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ABSTRACT

In this paper, we introduce the Berger type deformed Sasaki metric on the cotangent bundle T ∗M
over an anti-paraKähler manifold (M,ϕ, g). We establish a necessary and sufficient conditions
under which a covector field is harmonic with respect to the Berger type deformed Sasaki metric.
We also construct some examples of harmonic vector fields. we also study the harmonicity of a map
between a Riemannian manifold and a cotangent bundle of another Riemannian manifold and
vice versa.
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1. Introduction

In the field, one of the first works which deal with the cotangent bundles of a manifold as a Riemannian
manifold is that of Patterson, E. M., Walker, A. G. [9] who constructed from an affine symmetric connection
on a manifold a Riemannian metric on the cotangent bundle, which they call the Riemann extension of the
connection. A generalization of this metric had been given by Sekizawa, M.[12] in his classification of natural
transformations of affine connections on manifolds to metrics on their cotangent bundles, obtaining the class
of natural Riemann extensions which is a 2-parameter family of metrics, and which had been intensively
studied by many authors. On the other hand, inspired by the concept of g-natural metrics on tangent bundles
of Riemannian manifolds, Ağca, F. considered another class of metrics on cotangent bundles of Riemannian
manifolds, that he callad g-natural metrics [1]. Also, there are studies by other authors Salimov, A. A., Ağca, F.
[2, 10], Yano, K., Ishihara, S. [14], Ocak, F. [8], Gezer, A., Altunbas, M. [5] etc...

The main idea in this note consists in the modification of the Sasaki metric [10]. Firstly we introduce the
Berger type deformed Sasaki metric on the cotangent bundle T ∗M over an anti-paraKähler manifold (M,ϕ, g)
and we investigate the Levi-Civita connection of this metric (Theorem 3.1). Secondly we study the harmonicity
on cotangent bundle equipped with the Berger type deformed Sasaki metric, then we establish necessary and
sufficient conditions under which a covector field is harmonic with respect to the Berger type deformed Sasaki
metric (Theorem 4.2, Corollary 4.1 and Theorem 4.3). Next we also construct some examples of harmonic
covector fields. Finally we study the harmonicity of the map σ : (M, g) −→ (T ∗N, h̃) (Theorem 4.5 and Theorem
4.6) and the map Φ : (T ∗M, g̃) −→ (N,h) (Theorem 4.7 and Theorem 4.8).

Consider a smooth map φ : (Mm, g)→ (Nn, h) between two Riemannian manifolds, then the second
fundamental form of φ is defined by

(∇dφ)(X,Y ) = ∇φXdφ(Y )− dφ(∇XY ). (1.1)
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Here∇ is the Riemannian connection onM and∇φ is the pull-back connection on the pull-back bundle φ−1TN ,
and

τ(φ) = traceg∇dφ, (1.2)

is the tension field of φ.
The energy functional of φ is defined by

E(φ) =

∫
K

e(φ)dvg, (1.3)

such that K is any compact of M , where

e(φ) =
1

2
tracegh(dφ, dφ), (1.4)

is the energy density of φ.
A map is called harmonic if it is a critical point of the energy functional E. For any smooth variation {φt}t∈I

of φ with φ0 = φ and V =
d

dt
φt

∣∣∣
t=0

, we have

d

dt
E(φt)

∣∣∣
t=0

= −
∫
K

h(τ(φ), V )dvg (1.5)

Then φ is harmonic if and only if τ(φ) = 0.
One can refer to [7], [6] for background on harmonic maps.

2. Preliminaries

Let (Mm, g) be an m-dimensional Riemannian manifold, T ∗M be its cotangent bundle and π : T ∗M →M the
natural projection. A local chart (U, xi)i=1,m onM induces a local chart (π−1(U), xi, xī = pi)i=1,m,̄i=m+i on T ∗M ,
where pi is the component of covector p in each cotangent space T ∗xM , x ∈ U with respect to the natural coframe
dxi. Let C∞(M) (resp. C∞(T ∗M)) be the ring of real-valued C∞ functions on M (resp. T ∗M ) and =rs(M) (resp.
=rs(T ∗M)) be the module over C∞(M) (resp. C∞(T ∗M)) of C∞ tensor fields of type (r, s). Denote by Γkij the
Christoffel symbols of g and by ∇ the Levi-Civita connection of g.

