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Abstract. In the present paper, we introduce the notion of generalized F<-
contraction and establish some �xed point results for such mappings, which
extend and generalize the result of Alam and Imdad [1], Sawangsup et al. [23]
and many others. Our results reveal that the assumption of M -closedness of
underlying binary relation is not a necessary condition for the existence of
�xed points in relational metric spaces. We also derive some N -order �xed
point theorems from our main results. As an application of our main result,
we �nd a solution to a certain class of nonlinear matrix equations.

1. Introduction

It is widely known that the Banach contraction principle (BCP) [7] is the �rst
metric �xed point theorem and one of the most powerful and versatile result in
the �eld of nonlinear analysis. It asserts that every contraction mapping on a
complete metric space possesses a unique �xed point. Several extensions of this
principle were considered by many authors to various generalized contractions and
di¤erent type of spaces (see [1], [3], [4], [5], [6], [8], [10], [12], [18], [20], [21], [26]).
Wardowski [26] generalized the Banach contraction principle by introducing the
notion of F-contraction on metric spaces. The result of Wardowski was further
extended and generalized by several authors (see [10], [11], [12], [17], [19], [27] and
references therein) by improving the condition of F-contraction .
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Another important generalization of the BCP was obtained by Alam and Imdad
[1] in 2015. They generalized the BCP to complete metric spaces endowed with
an arbitrary binary relation. Subsequently, Sawangsup et al. [23] introduced the
notion of F<-contraction in relational metric space by modifying the condition of
F-contraction. They also introduced the notion of F<N - contraction and established
some multidimensional �xed point results of N -order.
In the present paper, we improve the idea of Sawangsup et al. [23] by introduc-

ing the notion of generalized F<-contraction mappings and prove some �xed point
results for such mappings. Our results generalize the result of Alam and Imdad [1],
Wardowski [26], Sawangsup et al. [23] and many others in the existing literature.
We also introduce the notions of multidimensional generalized F<N -contraction and
F<N -graph contraction and prove some multidimensional results for the existence of
�xed points of N -order. Our results do not force the underlying binary relation to
be M -closed for the existence of �xed points in relational metric spaces. Moreover,
we furnish some examples to demonstrate the usefulness of our main results. As an
application, we apply our result to �nd a solution of a class of non-linear matrix
equations.

2. Preliminaries

Throughout this paper, we assume that N, N0, R and R+ stand for the set of
positive integers, the set of non-negative integers, the set of real numbers and the
set of positive real numbers, respectively.

De�nition 1. [26] Let F denotes the family of all functions F : R+ ! R satisfying
the following properties:

(F1) F is strictly increasing, i.e., for all %; � 2 R+ such that % < �; F(%) < F(�);
(F2) for each sequence f%ngn2N of positive numbers we have limn!1 %n = 0 i¤

limn!1 F(%n) = �1;
(F3) there exists k 2 (0; 1) such that lim%!0+ %

kF(%) = 0.

Example 2. [26] Let Fi : R+ ! R, i = 1; 2; 3; 4 by:

(i) F1(%) = log(%) for all % > 0;
(ii) F2(%) = %+ log(%) for all % > 0;
(iii) F3(%) = � 1p

% for all % > 0;

(iv) F4(%) = log(%2 + %) for all % > 0:

De�nition 3. [26] Let (X; d) be a metric space and M : X ! X be a mapping.
The mapping M is said to be a F-contraction if there exists � > 0 and F 2 F such
that

d(M�;M�) > 0 =) � + F(d(M�;M�)) � F(d(�; �)); �; � 2 X:

We accept the following relation-theoretic notations and de�nitions in our sub-
sequent discussions.
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De�nition 4. [1] Let X be a non-empty set. A binary relation < on X is a subset
of X �X. We say that � relates to � under < if and only if (�; �) 2 <:

De�nition 5. [1] Let < be a binary relation on X. If either (�; �) 2 < or (�; �) 2 <
then we say � and � are <-comparable and we denote it by [�; �] 2 <.

De�nition 6. [1] A binary relation < de�ned on a non-empty set X is called

(a) re�exive if (�; �) 2 < for all � 2 X;
(b) irre�exive if (�; �) 62 < for all � 2 X;
(c) symmetric if (�; �) 2 < implies (�; �) 2 <;
(d) antisymmetric if (�; �) 2 < and (�; �) 2 < implies � = �;
(e) transitive if (�; �) 2 < and (�; z) 2 < implies (�; z) 2 <;
(f) complete, connected or dichotomous if [�; �] 2 < for all �; � 2 X;
(g) weakly complete, weakly connected or trichotomous if [�; �] 2 < or � = �

for all �; � 2 X.

De�nition 7. [1] Let X be a non-empty set and < be a binary relation on X. A
sequence f�ng 2 X is called <-preserving if

(�n; �n+1) 2 <; for all n 2 N0:

De�nition 8. [1] Let (X; d) be a metric space and < be a binary relation on X: If
for any <-preserving sequence f�ng on X such that

f�ng
d�! �;

there exists a subsequence f�nkg of f�ng with [�nk ; �] 2 <, for all k 2 N0, then the
binary relation < is called d-self-closed on X:

De�nition 9. [1,22] Let X be a non-empty set and M be a self-mapping on X. A
binary relation < is called M -closed, if for �; � 2 X with

(�; �) 2 < =) (M�;M�) 2 <

and the mapping M is also called comparative mapping on X, under binary relation
<.

De�nition 10. [14] Let < be a binary relation on X andM : X ! X be a mapping.
We denote the relational graph of mapping M under the binary relation < on X,
by G(M ;<) and de�ned as:

G(M ;<) = f(�;M�) 2 < : � 2 Xg:

De�nition 11. [14] Let < be a binary relation on X and M : X ! X be a self-
mapping. By X(M ;<), we denotes the set of all those � 2 X for which (�;M�) 2
G(M ;<), that is,

X(M ;<) = f� 2 X : (�;M�) 2 G(M ;<)g:
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The above De�nition 11 is equivalent to the De�nition 2.12 of Shukla and
Rodríguez-López [25] which states that X(M ;<) is a set of all those points � in X
for which (�;M�) 2 <, that is,

X(M ;<) = f� 2 X : (�;M�) 2 <g:

De�nition 12. [14] Let (X; d) be a metric space, < be a binary relation on X
and M : X ! X be a mapping. A binary relation < is called MG-d-closed if the
following condition holds:

(�; �) 2 G(M ;<); d(M�;M�) � d(�; �) =) (M�;M�) 2 G(M ;<):

Remark 13. We notice that the condition of MG-d-closedness is weaker than the
condition of M -closedness. The following example illustrates this fact.

Example 14. Let X = [0; 1] equipped with usual metric d(�; �) = j�� �j. Let a bi-
nary relation < and a self-mapM on X be de�ned as < = f(0; 0); (1; 0); (1; 1); (1=3; 1)g
and

M(�) =

�
�=4; if � 2 [0; 1=3];
1; if � 2 (1=3; 1]:

Then G(M ;<) = f(0; 0); (1; 1)g and for each (�; �) 2 G(M ;<), we have d(M�;
M�) = d(�; �) and (M�;M�) 2 G(M ;<). Hence the binary relation < is MG-
d-closed. But < is not M -closed in X because (1=3; 1) 2 < and (M1=3;M1) =
(1=12; 1) =2 <.

De�nition 15. [2] Let (X; d) be a metric space and < be a binary relation on X.
A self-mapping M on X is called <-continuous mapping at point � 2 X if for

any <-preserving sequence f�ng such that f�ng
d�! �, we have fM(�n)g

d�! M(�).
Moreover, M is called <-continuous if it is <-continuous at each point of X.

By above de�nition, it is clear that every continuous mapping is <-continuous
and under universal relation the de�nition of <-continuity coincides with the de�-
nition of continuity.

