nonlinear matrix equation (LI)).

Proof. We define a mapping M : H,, — H,, by
MU)=Q+ ) AiGU)A,
i=1

for all U € 'H,, and a set by
HE(M, =) ={AeH": A=< M(A) or M(A) — A = 0}.

Then M is well defined mapping, H; (M, <) is a non-empty set as Q € H' and
M@Q)—Q = X" | AXG(Q)A; = 0. It is easy to verify that for every positive
semidefinite matrix B, M(B) is also positive semidefinite matrix and H,} (M, <)
is <-complete. Now, we will prove that the set H,} (M, <) is invariant under the
mapping M, that is M (H,} (M, <)) C H; (M, =<). For this, it is sufficient to prove
that M(B) € H,}}(M,=) for every B € H}(M,=<). Let B € H;(M,=<) then
M(B)— B * 0 and

M(M(B)) - M(B) =ZA?(Q(M(B)) —G(B))Ai = 0, (14)

that is M (B) <= M(M(B)), which implies M (B) € H; (M, <).
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Next, we will show that M is a generalized F<-contraction mapping with respect

to H;F (M, =). For this, let 7 > 0 be any real number and F : Rt — R be mapping
defined as

1
F(o) = ——— for all p € RT.
(e) 76

Then from , for each U,V € H,F (M, %) with U <V and G(U) < G(V), we have
[MV) = MO = tr(M(V)—M{U))

= (Y Ar6v) g a)
=1

— Ztr(A:(g(V)—g(U)Ai)

_ Ztr(AiA;‘(g(V)—Q(U)))

- tr((iAiA;‘)(g(V) - g(U)))

IN

(I Azl 16 (V) = GW)ler

||2?11AiA:||< IV =Ul )
k (1+7/V=Ullw)”

IN

( IV = Ul )
(1+7/V =Ulw)”
and so

(L+ VIV =Tl)" _ 1

[V = Uller SMWV) = M)

This implies that

1 ? 1
(T ! ||VU||> = ) = MO

or
1

1
T < .
TV Ol M) - MO

This yields that
1 1

M) =0 VIV =0T




FIXED POINT THEOREMS TO GENERALIZED Fr-CONTRACTION MAPPINGS 651

Hence
T+ F([M(V) = MU)ler) <E(|V = Uller),

which shows that M is a generalized F<-contraction with respect to H;' (M, <).
Since all the assumptions of Theorem [24] are satisfied therefore there exists Z € ‘H,,
such that M (Z) = Z, i.e., the matrix equation has a solution. O
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