We have two complementary distributions on T ∗M , the vertical distribution V T ∗M = Ker(dπ) and the
horizontal distribution HT ∗M that define a direct sum decomposition

TT ∗M = V T ∗M ⊕HT ∗M. (2.1)

Let X = Xi ∂
∂xi and ω = ωidx

i be a local expressions in (U, xi)i=1,m, U ⊂M of a vector and covector (1-form)
field X ∈ =1

0(M) and ω ∈ =0
1(M), respectively. Then the complete and horizontal lifts CX , HX ∈ =1

0(T ∗M) of
X ∈ =1

0(M) and the vertical lift Vω ∈ =1
0(T ∗M) of ω ∈ =0

1(M) are defined, respectively by

CX = Xi ∂

∂xi
− ph

∂Xh

∂xi
∂

∂xī
, (2.2)

HX = Xi ∂

∂xi
+ phΓhijX

j ∂

∂xī
, (2.3)

Vω = ωi
∂

∂xī
, (2.4)

with respect to the natural frame { ∂

∂xi
,
∂

∂xī
}, (see [14] for more details).

From (2.3) and (2.4) we see that H( ∂
∂xi ) and V(dxi) have respectively local expressions of the form

ẽi = H(
∂

∂xi
) =

∂

∂xi
+ paΓahi

∂

∂xh̄
, (2.5)

ẽī = V(dxi) =
∂

∂xī
. (2.6)
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The set of vector fields {ẽi} on π−1(U) define a local frame for HT ∗M over π−1(U) and the set of vector fields
{ẽī} on π−1(U) define a local frame for V T ∗M over π−1(U). The set {ẽα} = {ẽi, ẽī} define a local frame on T ∗M ,
adapted to the direct sum decomposition (2.1). The indices α, β, . . . = 1, 2m indicate the indices with respect to
the adapted frame .

Using (2.3), (2.4) we have,

HX = Xiẽi ,
HX =

(
Xi

0

)
, (2.7)

Vω = ωiẽī ,
Vω =

(
0
ωi

)
, (2.8)

with respect to the adapted frame {ẽα}α=1,2m, (see [14] for more details).

Lemma 2.1. [14] Let (Mm, g) be a Riemannian manifold. The bracket operation of vertical and horizontal vector fields
on T ∗M is given by the formulas

(1) [Vω, Vθ] = 0,

(2) [HX, Vθ] = V(∇Xθ),

(3) [HX,HY ] = H[X,Y ] + V(pR(X,Y )),

for all vector fields X,Y ∈ =1
0(M) and ω, θ ∈ =0

1(M), where ∇ and R denotes respectively the Levi-Civita connection
and the curvature tensor of (Mm, g).

Let (Mm, g) be a Riemannian manifold, we define to maps

] : =0
1(M) → =1

0(M)
ω 7→ ](ω)

and
[ : =1

0(M) → =0
1(M)

X 7→ [(X)

by g(](ω), Y ) = ω(Y ) and [(X)(Y ) = g(X,Y ) respectively for all Y ∈ =1
0(M).

Locally for all X = Xi ∂
∂xi ∈ =

1
0(M) and ω = ωidx

i ∈ =0
1(M), we have

](ω) = gijωi
∂

∂xj
and [(X) = gijX

idxj

where (gij) is the inverse matrix of the matrix (gij).
For each x ∈M the scalar product g−1 = (gij) is defined on the cotangent space T ∗xM by, for all ω, θ ∈ =0

1(M)

g−1(ω, θ) = g(](ω), ](θ)) = gijωiθj .

In this case we have ](ω) = g−1 ◦ ω and [(X) = g ◦X .
In the following, we noted ](ω) by ω̃ and [(X) by X̃ for all X ∈ =1

0(M) and ω ∈ =0
1(M).

Lemma 2.2. Let (M, g) be a Riemannian manifold, we have the following.

∇X ω̃ = ∇̃Xω, (2.9)
Xg−1(ω, θ) = g−1(∇Xω, θ) + g−1(ω,∇Xθ), (2.10)

for all X ∈ =1
0(M), ω, θ ∈ =0

1(M) and ϕ ∈ =1
1(M), where ∇ is the Levi-Civita connection of (M, g).