De�nition 16. [16] A self-mapping M of a metric space (X; d) is called k- con-
tinuous, k = 1; 2; 3 : : : ; at a point � 2 X if fMk�ng ! M�, whenever f�ng is a
sequence in X such that fMk�1�ng ! � in X. Moreover, M is called k-continuous
if it is k-continuous at each point of X.

It is obvious by the de�nition of k-continuity that every continuous mapping M
of a metric space (X; d) is k-continuous and the notion of continuity coincides with
the notion of 1-continuity. However, k-continuity of a function (for k � 2) does not
imply the continuity of the function (see Example 1.2 in [16]).

De�nition 17. [13] Let (X; d) be a metric space endowed with a binary rela-
tion <. A mapping M : X ! X is called (<; k)-continuous at a point � 2 X

if whenever f�ng is <-preserving sequence in X such that fMk�1�ng
d�! �, we have
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fMk(�n)g
d�!M� . Moreover, if M is a (<; k)-continuous at each point of X then

M is called (<; k)-continuous.

By the de�nition of (<; k)-continuity, it is clear that every <-continuous mapping
is a (<; k)-continuous mapping and both the de�nitions coincide for k = 1. Also
every k-continuous mapping is (<; k)-continuous and for universal relation the def-
inition of (<; k)-continuity is equivalent to the de�nition of k-continuity introduced
by Pant and Pant in [16].

Remark 18. Every continuous, k-continuous and <-continuous mapping is a (<; k)-
continuous mapping but converse may not be true. The following example illustrates
that (<; k)-continuity does not imply <-continuity and k-continuity as well.

Example 19. Let X = [�1; 2] be a metric space equipped with a usual metric
d(�; �) = j� � �j. Let < = f( 12n ;

1
2n+1 ) : n 2 Ng be a binary relation on X and M

be a self-mapping on X, de�ned as

M(�) =

8<: 1=3; if � 2 [�1; 0];
1=2; if � 2 (0; 1];
�; if � 2 (1; 2]:

Clearly, M is not a continuous mapping in X and the sequence f�ng = f 1
2n g; n 2 N

is <-preserving in X as (�n; �n+1) 2 <; for all n 2 N. Since f�ng ! 0 as n!1
then fM�ng ! 1=2 6=M0. Hence, M is not a <-continuous mapping in X. Now,
for each k = 2; 3; 4; : : :,

Mk(�) =

�
1=2; if � 2 [�1; 1];
�; if � 2 (1; 2]:

Since Mk(�) is continuous everywhere in X, except at � = 1. Also, there does not
exist any <-preserving sequence f�ng in X such that fMk�1�ng ! 1 as n!1. So
M is obviously a (<; k)-continuous mapping in X. However, for f�ng = f1+ 1

ng; n 2
N, fMk�1�ng ! 1 and fMk�ng ! 1 6=M1 yieldsM is not a k-continuous mapping
in X.
Hence, the mapping M is a (<; k)-continuous mapping in X, but M is neither

a continuous nor a k-continuous and also not a <-continuous mapping in X.

De�nition 20. [2] Let (X; d) be a metric space and < be a binary relation on X.
If every <-preserving Cauchy sequence converges in X, then we say that (X; d) is
<-complete .

Every complete metric space is <-complete under an arbitrary binary relation <
and both the de�nitions coincide under the universal relation.

De�nition 21. [15] Let < be a binary relation on a non-empty set X and �; � 2 X.
A path of length k 2 N in < from � to � is a �nite sequence fz0; z1; : : : ; zkg � X
satisfying the following conditions:
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(1) z0 = � and zk = �;
(2) (zi; zi+1) 2 < for all i 2 f0; 1; 2; : : : ; k � 1g.
We denote by (�; �;<), the family of all paths in < from � to �.

3. Main Results

Firstly, we introduce the notion of generalized F<-contraction mapping and F<-
graph contraction mapping. Then, we will state our main results.

De�nition 22. Let (X; d) be a metric space and < be a binary relation on X.
Suppose M be a self-mapping on X and A is any non-empty subset of X(M ;<).
Then, the mapping M is called a generalized F<-contraction with respect to A, if
for each �; � 2 A with (�; �) 2 <, there exist F 2 F and � > 0 such that

d(M�;M�) > 0 =) � + F(d(M�;M�)) � F(d(�; �)): (1)

If we take A = X(M ;<) in the above de�nition then we get the following de�n-
ition, which is a special case of the De�nition 22.

De�nition 23. Let (X; d) be a metric space and < be a binary relation on X. A
self-mappingM on X is called a generalized F<-contraction with respect to X(M ;<)
or F<-graph contraction, if for each �; � 2 X(M ;<) with (�; �) 2 <, there exist
F 2 F and � > 0 such that

d(M�;M�) > 0 =) � + F(d(M�;M�)) � F(d(�; �)): (2)

Clearly condition (1) and condition (2) is weaker than the condition of F<-
contraction due to Sawangsup et al. [23].
Now, we state our �rst result for a generalized F<-contraction mapping in a

relational metric space.

Theorem 24. Let (X; d) be a metric space and < be a binary relation on X.
Suppose M : X ! X be a mapping and there exists a non-empty subset A of
X(M ;<) such that the following conditions hold:

(a) M(A) � A;
(b) M is (<; k)-continuous mapping or < is d-self closed,
(c) M is a generalized F<-contraction with respect to A,
(d) there exists Y � A such that M(A) � Y � A and (Y; d) is <-complete.
Then, for each �0 2 A, there exists a Picard sequence f�ng of M , starting from

�1 = �0 which converges to the �xed point of M .

Proof. Let A be a non-empty subset of X(M ;<) and �0 2 A. Then by virtue of
subset A, we have (�0;M�0) 2 <. If �0 = M�0 then the proof is complete. So in
view of condition (a), there exists a point say �1 in A such that �1 =M�0. Again,
since �1 2 A so (�1;M�1) 2 <. If �1 =M�1 then �1 is a �xed point of M and the
proof is complete. Therefore �1 6=M�1 and by assumption (a), there exists a point



FIXED POINT THEOREMS TO GENERALIZED F<-CONTRACTION MAPPINGS 637

say �2 2 A such that �2 = M�1. Continuing this process again and again, we get
a <-preserving Cauchy sequence of points f�ng in A such that

�n+1 =M�n and (�n; �n+1) 2 <; for all n 2 N0:
We denote �n = d(�n+1; �n), n 2 N0 and assume that �n+1 6= �n for n 2 N. Then
�n > 0, for n 2 N and

F(�n) � F(�n�1)� � � F(�n�2)� 2� � � � � � F(�0)� n�: (3)

From (3), we get lim
n!1

F(�n) = �1 and together with (F2), we have

lim
n!1

�n = 0: (4)

From (F3), there exists k 2 (0; 1) such that

lim
n!1

�knF(�n) = 0: (5)

By (3), the following inequality holds

�knF(�n)� �knF(�0) � �kn(F(�0)� n�)� �knF(�0) = ��knn� � 0; (6)

for all n 2 N. Making n!1 in (6) and using (5), we obtain

lim
n!1

n�kn = 0: (7)

From (7), we observe that there exists n1 2 N such that n�kn � 1 for all n � n1.
Consequently, we have

�n �
1

n1=k
; (8)

for n � n1. In order to prove that the sequence f�ngn2N is a Cauchy, consider
m;n 2 N with m > n > n1: From (8) and triangle inequality, we get

d(�m; �n) � �m�1 + �m�2 + � � �+ �n <
1X
i=n

�i �
1X
i=n

1

i1=k
:

Now it follows, from the above inequality and by the convergence of
1P
i=n

1

i1=k
, that

the sequence f�ngn2N is a Cauchy in A. Since f�ngn2N � M(A) � Y therefore
f�ngn2N is a <-preserving Cauchy sequence in Y. Since (Y; d) is a <-complete
metric space so there exists a point say �� 2 Y � A such that lim

n!1
�n = �

�.