Proof. For all Y ∈ =1
0(M),

g(∇X ω̃, Y ) = X(g(ω̃, Y ))− g(ω̃,∇XY )

= X(ω(Y ))− ω(∇XY )

= (∇Xω)(Y )

= g(∇̃Xω, Y ),

Xg−1(ω, θ) = Xg(ω̃, θ̃)

= g(∇X ω̃, θ̃) + g(ω̃,∇X θ̃)

= g(∇̃Xω, θ̃) + g(ω̃, ∇̃Xθ)
= g−1(∇Xω, θ) + g−1(ω,∇Xθ).
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3. Berger type deformed Sasaki metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost paracomplex
manifold is an almost product manifold (M2m, ϕ), ϕ2 = id, such that the two eigenbundles T+M and T−M
associated to the two eigenvalues +1 and −1 of ϕ, respectively, have the same rank.

The integrability of an almost paracomplex structure is equivalent to the vanishing of the Nijenhuis tensor:

Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] + [X,Y ].

A paracomplex structure is an integrable almost paracomplex structure.
Let (M2m, ϕ) be an almost paracomplex manifold. A Riemannian metric g is said to be an anti-paraHermitian

metric (B-metric)[11] if

g(ϕX,ϕY ) = g(X,Y )⇔ g(ϕX, Y ) = g(X,ϕY ), (3.1)

for all X,Y ∈ =1
0(M)

If (M2m, ϕ) is an almost paracomplex manifold with an anti-paraHermitian metric g, then the triple
(M2m, ϕ, g) is said to be an almost anti-paraHermitian manifold (an almost B-manifold)[11]. Moreover,
(M2m, ϕ, g) is said to be anti-paraKä manifold (B-manifold)[11] if ϕ is parallel with respect to the Levi-Civita
connection ∇ of g i.e (∇ϕ = 0).

It is well known that if (M2m, ϕ, g) is a anti-paraKähler manifold, the Riemannian curvature tensor is pure
[11], and for all Y, Z ∈ =1

0(M).{
R(ϕY,Z) = R(Y, ϕZ) = R(Y,Z)ϕ = ϕR(Y,Z),
R(ϕY, ϕZ) = R(Y, Z),

(3.2)

Definition 3.1. Let (M2m, ϕ, g) be an almost anti-paraHermitian manifold and T ∗M be its tangent bundle. A
fiber-wise Berger type deformation of the Sasaki metric noted g̃ is defined on T ∗M by

g̃(HX,HY ) = g(X,Y ) = g(X,Y ) ◦ π, (3.3)
g̃(HX, Vθ) = 0, (3.4)
g̃(Vω, Vθ) = g−1(ω, θ) + δ2g−1(ω, pϕ)g−1(θ, pϕ), (3.5)

for all X,Y ∈ =1
0(M), ω, θ ∈ =0

1(M), where δ is some constant [3, 13].

Since any tensor field of type (0, s) on T ∗M where s ≥ 1 is completely determined with the vector fields of
type HX and Vω where X ∈ =1

0(M) and ω ∈ =0
1(M) (see [14]). In the particular case the metric g̃ is tensor field

of type (0, 2) on T ∗M . It follows that g̃ is completely determined by its formulas (3.3), (3.4) and (3.5).
By means of (2.2) and (2.3), the complete lift CX of X ∈ =1

0(M) is given by
CX = HX − V(p(∇X)) (3.6)

where p(∇X) = (p(∇X))idx
i = ph(∇X)hi dx

i = ph(
∂Xh

∂xi
+ ΓhijX

j)dxi.
Taking account of (3.3), (3.4), (3.5) and (3.6), we obtain

g̃(CX,CY ) = V(g(X,Y )) + g−1(p(∇X), p(∇Y ))

+δ2g−1(p(∇X), pϕ)g−1(p(∇Y ), pϕ). (3.7)

where
g−1(p(∇X), p(∇Y )) = gij(p(∇X))i(p(∇Y ))j = gijphpk(∇X)hi (∇Y )kj ,

g−1(p(∇X), pϕ) = gij(p(∇X))i(pϕ)j = gijphpk(∇X)hi ϕ
k
j .