We now assume that M is a (<; k)-continuous mapping. Since the sequence
f�ng = fMk�1(�n�k+1)g converges to �� then (<; k)-continuity of M implies that
fMk(�n�k+1)g converges to M(��). Hence, from the above we conclude that
M(��) = ��, that is, �� is a �xed point of the function M .
Alternately, we assume that < is d-self-closed. Since f�ng is a <-preserving

sequence in A such that

f�ng
d�! ��



638 D. KHANTWAL, S. ANTAL, U. C. GAIROLA

and �� 2 A, therefore by assumption of d-self-closedness, there exists a subsequence
f�nkg of f�ng with [�nk ; ��] 2 < for all k 2 N0. From contraction condition (22),
we obtain

F
�
d(�nk+1;M�

�)
�
= F
�
d(M�nk ;M�

�)
�
� F
�
d(�nk ; �

�)
�
� �

=) d(�nk+1;M�
�) < d(�nk ; �

�)! 0 as k !1;
which yields �nk+1

d�!M(��), that is, M has a �xed point at �� in X. �

The following example illustrates our Theorem 24.

Example 25. Let X = (�1; 2] be a metric space equipped with a usual metric
d(�; �) = j� � �j. Let L =

�
( 14n ;

1
4n+1 ) : n 2 N

	
and < = f(0; 0); (0; 1); (1; 1); (0; 32 );

(0; 14 ); (1;
1
6 ); (

1
4 ;

1
6 ); (

1
6 ;

1
6 )g[L be a binary relation on X. We de�ne a self-mapping

M on X as

M(�) =

8><>:
1
4 ; if � 2 (�1; 0];
1
6 ; if � 2 (0; 1];
�; if � 2 (1; 2];

then it is easy to see that X(M ;<) = f0; 14 ;
1
6 ; 1g. Suppose that A = f0; 14 ;

1
6g �

X(M ;<) and Y = f1=4; 1=6g. Then clearly Y =M(A) � A and Y is <-complete.
Since f�ng = f 1

4n : n 2 Ng is a <-preserving sequence in X and f�ng ! 0 but
fM�ng ! 1

6 6= M0. Therefore, M is neither a continuous nor a <-continuous
mapping in X. Now, for each k = 2; 3; 4; : : : ;

Mk(�) =

(
1
6 ; if � 2 (�1; 1];
�; if � 2 (1; 2]:

As Mk(�) is continuous everywhere in X; except � = 1 and there does not exist any
<-preserving sequence f�ng in X such that fMk�1�ng ! 1 as n ! 1. Then, it
is obvious by De�nition 17 that M is a (<; k)-continuous mapping in X. However,
for f�ng = f1 + 1

n : n 2 Ng, we have fM
k�1�ng ! 1 and fMk�ng ! 1 6= M1

which implies M is not a k-continuous mapping in X. Now, we will prove that
M is a generalized F<-contraction mapping with respect to A. For this, we take
� = 1; F 2 F given by F(%) = % + ln(%); % > 0 and �; � 2 A with (�; �) 2 <
such that d(M�;M�) > 0, we have only one choice for such (�; �) in <, that is,
(�; �) = (0; 1=4). Then from (1), we obtain

d(M�;M�)

d(�; �)
e[d(M�;M�)�d(�;�)] =

d(M0;M 1
4 )

d(0; 14 )
e[d(M0;M 1

4 )�d(0;
1
4 )] =

1

3
e�

1
6 < e�1:

Hence, all the assumptions of Theorem 24 are hold and M has in�nite �xed points
in X.

Remark 26. It is noticeable that the binary relation used in the Example 25 is
not M -closed even though M has in�nite �xed points in X, which reveals that the
assumption of M -closedness of the underlying binary relation is not a necessary
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condition for the existence of �xed points in relational metric spaces. Thus in
Example 25, the �xed point results of Sawangsup et al. [23], Alam and Imdad [1],
Samet and Turinici [22] and many others does not work but our result is still valid
therein.

Remark 27. We also notice that, the binary relation < used in Example 25 is not
one of the earlier known standard binary relation such as re�exive , symmetric,
transitive, anti-symmetric, complete or weakly complete. Therefore, theorems con-
tained in [1, 2, 7, 10, 11] can not be apply in the above example. Thus, Theorem 24
extends all the classical results to an arbitrary binary relation.

We get the following corollary as a direct consequence of Theorem 24 by taking
� = log 1% and F = log � in Theorem 24.

Corollary 28. Let (X; d) be a metric space and < be a binary relation on X.
Suppose M : X ! X be a mapping and there exists a non-empty subset A of
X(M ;<) such that the following conditions hold:

(a) M(A) � A;
(b) M is (<; k)-continuous mapping or < is d-self closed,
(c) there exists % 2 [0; 1) such that

d(M�;M�) � % d(�; �); for all �; � 2 A such that (�; �) 2 <:
(d) there exists Y � A such that M(A) � Y � A and (Y; d) is <-complete.
Then M has a �xed point in X.
Now we prove �xed point theorem for F<-graph contraction mappings in rela-

tional metric spaces.

Theorem 29. Let (X; d) be a metric space and < be a binary relation on X.
Suppose M be a self-mapping on X and X(M ;<) be a non-empty set such that the
following conditions are satis�ed:

(a) < is MG-d-closed;
(b) M is (<; k)-continuous or < is d-self closed;
(c) M is F<-graph contraction on X,
(d) there exists Y � X(M ;<) such that M(X(M ;<)) � Y � X(M ;<) and

(Y; d) is <-complete.
Then, for each �0 2 X(M ;<), there exists a Picard sequence f�ng ofM , starting

from �1 = �0 which converges to the �xed point of M .

Proof. Suppose X(M ;<) be a non-empty and �0 be any point in X(M ;<). Then
by virtue of X(M ;<), we have (�0;M�0) 2 < . If �0 = M�0 then �0 is a �xed
point of M and the proof is completed. Therefore, we assume that �0 6=M�0 and
M�0 = �1 (say). Now as (�0; �1) = (�0;M�0) 2 G(M ;<) and M is a F<-graph
contraction, we have

d(M�0;M�1) � d(�0; �1): (9)
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In view of assumption (a) and from condition (9), we get (M�0;M�1) = (�1;M�1) 2
<. Again, if �1 = M�1 then the proof is complete, otherwise there exists a point
say �2 in X, such that �2 = M�1 and �1 6= �2. Continuing this process again and
again, we get a <-preserving Cauchy sequence of points f�ng in X such that

�n+1 =M�n and (�n; �n+1) 2 R; for all n 2 N0:

If we take �n = �n+1 for some n 2 N, then �n is called �xed point ofM . Therefore,
we assume that �n 6= �n+1 for n 2 N, that is, d(�n; �n+1) 6= 0 for n 2 N. Now
proceeding the proof of Theorem 24, we get the conclusion. �

The following example illustrates the utility of Theorem 29.

Example 30. Let X = (�1; 3] be a metric space equipped with a usual metric
d(�; �) = j� � �j and P =

�
( 1n ;

1
n+1 ) : n 2 N

	
. Let a binary relation < and a

self-map M on X is de�ned as < =
�
(0; 0); (0; 16 ); (

1
6 ;

1
8 ); (

1
8 ;

1
8 ); (1;

1
8 ); (1; 2)

	
[ P

and

M(�) =

8><>:
1
6 ; if � 2 (�1; 0];
1
8 ; if � 2 (0; 1];
2; if � 2 (1; 3]:

Then, clearly X(M ;<) = f0; 16 ;
1
8 ; 1g and G(M ;<) = f(0;

1
6 ); (

1
6 ;

1
8 ); (

1
8 ;

1
8 ); (1;

1
8 )g.