Since the tensor field g̃ ∈ =0
2(T ∗M) is completely determined also by its action on vector fields of type CX

and CY (see [14]), we say that formula (3.7) is an alternative characterization of g̃.
Remark 3.1. From formulas (3.3), (3.4), (3.5), the Berger type deformed Sasaki metric g̃ has components

g̃ =

 gij 0

0 gij + δ2gitgjs(pϕ)t(pϕ)s

 (3.8)

with respect to the adapted frame {ẽα}α=1,2m.
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Lemma 3.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold , we have the following:

1. HXg−1(θ, η) = Xg−1(θ, η) = g−1(∇Xθ, η) + g−1(θ,∇Xη),

2. HXg−1(θ, pϕ) = g−1(∇Xθ, pϕ),

3. Vωg−1(θ, pϕ) = g−1(θ, ωϕ),

4. Vωg−1(θ, η) = 0,

for all X ∈ =1
0(M) and ω, θ, η ∈ =0

1(M).

Lemma 3.2. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (T ∗M, g̃) its cotangent bundle equipped with the
Berger type deformed Sasaki metric, we have the following:

(1) HXg̃(Vθ, Vη) = g̃(V(∇Xθ), Vη) + g̃(Vθ, V(∇Xη)),

(2) Vωg̃(Vθ, Vη) = δ2g−1(θ, ωϕ)g−1(η, pϕ) + δ2g−1(θ, pϕ)g−1(η, ωϕ),

for all X ∈ =1
0(M) and ω, θ, η ∈ =0

1(M).

Proof. From Lemma 3.1, we have

(1) HXg̃(Vθ, Vη) = HX
[
g−1(θ, η) + δ2g−1(θ, pϕ)g−1(η, pϕ)

]
= HX(g−1(θ, η)) + δ2HX(g−1(θ, pϕ))g−1(η, pϕ)) + δ2g−1(θ, pϕ)HX(g−1(η, pϕ))

= g−1(∇Xθ, η) + g−1(θ,∇Xη) + δ2g−1(∇Xθ, pϕ)g−1(η, pϕ) + δ2g−1(θ, pϕ)g−1(∇Xη, pϕ)

= g̃(V(∇Xθ), Vη) + g̃(Vθ, V(∇Xη)).

(2) Vωg̃(Vθ, Vη) = Vω
[
g−1(θ, η) + δ2g−1(θ, pϕ)g−1(η, pϕ)

]
= Vω(g−1(θ, η)) + δ2Vω(g−1(θ, pϕ))g−1(η, pϕ) + δ2g−1(θ, pϕ)Vω(g−1(η, pϕ))

= δ2g−1(θ, ωϕ)g−1(η, pϕ) + δ2g−1(θ, pϕ)g−1(η, ωϕ).

Theorem 3.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (T ∗M, g̃) its cotangent bundle equipped with the
Berger type deformed Sasaki metric. The Levi-Civita connection ∇̃ of the Berger type deformed Sasaki metric g̃ on T ∗M
satisfies the following properties:

(1) ∇̃HX
HY = H(∇XY ) +

1

2
V(pR(X,Y )),

(2) ∇̃HX
Vθ = V(∇Xθ) +

1

2
H(R(p̃, θ̃)X),

(3) ∇̃Vω
HY =

1

2
H(R(p̃, ω̃)Y ),

(4) ∇̃Vω
Vθ =

δ2

1 + δ2α
g−1(ω, θϕ)V(pϕ),

for all X,Y ∈ =1
0(M), ω, θ ∈ =0

1(M) and α = g−1(p, p), where ∇ and R denotes respectively the Levi-Civita connection
and the curvature tensor of (M2m, ϕ, g).

The proof of Theorem 3.1 follows directly from Kozul formula and Lemma 3.2 (see [15] for more similar
details).