For each (�; �) 2 G(M ;<), we have d(M�;M�) � d(�; �) and (M�; M�) 2
G(M ;<) which yields the binary relation < on X is MG-d-closed. However, <
is not M -closed in X as (0; 0) 2 < but (M0;M0) = ( 16 ;

1
6 ) =2 <. Since f�ng =

f 1ng; n 2 N is a <-preserving sequence in X as (�n; �n+1) 2 < and f�ng ! 0 then
fM�ng ! 1

8 6=M0. Thus, M is neither a continuous nor a <-continuous mapping
in X. Now, for each k = 2; 3; 4; :::;

Mk(�) =

(
1
8 ; if � 2 (�1; 1];
2; if � 2 (1; 3]:

As Mk(�) is continuous everywhere in X; except � = 1 and there does not exist
any <-preserving sequence f�ng in X such that fMk�1�ng ! 1 as n!1. So M
is obviously a (<; k)-continuous mapping in X. However, for f�ng = f1+ 1

ng; n 2
N, fMk�1�ng ! 1 and fMk�ng ! 1 6= M1, yields M is not a k-continuous
mapping in X: Hence, the mapping M is a (<; k)-continuous mapping in X, but M
is neither a continuous nor a k-continuous and also not a <-continuous mapping in
X: Now, we will show that M is a generalized F<-graph contraction mapping with
� = 1 and F 2 F de�ned by

F(%) = %+ ln(%); for all % > 0:
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For any �; � 2 X(M ;<) with (�; �) 2 < and d(M�;M�) > 0, we have only one
choice for (�; �) = (0; 16 ) in <. Then from (23),

d(M�;M�)

d(�; �)
efd(M�;M�)�d(�;�)g =

d(M0;M 1
6 )

d(0; 16 )
efd(M0;M 1

6 )�d(0;
1
6 )g =

1

4
e�

1
8 < e�1:

This yields M is a F<-graph contraction with � = 1: Hence, all the conditions of
Theorem 29 are hold and M has two �xed points at points � = 1

8 and � = 2.

A generalized version of relation-theoretic contraction principle due to Alam and
Imdad [1] is derived from Theorem 29 by taking � = log 1k and F = log � in Theorem
29.

Corollary 31. Let (X; d) be a metric space and < be a binary relation on X.
Suppose M be a self-mapping on X and X(M ;<) be a non-empty set such that the
following conditions are satis�ed:

(a) < is MG-d-closed,
(b) M is (<; k)-continuous or < is d-self-closed,
(c) there exists k 2 [0; 1) such that

d(M�;M�) � k d(�; �); for all �; � 2 X(M ;<) with (�; �) 2 <:
(d) there exists Y � X(M ;<) such that M(X(M ;<)) � Y � X(M ;<) and

(Y; d) is <-complete.
Then M has a �xed point.

Remark 32. We notice that Theorem 24 and Theorem 29 remain valid if we replace
the assumption of (<; k)-continuity of M either by continuity of M , k-continuity of
M or <-continuity of M (without altering the rest of the hypothesis).

The following theorem guarantees the uniqueness of �xed points of Theorem 29
in a relational metric space.

Theorem 33. In addition to the hypothesis of Theorem 29, suppose that < is a
transitive relation on X and (�; �;<) is non-empty, for all �; � 2 X(M ;<). Then,
M has a unique �xed point in X(M ;<).
Proof. Let �� and �� be two distinct �xed points of M in X(M ;<) then �� =
M��; �� =M��. Since (��; ��;<) is non-empty, there is a path (say fz0; z1; : : : ; zkg)
of some �nite length k in < from � to �, so that

z0 = �
�; zk = �

�; (zi; zi+1) 2 <; for each i = 0; 1; 2; : : : ; k � 1:
By transitivity of <, we get

(��; z1) 2 <; (z1; z2) 2 <; : : : ; (zk�1; ��) 2 < =) (��; ��) 2 <:
The condition (23) implies that

� + F(d(��; ��)) = � + F(d(M��;M��)) � F(d(��; ��))
which is not possible. Thus, M has a unique �xed point in X(M ;<). �
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4. Multidimensional results for the existence of fixed points of
N-order

In this section, we drive some multidimensional results or N -order �xed point
theorems from our main results by using very simple tools. Let < be a binary
relation on X and we denote by <N the binary relation on the product space XN

de�ned by:�
(�1; �2; : : : ; �N ); (�1; �2; : : : ; �N )

�
2 <N () (�1; �1) 2 <; (�2; �2) 2 <;

(�3; �3) 2 <; : : : ; (�N ; �N ) 2 <:

Suppose M : XN ! X is a mapping and by XN (M ;<N ), we denote the set of all
points (�1; �2; : : : ; �N ) 2 XN such that�

(�1; �2; : : : ; �N );
�
M(�1; �2; : : : ; �N );M(�2; �3; : : : ; �N ; �1)

; : : : ;M(�N ; �1; : : : ; �N�1)
� �

2 <N ;

that is,�
�i;M(�i; �i+1; : : : ; �N ; �1; �2; : : : ; �i�1)

�
2 <; for each i 2 f1; 2; : : : ; Ng:

In addition, we denote by SNM : XN ! XN the mapping

SNM (�1; �2; : : : ; �N ) =
�
M(�1; �2; : : : ; �N );M(�2; �3; : : : ; �N ; �1)

; : : : ;M(�N ; �1; : : : ; �N�1)

�
;

for all (�1; �2; : : : ; �N ) 2 XN :

De�nition 34. [24] Let < be a binary relation de�ned on a non-empty set X and
(�1; �2; :::; �N ); (�1; �2; :::; �N ) 2 XN . Then (�1; �2; :::; �N ) and (�1; �2; :::; �N ) are
<N -comparative if either

�
(�1; �2; :::; �N ); (�1; �2; :::; �N )

�
2 <N or

�
(�1; �2; :::; �N );

(�1; �2; :::; �N )
�
2 <N : We denote it by

�
(�1; �2; : : : ; �N ); (�1; �2; : : : ; �N )

�
2 <N .

De�nition 35. [24] Let X be a non-empty set and < be a binary relation on X.
A sequence

�
(�1n; �

2
n; : : : ; �

N
n )g � XN is called <N -preserving if�

(�1n; �
2
n; : : : ; �

N
n ); (�

1
n+1; �

2
n+1; : : : ; �

N
n+1)

�
2 <N for all n 2 N:

De�nition 36. [23] Let M : XN ! X be a mapping. A binary relation < on X
is called MN -closed, if for any (�1; �2; : : : ; �N ); (�1; �2; : : : ; �N ) 2 XN ,8>>>>>><>>>>>>:

(�1; �1) 2 <
(�2; �2) 2 <

:
:
:

(�N ; �N ) 2 <

9>>>>>>=>>>>>>;
)

8>>>>>><>>>>>>:

�
M(�1; �2; : : : ; �N );M(�1; �2; : : : ; �N )

�
2 <�

M(�2; �3; : : : ; �1);M(�2; �3; : : : ; �1)
�
2 <

:
:
:�

M(�N ; �1; : : : ; �N�1);M(�N ; �1; : : : ; �N�1)
�
2 <

9>>>>>>=>>>>>>;
:
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De�nition 37. If M : XN ! X is a mapping. Then, we denote the relational
graph of the mapping M under the binary relation <N on XN ; by GN (M ;<N ) and
de�ned as:

GN (M ;<N ) =
��
(�1; �2; : : : ; �N );

�
M(�1; �2; : : : ; �N );M(�2; �3; : : : ; �1);

: : : ;M(�N ; �1; : : : ; �N�1)
��
2 <N : (�1; �2; : : : ; �N ) 2 XN

	
:

De�nition 38. Let (X; d) be a metric space, < be a binary relation on X and
M : XN ! X be a mapping. By XN (M ;<N ), we denote the set of all those
(�1; �2; : : : ; �N ) 2 XN , for which�

(�1; �2; : : : ; �N );
�
M(�1; �2; : : : ; �N );M(�2; �3; :::; �1)

; : : : ;M(�N ; �1; : : : ; �N�1)
� �

2 GN (M ;<N );

that is,

XN (M ;<N ) = f(�1; �2; : : : ; �N ) 2 XN :
�
(�1; �2; : : : ; �N );

�
M(�1; �2; : : : ; �N );

M(�2; �3; : : : ; �1); : : : ;M(�N ; �1; : : : ; �N�1)
��
2 GN (M ;<N )g:

De�nition 39. Let (X; d) be a metric space, < be a binary relation on X and
M : XN ! X be a mapping. A binary relation < is called MN

G -d-closed if for every�
(�1; �2; : : : ; �N ); (�1; �2; : : : ; �N )

�
2 GN (M ;<N ) with8>>>>><>>>>>:

d
�
M(�1; �2; : : : ; �N );M(�1; �2; : : : ; �N )

�
� d((�1; �2; : : : ; �N ); (�1; �2; : : : ; �N ))

d
�
M(�2; �3 : : : ; �1);M(�2; �3; : : : ; �1)

�
� d((�2; �3; : : : ; �1); (�2; �3; : : : ; �1))
...

d

�
M(�N ; �1; :::; �N�1);
M(�N ; �1; :::; �N�1)

�
� d

�
(�N ; �1; : : : ; �N�1);
(�N ; �1; : : : ; �N�1)

�
9>>>>>=>>>>>;

=)

8>>>>>><>>>>>>:

�
M(�1; �2; : : : ; �N );M(�1; �2; : : : ; �N )

�
2 GN (M ;<N )�

M(�2; �3; : : : ; �1);M(�2; �3; : : : ; �1)
�
2 GN (M ;<N )

:
:
:�

M(�N ; �1; : : : ; �N�1);M(�N ; �1; : : : ; �N�1)
�
2 GN (M ;<N )

9>>>>>>=>>>>>>;
:

Remark 40. It is obvious from the above de�nition that the condition of MN
G -d-

closedness is weaker than the condition of MN -closedness of underlying relation in
relational metric spaces.

De�nition 41. Let X be a non-empty set and < be a binary relation on X. A
mapping M : XN ! X is said to be a (<N ; k)-continuous at (�1; �2; : : : ; �N ) 2 XN

if for any <N -preserving sequence
�
(�1n; �

2
n; : : : ; �

N
n )g in XN such that�

Mk�1(�1n; �
2
n; :::; �

N
n );M

k�1(�2n; �
3
n; :::; �

1
n); :::;M

k�1(�Nn ; �
1
n; :::; �

N�1
n )g

d�! (�1; �2; : : : ; �N );
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we have�
Mk(�1n; �

2
n; : : : ; �

N
n );M

k(�2n; �
3
n; : : : ; �

1
n); : : : ;M

k(�Nn ; �
1
n; : : : ; �

N�1
n )g d�!�

M(�1; �2; : : : ; �N );M(�2; �3; : : : ; �1); : : : ;M(�N ; �1; : : : ; �N�1)
	
:

Then mapping M is called (<N ; k)-continuous if it is (<N ; k)-continuous at each
point of XN .

Lemma 42. [23] Given N � 2 and M : XN ! X be a given mapping. A point
(�1; �2; : : : ; �N ) 2 XN is an N -order �xed point of M if and only if it is a �xed
point of SNM .

Lemma 43. [23] Given N � 2 and M : XN ! X, a point (�1; �2; : : : ; �N ) 2
XN (M ;<N ) if and only if (�1; �2; : : : ; �N ) 2 XN (SNM ;<N ).

Lemma 44. [23] Let (X; d) be a metric space and DN : XN �XN ! R be de�ned
by

DN (U; V ) =

NX
i=1

d(ui; vi)

for all U = (u1; u2; : : : ; uN ), V = (v1; v2; : : : ; vN ) 2 XN : Then the following prop-
erties hold:

(1) (XN ; DN ) is also a metric space.
(2) Let fUn = (u1n; u2n; : : : ; uNn )g be a sequence inXN and U = (u1; u2; : : : ; uN ) 2

XN . Then UN
DN��! U if and only if fuing

d�! ui for all i 2 f1; 2; 3; : : : ; Ng.
(3) If fUn = (u1n; u2n; : : : ; uNn )g is a sequence on XN , then fUng is a DN -Cauchy

sequence if and only if fuing is a Cauchy sequence for all i 2 f1; 2; 3; : : : ; Ng:
(4) (X; d) is complete if and only if (XN ; DN ) is complete.

De�nition 45. Let (XN ; DN ) be a metric space and < be a binary relation on
X. If every <N -preserving Cauchy sequence converges in XN then we say that
(XN ; DN ) is <N -complete.

Every complete metric space is <N -complete under any binary relation <N on
XN and both the de�nitions coincide under the universal relation.

De�nition 46. [23] Let X be a non-empty set and < be a binary relation on X. A
path of length k 2 N in <N from (�1; �2; : : : ; �N ) 2 XN to (�1; �2; : : : ; �N ) 2 XN

is a �nite sequence
�
(z10 ; z

2
0 ; : : : ; z

N
0 ); (z

1
1 ; z

2
1 ; : : : ; z

N
1 ); : : : ; (z

1
k; z

2
k; : : : ; z

N
k )
	
� XN

satisfying the following conditions:

(i) (z10 ; z
2
0 ; : : : ; z

N
0 ) = (�1; �2; : : : ; �N ) and (z

1
k; z

2
k; : : : ; z

N
k ) = (�1; �2; : : : ; �N );

(ii)
�
(z1i ; z

2
i ; : : : ; z

N
i ); (z

1
i+1; z

2
i+1; : : : ; z

N
i+1)

�
2 <N for all i = 0; 1; 2; :::; k � 1.

Clearly, a path of length k involves k + 1 elements of XN , although they are
not necessarily distinct. Moreover, let 

�
(�1; �2; :::; �N ); (�1; �2; :::; �N );<N

�
be the

class of all paths in <N from (�1; �2; : : : ; �N ) to (�1; �2; : : : ; �N ).
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Now, we introduce the notion of generalized F<N -contraction mapping and F<N -
graph contraction mapping for N � 2.

De�nition 47. Let (X; d) be a metric space endowed with a binary relation < and
AN is a non-empty subset of XN (M ;<N ). A mappingM : XN ! X is called a gen-
eralized F<N -contraction with respect to AN , if for each (�1; �2; : : : ; �N ); (�1; �2; : : : ; �N ) 2
AN with

�
(�1; �2; :::; �N ); (�1; �2; :::; �N )

�
2 <N , there exist F 2 F and � > 0 such

that

d
�
M(�1; �2; :::; �N );M(�1; �2; :::; �N )

�
> 0 =)

� + F

0BBBBBB@
d
�
M(�1; �2; :::; �N );M(�1; �2; :::; �N )

�
+

d
�
M(�2; �3; :::; �1);M(�2; �3; :::; �1)

�
+

:
:
:

d
�
M(�N ; �1; :::; �N�1);M(�N ; �1; :::; �N�1)

�

1CCCCCCA � F
� NX
i=1

d(�i; �i)
�
:

De�nition 48. Let (X; d) be a metric space endowed with a binary relation < and
XN (M ;<N ) be a non-empty subset of X. A mapping M : XN ! X is called a
F<N -graph contraction, if for each (�1; �2; : : : ; �N ); (�1; �2; : : : ; �N ) 2 XN (M ;<N )
with

�
(�1; �2; : : : ; �N ); (�1; �2; : : : ; �N )

�
2 <N , there exist F 2 F and � > 0 such

that d
�
M(�1; �2; : : : ; �N );M(�1; �2; : : : ; �N )

�
> 0 =)

� + F

0BBBBBB@
d
�
M(�1; �2; :::; �N );M(�1; �2; :::; �N )

�
+

d
�
M(�2; �3; :::; �1);M(�2; �3; :::; �1)

�
+

:
:
:

d
�
M(�N ; �1; :::; �N�1);M(�N ; �1; :::; �N�1)

�

1CCCCCCA � F
� NX
i=1

d(�i; �i)
�
: (10)

Now using Theorem 24, we will prove a multidimensional result which conforms
the existence of �xed points of N -order.