4. Berger-type deformed Sasaki metric and Harmonicity.

4.1. Harmonic sections ω : (M2m, ϕ, g) −→ (T ∗M, g̃)

Lemma 4.1. [15] Let (M, g) be a Riemannian manifold. If ω ∈ =0
1(M) is a covector field (1-form) on M and ξ = (x, p) ∈

T ∗M such that ωx = p, then we have:
dxω(Xx) = HXξ + V(∇Xω)ξ.

where X ∈ =1
0(M) and ∇ denote the Levi-Civita connection of (M, g).
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Proof. Let (U, xi) be a local chart on M in x ∈M and (π−1(U), xi, pi) be the induced chart on T ∗M , if Xx =
Xi(x) ∂

∂xi |x and ωx = ωi(x)dxi|x = p, then

dxω(Xx) = Xi(x)
∂

∂xi
|ξ +Xi(x)

∂ωj
∂xi

(x)
∂

∂pj
|ξ

= Xi(x)
∂

∂xi
|ξ + ωk(x)Γkji(x)Xj(x)

∂

∂pi
|ξ − ωk(x)Γkji(x)Xj(x)

∂

∂pi
|ξ +Xi(x)

∂ωj
∂xi

(x)
∂

∂pj
|ξ

= Xi(x)
∂

∂xi
|ξ + pkΓkji(x)Xj(x)

∂

∂pi
|ξ +Xi(x)

∂ωj
∂xi

(x)
∂

∂pj
|ξ − ωk(x)Γkij(x)Xi(x)

∂

∂pj
|ξ

= HXξ +Xi(x)
[∂ωj
∂xi

(x)− ωk(x)Γkij(x)Xi(x)
]
V(dxi)ξ

= HXξ + V(∇Xω)ξ.

Lemma 4.2. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (T ∗M, g̃) its cotangent bundle equipped with the
Berger-type deformed Sasaki metric. If ω ∈ =0

1(M), then the energy density associated to ω is given by:

e(ω) = m+
1

2
traceg

[
g−1(∇ω,∇ω) + δ2g−1(∇ω, ωϕ)2

]
. (4.1)

Proof. Let ξ = (x, p) ∈ T ∗M , ω ∈ =0
1(M), ωx = p and (E1, · · · , E2m) be a locale orthonormal frame on M , then:

e(ω)x =
1

2
traceg g̃(dω, dω)ξ

=
1

2

2m∑
i=1

g̃(dω(Ei), dω(Ei))ξ

Using Lemma 4.1, we obtain:

e(ω) =
1

2

2m∑
i=1

g̃(HEi + V(∇Eiω),HEi + V(∇Eiω))

=
1

2

2m∑
i=1

{
g̃(HEi,

HEi) + g̃(V(∇Eiω), V(∇Eiω))
}

=
1

2

2m∑
i=1

{
g(Ei, Ei) + g−1(∇Eiω,∇Eiω) + δ2g−1(∇Eiω, ωϕ)2

}
= m+

1

2
traceg

[
g−1(∇ω,∇ω) + δ2g−1(∇ω, ωϕ)2

]
.

Theorem 4.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (T ∗M, g̃) its cotangent bundle equipped with the
Berger type deformed Sasaki metric.
If ω ∈ =0

1(M), then the tension field associated to ω is given by:

τ(ω) = H
[
traceg

(
R(ω̃, ∇̃ω) ∗

)]
+ V
[
traceg

(
∇2ω +

δ2

1 + δ2α
g−1(∇ω, (∇ω)ϕ)ωϕ

)]
, (4.2)

where α = g−1(ω, ω) = ‖ω‖2.
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Proof. Let (x, p) ∈ T ∗M , ω ∈ =0
1(M), ωx = p and {Ei}i=1,2m be a locale orthonormal frame on M such that

(∇MEiEi)x = 0, then

τ(ω)x =

2m∑
i=1

{(∇ωEidω(Ei))x − dω(∇MEiEi)x}

=

2m∑
i=1

{∇̃dω(Ei)dω(Ei)}(x,p)

=

2m∑
i=1

{∇̃(HEi+V(∇Eiω))(
HEi + V(∇Eiω))}(x,p)

=

2m∑
i=1

{∇̃HEi
HEi + ∇̃HEi

V(∇Eiω) + ∇̃V(∇Eiω)
HEi + ∇̃V(∇Eiω)

V(∇Eiω)}(x,p)

Using Theorem 3.1, we obtain

τ(ω) =

2m∑
i=1

[
H(∇EiEi)−

1

2
V(ωR(Ei, Ei)) + V(∇Ei∇Eiω) +

1

2
H(R(ω̃, ∇̃Eiω)Ei) +

1

2
H(R(ω̃, ∇̃Eiω)Ei)

+
δ2

1 + δ2α
g−1(∇Eiω, (∇Eiω)ϕ)V(ωϕ)

=

2m∑
i=1

[
H(R(ω̃, ∇̃Eiω)Ei) + V(∇Ei∇Eiω) +

δ2

1 + δ2α
g−1(∇Eiω, (∇Eiω)ϕ)V(ωϕ)

]
= H

[
traceg

(
R(ω̃, ∇̃ω) ∗

)]
+ V
[
traceg

(
∇2ω +

δ2

1 + δ2α
g−1(∇ω, (∇ω)ϕ)ωϕ

)]
.