Theorem 49. Let (X; d) be a metric space and < be a binary relation on X.
Suppose that M : XN ! X be a mapping and there exists a non-empty subset AN

of XN (M ;<N ) such that the following conditions hold:

(a) M(AN ) � AN ;
(b) M is (<N ; k)-continuous mapping;
(c) M is a generalized F<N -contraction with respect to AN ;
(d) there exists YN � AN such that M(AN ) � YN � AN and (YN ; DN ) is

<N -complete.
Then M has a �xed point of N -order.
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Proof. Let AN be a non-empty subset of XN (M;<N ) and (�10; �20; : : : ; �N0 ) 2 AN .
Then by the virtue of subset AN , we have�

(�10; �
2
0; : : : ; �

N
0 ); (M(�

1
0; �

2
0; : : : ; �

N
0 );M(�

2
0; �

3
0; : : : ; �

1
0);

: : : ;M(�N0 ; �
1
0; : : : ; �

N�1
0 ))

�
2 <N :

If (�10; �
2
0; : : : ; �

N
0 ) =

�
M(�10; �

2
0; : : : ; �

N
0 );M(�

2
0; �

3
0; : : : ; �

N
0 ; �

1
0);

: : : ;M(�N0 ; �
1
0; : : : ; �

N�1
0 )

�
, then proof

is complete. So in view of assumption (a), there exists (�11; �
2
1; : : : ; �

N
1 ) in A

N such
that

(�11; �
2
1; : : : ; �

N
1 ) =

�
M(�10; �

2
0; : : : ; �

N
0 );M(�

2
0; �

3
0; : : : ; �

N
0 ; �

1
0);

: : : ;M(�N0 ; �
1
0; : : : ; �

N�1
0 )

�
:

Again, since (�11; �
2
1; : : : ; �

N
1 ) 2 AN so�

(�11; �
2
1; : : : ; �

N
1 ); (M(�

1
1; �

2
1; : : : ; �

N
1 );M(�

2
1; �

3
1; : : : ; �

N
1 ; �

1
1);

: : : ;M(�N1 ; �
1
1; : : : ; �

N�1
1 ))

�
2 <N :

If (�11; �
2
1; : : : ; �

N
1 ) =

�
M(�11; �

2
1; : : : ; �

N
1 );M(�

2
1; �

3
1; : : : ; �

N
1 ; �

1
1);

: : : ;M(�N1 ; �
1
1; : : : ; �

N�1
1 )

�
, then the

proof is complete. Otherwise we will continue this process again and again and
obtain a <N -preserving sequence of points f(�1n; �2n; : : : ; �Nn )g in AN such that

(�1n+1; �
2
n+1; : : : ; �

N
n+1) =

�
M(�1n; �

2
n; : : : ; �

N
n );M(�

2
n; �

3
n; : : : ; �

N
n ; �

1
n);

: : : ;M(�Nn ; �
1
n; : : : ; �

N�1
n )

�
and �

(�1n; �
2
n; : : : ; �

N
n ); (�

1
n+1; �

2
n+1; : : : ; �

N
n+1)

�
2 <N ; for all n 2 N:

Since M is (<N ; k)-continuous, we get SNM is also (<N ; k)-continuous. From the
generalized F<N -contractive condition ofM , we deduce that SNM is also a generalized
F<N -contraction. Applying Theorem 24, there exists �Z = (��1; �

�
2; : : : ; �

�
N ) 2 XN

such that SNM (�Z) = �Z, i.e., (��1; �
�
2; : : : ; �

�
N ) is a �xed point of SNM . Using Lemma

42, we have (��1; �
�
2; : : : ; �

�
N ) is a �xed point of N -order of M . This completes the

proof. �

If we take � = log 1% and F = log � in Theorem 49 then we get the following
corollary as a direct consequence of Theorem 49.

Corollary 50. Let (X; d) be a metric space and < be a binary relation on X.
Suppose that M : XN ! X be a mapping and there exists a non-empty subset AN

of XN (M ;<N ) such that the following conditions hold:

(a) M(AN ) � AN ,
(b) M is (<N ; k)-continuous mapping,
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(c) there exists % 2 [0; 1) such that
NX
i=1

d

�
M(�i; �i+1; :::; �N ; �1; :::; �i�1);
M(�i; �i+1; :::; �N ; �1; :::; �i�1)

�
� %

NX
i=1

d(�i; �i);

for each (�1; �2; :::; �N ); (�1; �2; :::; �N ) 2 AN such that
�
(�1; �2; :::; �N ); (�1; �2; :::; �N )

�
2

<N , then M has a �xed point of N -order.

(d) there exists YN � AN and M(AN ) � YN � AN , so that (YN ; DN ) is
<N -complete.

Using similar technique as in the proof of Theorem 49, we obtain the following
multidimensional result for the existence of �xed points of N -order.

Theorem 51. Let (X; d) be a metric space and < be a binary relation on X.
Suppose XN (M ;<N ) be a non-empty and M : XN ! X be a mapping such that
the following conditions hold:

(a) < is MN
G -d-closed;

(b) M is (<N ; k)-continuous;
(c) M is F<N -graph contraction on XN ;
(d) there existsYN � XN (M ;<N ) such thatM(XN (M ;<N )) � YN � XN (M ;<N )

and (YN ; DN ) is <N -complete,
then M has a �xed point of N -order.

Proof. Suppose XN (M ;<N ) be a non-empty set and (�10; �20; : : : ; �N0 ) 2 XN (M ;
<N ). Then, we have�

(�10; �
2
0; : : : ; �

N
0 ); (M(�

1
0; �

2
0; : : : ; �

N
0 ); : : : ;M(�

N
0 ; �

1
0; : : : ; �

N�1
0 ))

�
2 <N :

Now in view of assumption (a) and from F<N -graph contraction condition (10), we
have�
(�11; �

2
1; : : : ; �

N
1 ); (�

1
2; �

2
2; : : : ; �

N
2 )
�
=� �

M(�10; �
2
0; : : : ; �

N
0 );M(�

2
0; �

3
0; : : : ; �

N
0 ; �

1
0); : : : ;M(�

N
0 ; �

1
0; : : : ; �

N�1
0 )

�
;�

M(�11; �
2
1; : : : ; �

N
1 );M(�

2
1; �

3
1; : : : ; �

N
1 ; �

1
1); : : : ;M(�

N
1 ; �

1
1; : : : ; �

N�1
1

� �
:

Continuing this process again and again, we get a <N -preserving Cauchy sequence
of points (�1n; �

2
n; : : : ; �

N
n ) in X

N such that

(�1n+1; �
2
n+1; : : : ; �

N
n+1) =

�
M(�1n; �

2
n; : : : ; �

N
n );M(�

2
n; �

3
n; : : : ; �

N
n ; �

1
n);

: : : ;M(�Nn ; �
1
n; : : : ; �

N�1
n )

�
and �

(�1n; �
2
n; : : : ; �

N
n ); (�

1
n+1; �

2
n+1; : : : ; �

N
n+1)

�
2 <N ; for all n 2 N:

If we take (�1n; �
2
n; : : : ; �

N
n ) = (�

1
n+1; �

2
n+1; : : : ; �

N
n+1) for some n 2 N, then f(�1n; �2n; : : : ; �Nn )g

is called a �xed point ofM . Therefore we assume (�1n; �
2
n; : : : ; �

N
n ) 6= (�1n+1; �2n+1; : : : ; �Nn+1)

for all n 2 N. Now proceeding the proof of Theorem 49 we get the conclusion. �
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Corollary 52. Let (X; d) be a metric space and < be a binary relation on X.
Suppose XN (M ;<N ) be a non-empty set and M : XN ! X be a mapping such
that the following conditions hold:

(a) < is MN
G -d-closed,

(b) M is (<N ; k)-continuous,
(c) there exists % 2 [0; 1) such that

NX
i=1

d

�
M(�i; �i+1; :::; �N ; �1; :::; �i�1);
M(�i; �i+1; :::; �N ; �1; :::; �i�1)

�
� %

NX
i=1

d(�i; �i);

for all
�
(�1; �2; :::; �N ); (�1; �2; :::; �N )

�
2 GN (M ;<N ),

(d) there existsYN � XN (M ;<N ) such thatM(XN (M ;<N )) � YN � XN (M ;<N )
and (YN ; DN ) is <N -complete.

Then M has a �xed point of N -th order.

5. Application to nonlinear matrix equations

In this section, we follow the following notations:

� Xn denotes the set of all n� n Complex matrices;
� Hn � Xn is the set of all n� n Hermitian matrices;
� Pn � Hn is the set of all n� n positive de�nite matrices;
� H+

n � Hn is the set of all n� n positive semide�nite matrices.
and for U; V 2 Xn, we denote the following notations:
� U � 0() U 2 Pn;
� U � 0() U 2 H+

n ;
� U � V � 0() U � V ;
� U � V � 0() U � V:

Let B� is the conjugate transpose of B and �+(B�B) is the largest eigenvalue
of B�B. We use the symbol k:k for the spectral norm of B and de�ned by kBk =q
�+(B�B).
The symbol k:ktr is used for the metric induced by trace norm and it is de�ned

by kBktr =
Pn

j=1 sj(B), where sj(B); j = 1; 2; :::; n; are the singular values of
B 2 Xn. Hence, (Hn; k:ktr) forms a complete metric space. See ( [8], [9], [18]) for
more details. Moreover, the binary relation � on Hn de�ned by:

U � V () V � U
for all U; V 2 Hn.
In this section, we apply Theorem 24 to establish a solution of the nonlinear

matrix equation.

U = Q+
nX
i=1

A�iG(U)Ai (11)
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where Ai is an any n � n matrices, Q is a Hermitian positive de�nite matrix and
G is continuous order preserving mapping (i.e., if U; V 2 Hn with U � V implies
that G(U) � G(V )) with G(0) = 0.
Now we state the following lemmas which are very useful in this sequel:

Lemma 53. If U; V 2 H+
n such that U � 0 and V � 0, Then
0 � tr(UV ) � kUktr(V ):

Lemma 54. If U 2 Hn and U � I, then kUk < 1:

Theorem 55. Consider the matrix equation (11) and suppose that there is a pos-
itive numbers k and � such that

(i) For every U; V 2 H+
n with U � V and

Pn
i=1A

�
iG(U)Ai 6=

Pn
i=1A

�
iG(V )Ai,

we have

jtr(G(V )� G(U))j � jtr(V � U)j
k(1 + �

p
tr(V � U))2

; (12)

(ii)
Pm

i=1AiA
�
i � kIn and

Pm
i=1A

�
iG(U)Ai � 0:

Then the matrix equation (11) has a solution. Moreover, the iteration

Un = Q+

nX
i=1

A�iG(Un�1)Ai (13)

where U0 2 Hn such that U0 � Q +
Pn

i=1A
�
iG(U0)Ai, converges in the sense of

trace norm k:ktr, to the solution of the nonlinear matrix equation (11).

Proof. We de�ne a mapping M : Hn ! Hn by

M(U) = Q+

nX
i=1

A�iG(U)Ai

for all U 2 Hn and a set by

H+
n (M;�) = fA 2 H+ : A �M(A) or M(A)�A � 0g:

Then M is well de�ned mapping, H+
n (M;�) is a non-empty set as Q 2 H+ and

M(Q) � Q =
Pn

i=1A
�
iG(Q)Ai � 0. It is easy to verify that for every positive

semide�nite matrix B, M(B) is also positive semide�nite matrix and H+
n (M;�)

is �-complete. Now, we will prove that the set H+
n (M;�) is invariant under the

mapping M , that is M(H+
n (M;�)) � H+

n (M;�). For this, it is su¢ cient to prove
that M(B) 2 H+

n (M;�) for every B 2 H+
n (M;�). Let B 2 H+

n (M;�) then
M(B)�B � 0 and

M(M(B))�M(B) =
nX
i=1

A�i
�
G(M(B))� G(B)

�
Ai � 0; (14)

that is M(B) �M(M(B)), which implies M(B) 2 H+
n (M;�).
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Next, we will show thatM is a generalized F�-contraction mapping with respect
to H+

n (M;�). For this, let � > 0 be any real number and F : R+ ! R be mapping
de�ned as

F(%) = � 1
p
%
for all % 2 R+:

Then from (12), for each U; V 2 H+
n (M;�) with U � V and G(U) � G(V ), we have

kM(V )�M(U)ktr = tr(M(V )�M(U))

= tr
� mX
i=1

A�i (G(V )� G(U))Ai
�

=
mX
i=1

tr(A�i (G(V )� G(U)Ai)

=
mX
i=1

tr(AiA
�
i (G(V )� G(U)))

= tr
�� mX

i=1

AiA
�
i

�
(G(V )� G(U))

�
�

�
k
mX
i=1

AiA
�
i k
�
kG(V )� G(U)ktr

� k
Pm

i=1AiA
�
i k

k

 
kV � Uktr�

1 + �
p
kV � Uktr

�2
!

<

 
kV � Uktr�

1 + �
p
kV � Uktr

�2
!

and so �
1 + �

p
kV � Uktr

�2
kV � Uktr

� 1

kM(V )�M(U)ktr
:

This implies that  
� +

1p
kV � Uktr

!2
� 1

kM(V )�M(U)ktr
or

� +
1p

kV � Uktr
� 1p

kM(V )�M(U)ktr
:

This yields that

� � 1p
kM(V )�M(U)ktr

� � 1p
kV � Uktr

:
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Hence

� + F(kM(V )�M(U)ktr) � F(kV � Uktr);

which shows that M is a generalized F�-contraction with respect to H+
n (M;�).

Since all the assumptions of Theorem 24 are satis�ed therefore there exists Z 2 Hn

such that M(Z) = Z, i.e., the matrix equation (11) has a solution. �

Authors Contribution Statement The authors contributed equally and they
read and approved the �nal copy of the manuscript.

Declaration of Competing Interests The authors declare that they have no
competing interest.

Acknowledgment The authors are very grateful to the anonymous referees for
their careful reading and valuable comments, suggestions towards the improvement
of this manuscript.

References

[1] Alam, A., Imdad, M., Relation-theoretic contraction principle. J. Fixed Point Theory Appl.,
17(4) (2015), 693�702, https://doi.org/10.1007/s11784-015-0247-y.

[2] Alam, A., Imdad, M., Relation-theoretic metrical coincidence theorems. Filomat, 31(14)
(2017), 4421�4439, https://doi.org/10.2298/fil1714421a.