Theorem 4.2. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (T ∗M, g̃) its cotangent bundle equipped with the
Berger type deformed Sasaki metric. If ω ∈ =0

1(M), ω is harmonic covector field if and only the following conditions are
verified

traceg
(
R(ω̃, ∇̃ω) ∗

)
= 0, (4.3)

and

traceg
(
∇2ω +

δ2

1 + δ2α
g−1(∇ω, (∇ω)ϕ)ωϕ

)
= 0, (4.4)

where α = g−1(ω, ω) = ‖ω‖2.

Proof. The statement is a direct consequence of Theorem 4.1.

Corollary 4.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (T ∗M, g̃) its cotangent bundle equipped with the
Berger type deformed Sasaki metric.
If ω ∈ =0

1(M), ω is a parallel covector field (i.e ∇ω = 0) then ω is harmonic.

Example 4.1. Let (R2, ϕ, g) be an anti-paraKähler manifold such that

g = e2xdx2 + e2ydy2.

and
ϕ
∂

∂x
=
ex

ey
∂

∂y
, ϕ

∂

∂y
=
ey

ex
∂

∂x

The non-null Christoffel symbols of the Riemannian connection are:

Γ1
11 = Γ2

22 = 1,
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then we have,
∇ ∂

∂x
dx = −dx, ∇ ∂

∂x
dy = ∇ ∂

∂y
dx = 0, ∇ ∂

∂y
dy = −dy,

the covector field ω = exdx+ eydy is harmnic because ω is parallel, indeed,

∇ ∂
∂x
ω = exdx+ ex∇ ∂

∂x
dx+ ey∇ ∂

∂x
dy = 0,

∇ ∂
∂y
ω = ex∇ ∂

∂y
dx+ eydy + ey∇ ∂

∂y
dy = 0,

i.e ∇ω = 0, then ω is harmonic.

Theorem 4.3. Let (M2m, ϕ, g) be an anti-paraKähler compact manifold and (T ∗M, g̃) its cotangent bundle equipped
with the Berger type deformed Sasaki metric. If ω ∈ =0

1(M), ω is harmonic covector field if and only if ω is parallel (i.e
∇ω = 0).

Proof. If ω is parallel, from Corollary 4.1, we deduce that ω is harmonic covector field.
Inversely, let φt be a compactly supported variation of ω defined by:

R×M −→ TxM

(t, x) 7−→ φt(x) = (1 + t)ωx

From lemma 4.2 we have:

e(φt) = m+
(1 + t)2

2
tracegg

−1(∇ω,∇ω) +
(1 + t)4

2
δ2 tracegg

−1(∇ω, ωϕ)2

E(φt) = mV ol(M) +
(1 + t)2

2

∫
M

tracegg
−1(∇ω,∇ω)dvg +

(1 + t)4

2
δ2

∫
M

tracegg
−1(∇ω, ωϕ)2dvg

If ω is a critical point of the energy functional, then we have :

0 =
∂

∂t
E(φt)|t=0

=
∂

∂t

[
mV ol(M) +

(1 + t)2

2

∫
M

tracegg
−1(∇ω,∇ω)dvg

]
t=0

+
∂

∂t

[ (1 + t)4

2
δ2

∫
M

tracegg
−1(∇ω, ωϕ)2dvg

]
t=0

=

∫
M

tracegg
−1(∇ω,∇ω)dvg + 2δ2

∫
M

tracegg
−1(∇ω, ωϕ)2dvg

=

∫
M

traceg
[
g−1(∇ω,∇ω) + 2δ2g−1(∇ω, ωϕ)2

]
dvg

which gives
g−1(∇ω,∇ω) + 2δ2g−1(∇ω, ωϕ)2 = 0,

hence ∇ω = 0.