[3] Altun, I., Aslantas, M., Sahin, H., Best proximity point results for p-proximal con-
tractions. Acta Math. Hungar., 162(2) (2020), 393�402, https://doi.org/10.1007/
s10474-020-01036-3.

[4] Aslantas, M., Sahin, H., Altun, I., Best proximity point theorems for cyclic p-contractions
with some consequences and applications. Nonlinear Analysis: Modelling and Control, 26(1)
(2021), 113�129, https://doi.org/10.15388/namc.2021.26.21415.

[5] Aslantas, M., Best proximity point theorems for proximal b-cyclic contractions on b-metric
spaces, Communications Faculty of Sciences University of Ankara Series A1 Mathematics
and Statistics, 70(1), (2021), 483-496, https://doi.org/10.31801/cfsuasmas.780729.

[6] Aslantas, M., Sahin, H., Turkoglu, D., Some Caristi type �xed point theorems. The Journal
of Analysis, (2020), 1�15, https://doi.org/10.1007/s41478-020-00248-8.

[7] Banach, S., Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales. Fundamenta Mathematicae, 3 (1922), 133�181.

[8] Berzig, M., Samet, B., Solving systems of nonlinear matrix equations involving Lipschitzian
mappings. Fixed point Theory Appl., 1 (2011), Article No. 89, https://doi.org/10.1186/
1687-1812-2011-89.

[9] Berzig, M., Solving a class of matrix equations via the Bhaskar-Lakshmikantham coupled �xed
point theorem. Appl. Math. Lett., 25(11) (2012), 1638�1643, https://doi.org/10.1016/j.
aml.2012.01.028.

[10] Durmaz, G., Minak, G., Altun, I., Fixed points of ordered F-contractions. Hacettepe J. Math.
and Stat., 45(1) (2016), 15�21, https:doi.org/10.15672/HJMS.20164512482.

[11] Imdad, M., Gubran, R., Arif, M., Gopal, D., An observation on �-type F-contractions and
some ordered-theoretic �xed point results. Math. Sci., 11(3) (2017), 247�255, https://doi.
org/10.1007/s40096-017-0231-3.

https://doi.org/10.1007/s11784-015-0247-y
https://doi.org/10.2298/fil1714421a
https://doi.org/10.1007/s10474-020-01036-3
https://doi.org/10.1007/s10474-020-01036-3
https://doi.org/10.15388/namc.2021.26.21415
https://doi.org/10.31801/cfsuasmas.780729
https://doi.org/10.1007/s41478-020-00248-8
https://doi.org/10.1186/1687-1812-2011-89
https://doi.org/10.1186/1687-1812-2011-89
https://doi.org/10.1016/j.aml.2012.01.028
https://doi.org/10.1016/j.aml.2012.01.028
https:doi.org/10.15672/HJMS.20164512482
https://doi.org/10.1007/s40096-017-0231-3
https://doi.org/10.1007/s40096-017-0231-3


652 D. KHANTWAL, S. ANTAL, U. C. GAIROLA

[12] Khantwal, D., Gairola, U. C., An extension of Matkowski�s and Wardowski�s �xed point
theorems with applications to functional equations. Aequationes math., 93(2) (2019), 433�
443, https://doi.org/10.1007/s00010-018-0562-7.

[13] Khantwal, D., Aneja, S., Prasad, G., Gairola, U. C., A generalization of relation-theoretic
contraction principle. TWMS J. App. Eng. Math., (Accepted).

[14] Khantwal, D., Aneja, S., Prasad, G., Joshi, B. C., Gairola, U. C., Multivalued relational
graph contraction principle with applications. (Communicated).

[15] Kolman, B., Busby, R. C., Ross, S., Discrete Mathematical Structures. 3rd ed., PHI Pvt.
Ltd., New Delhi, 2000.

[16] Pant, A., Pant., R. P., Fixed points and continuity of contractive maps. Filomat, 31(11)
(2017), 3501�3506, https://doi.org/10.2298/fil1711501p.

[17] Piri, H., Kumam, P., Some �xed point theorems concerning F-contraction in complete met-
ric spaces. Fixed Point Theory Appl., 1 (2014), Article No. 210, https://doi:10.1186/
1687-1812-2014-210.

[18] Ran, A. C. M., Reurings, M. C. B., A �xed point theorem in partially ordered sets and
some applications to matrix equations. Proc. Amer. Math. Soc., 132(5) (2003), 1435�1443,
https://doi.org/10.1090/S0002-9939-03-07220-4.

[19] Sahin, H., Altun, I., Turkoglu, D., Two �xed point results for multivalued F-
contractions on M-metric spaces. RACSAM, 113 (2019), 1839�1849, https://doi.org/10.
1007/s13398-018-0585-x.

[20] Sahin, H., Aslantas, M., Altun, I., Feng�Liu type approach to best proximity point results for
multivalued mappings, J. Fixed Point Theory Appl., 22 (2020), https://doi.org/10.1007/
s11784-019-0740-9.

[21] Sahin, H., Best proximity point theory on vector metric spaces, Commun. Fac. Sci. Univ.
Ank. Ser. A1 Math. Stat., 70(1) (2021), https://doi.org/10.31801/cfsuasmas.780723.

[22] Samet, B., Turinici, M., Fixed point theorems on a metric space endowed with an arbitrary
binary relation and applications. Commun. Math. Anal., 13(2) (2012), 82�97, https://doi.
org/10.1163/156855399x00162.

[23] Sawangsup, K., Sintunavarat, W., Hierro, A. F. R. L. de, Fixed point theorems for F<-
contractions with applications to solution of nonlinear matrix equations. J. Fixed Point The-
ory Appl., 19(3) (2017), 1711�1725, https://doi.org/10.1007/s11784-016-0306-z.

[24] Sawangsup, K., Sintunavarat, W., On modi�ed Z-contractions and an iterative scheme for
solving nonlinear matrix equations. J. Fixed Point Theory Appl., 20 (2018), Article No. 80,
https://doi.org/10.1007/s11784-018-0563-0.

[25] Shukla, S., Rodríguez-López, R., Fixed points of multi-valued relationtheoretic contractions
in metric spaces and application. Quaestiones Mathematicae, 43(3), (2021), 409�424 .

[26] Wardowski, D., Fixed points of a new type of contractive mappings in complete metric
spaces. Fixed Point Theory Appl., 1 (2012), Article No. 94, https://doi.org/10.1186/
1687-1812-2012-94.

[27] Wardowski, D., Van Dung, N., Fixed points of F-weak contractions on complete metric spaces.
Demonstr. Math., 47(1) (2014), 146�155, https://doi.org/10.2478/dema-2014-0012.

https://doi.org/10.1007/s00010-018-0562-7
https://doi.org/10.2298/fil1711501p
https://doi:10.1186/1687-1812-2014-210
https://doi:10.1186/1687-1812-2014-210
https://doi.org/10.1090/S0002-9939-03-07220-4
https://doi.org/10.1007/s13398-018-0585-x
https://doi.org/10.1007/s13398-018-0585-x
https://doi.org/10.1007/s11784-019-0740-9
https://doi.org/10.1007/s11784-019-0740-9
https://doi.org/10.31801/cfsuasmas.780723
https://doi.org/10.1163/156855399x00162
https://doi.org/10.1163/156855399x00162
https://doi.org/10.1007/s11784-016-0306-z
https://doi.org/10.1007/s11784-018-0563-0
https://doi.org/10.1186/1687-1812-2012-94
https://doi.org/10.1186/1687-1812-2012-94
https://doi.org/10.2478/dema-2014-0012

	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Multidimensional results for the existence of fixed points of N-order
	5. Application to nonlinear matrix equations
	References