Example 4.2. (Counterexample) Let (R2m, ϕ,<,>) be an anti-paraKähler real euclidean space (flat manifold
and non compact) and T ∗R2m its cotangent bundle equipped with the Berger type deformed Sasaki metric,
such that ϕ is the canonical para complex structure on R2m [4] it is given by the matrix(

0 Im
Im 0

)
If ω = (ω1, · · · , ω2m) ∈ =0

1(R2m) is a covector field on R2m

For δ = 0, we have

τ(ω) = traceg∇2ω = (

2m∑
i=1

∂2ω1

∂x2
i

, · · · ,
2m∑
i=1

∂2ω2m

∂x2
i

),

1) If ω is constant, then ω is harmonic.
2) If ωi = aixi and ai 6= 0, then ω is harmonic (τ(ω) = 0) but ∇ω 6= 0.
indeed

∇ω(
∂

∂xj
) = ∇ ∂

∂xj

ω =
∑
i

ai∇ ∂
∂xj

(xidxi) =
∑
i

δji aidxi = ajdxj 6= 0.
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Remark 4.1. In general , using Corollary 4.1 and Theorem 4.3, we can construct many examples for harmonic
covector fields.

Theorem 4.4. Let (R2m, ϕ,<,>) be an anti-paraKähler real euclidean space and T ∗R2m its cotangent bundle equipped
with the Berger type deformed Sasaki metric. If ω = (ω1, · · · , ω2m) ∈ =0

1(R2m), then ω is harmonic if and only if ω verifies
the following system of equations

2m∑
i=1

[ ∂2ωh
∂(xi)2

+
δ2

1 + δ2‖ω‖2
( 2m∑
t,k=1

∂ωt
∂xi

∂ωk
∂xi

ϕkt
) 2m∑
t=1

ωtϕ
t
h

]
= 0. (4.5)

for all h = 1, 2m, where ϕth denoting the components of ϕ, { ∂
∂xi }i=1,2m be a canonical frame on R2m and ‖ω‖2 =< ω,ω >.

Proof. Let { ∂
∂xi }i=1,2m be a canonical frame on R2m. Using Theorem 4.2, we have, the equation (4.3) is trivial,

then

(4.4) ⇔ traceg
[
∇2ω +

δ2

1 + δ2‖ω‖2
g−1(∇ω, (∇ω)ϕ)ωϕ

]
= 0

⇔
2m∑
i=1

[
∇ ∂

∂xi
∇ ∂

∂xi
ω +

δ2

1 + δ2‖ω‖2
g−1(∇ ∂

∂xi
ω, (∇ ∂

∂xi
ω)ϕ)ωϕ

]
= 0

⇔
2m∑
i=1

[ 2m∑
h=1

( ∂2ωh
∂(xi)2

dxh
)

+
δ2

1 + δ2‖ω‖2
( 2m∑
t,k=1

∂ωt
∂xi

∂ωk
∂xi

ϕkt
) 2m∑
h,t=1

ωtϕ
t
hdx

h
]

= 0

⇔
2m∑
i=1

[ ∂2ωh
∂(xi)2

+
δ2

1 + δ2‖ω‖2
( 2m∑
t,k=1

∂ωt
∂xi

∂ωk
∂xi

ϕkt
) 2m∑
t=1

ωtϕ
t
h

]
= 0,

for all h = 1, 2m, where ϕht denoting the components of ϕ.

Corollary 4.2. Let (R2m, ϕ,<,>) be an anti-paraKähler real euclidean space and T ∗R2m its cotangent bundle equipped
with the Berger type deformed Sasaki metric, such that ϕ is the canonical para complex structure on R2m [4].
If ω = (ω1, · · · , ω2m) ∈ =0

1(R2m) is a covector field on R2m, then ω is harmonic if and only if ω verifies the following
system of equations

2m∑
i=1

[ ∂2ωh
∂(xi)2

+
2δ2

1 + δ2‖ω‖2
( 2m∑
j=1

∂ωj
∂xi

∂ωm+j

∂xi
)
ωm+h

]
= 0, 1 ≤ h ≤ m. (4.6)

2m∑
i=1

[ ∂2ωh
∂(xi)2

+
2δ2

1 + δ2‖ω‖2
( 2m∑
j=1

∂ωj
∂xi

∂ωm+j

∂xi
)
ωh

]
= 0, m+ 1 ≤ h ≤ 2m. (4.7)

where { ∂
∂xi }i=1,2m be a canonical frame on R2m.

Remark 4.2. Using Theorem 4.4 and Corollary 4.2 we can construct many examples of non trivial harmonic
covector fields.

Example 4.3. Let (R2m, ϕ,<,>) be an anti-paraKähler real euclidean space and T ∗R2m its cotangent bundle
equipped with the Berger type deformed Sasaki metric, such that ϕ is the canonical para complex structure on
R2m.
From Corollary 4.2, we deduce that, ω = (y(x1), 0, · · · , 0) is a harmonic covector field if and only the function y
is solution of differential equation:

y′′ = 0. (4.8)

i.e y(x) = ax1 + b, a, b ∈ R.

4.2. Harmonicity of the map σ : (M, g) −→ (T ∗N, h̃)

Lemma 4.3. Let φ : (Mm, g)→ (Nn, h) be a smooth map between Riemannian manifolds and let σ : M −→ T ∗N a
smooth map such that φ = πN ◦ σ where πN : T ∗N → N is the canonical projection, then

dσ(X) = H(dφ(X)) + V(∇φXσ), (4.9)

for all X ∈ =1
0(M), where ∇φ is the pull-back connection.
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Proof. Let x ∈M and ω ∈ =0
1(N) such that σ(x) = (φ(x), ωφ(x)) ∈ T ∗N and ωφ(x) = q ∈ T ∗φ(x)N i.e σ = ω ◦ φ, for

all X ∈ =1
0(M) from Lemma 4.1, we obtain:

dxσ(Xx) = dx(ω ◦ φ)(Xx)

= dφ(x)ω(dxφ(Xx))

= H(dφ(X))(φ(x),q) + V(∇Ndφ(X)ω)(φ(x),q)

= H(dφ(X))(φ(x),q) + V(∇φXω ◦ φ)(φ(x),q)

= H(dφ(X))(φ(x),q) + V(∇φXσ)(φ(x),q).

Theorem 4.5. Let (Mm, g) be a Riemannian manifold, (N2n, ϕ, h) be an anti-paraKähler manifold and let (T ∗N, h̃) the
cotangent bundle of N equipped with Berger type deformed Sasaki metric. Let φ : M → N be a smooth map and

σ : M −→ T ∗N

x 7−→ (φ(x), q)

a smooth map such that φ = πN ◦ σ and q ∈ T ∗φ(x)N . The tension field of σ is given by

τ(σ) = H
(
τ(φ) + tracegR

N (σ̃, ∇̃φσ)dφ(∗)
)

+V
(
traceg

[
(∇φ)2σ +

δ2

1 + δ2‖σ‖2
h−1(∇φσ, (∇φσ)ϕ)σϕ

])
, (4.10)

where ‖σ‖2 = h(σ, σ).

Proof. Let x ∈M and {Ei}i=1,m be a locale orthonormal frame on M such that (∇MEiEi)x = 0 and σ(x) =
(φ(x), q), q ∈ T ∗φ(x)N . Using lemma 4.3, we have

τ(σ)x =

m∑
i=1

{
(∇σEidσ(Ei))x − dσ(∇MEiEi)x

}
=

m∑
i=1

{
∇T

∗N
dσ(Ei)

dσ(Ei)
}

(φ(x),q)

Using Lemma 4.3, we obtain:

τ(σ)x =

m∑
i=1

{
∇T

∗N
(H(dφ(Ei))+V(∇φEiσ))

(H(dφ(Ei)) + V(∇φEiσ))
}

(φ(x),q)

=

m∑
i=1

{
∇T

∗N
H(dφ(Ei))

H(dφ(Ei)) +∇T
∗N

H(dφ(Ei))
V(∇φEiσ) +∇T

∗N
V(∇φEiσ)

H(dφ(Ei)) +∇T
∗N

V(∇φEiσ)
V(∇φEiσ)

}
(φ(x),q)

From the theorem 3.1, we obtain:

τ(σ) =

m∑
i=1

[
H(∇Ndφ(Ei)

dφ(Ei)) +
1

2
V(σRN (dφ(Ei), dφ(Ei))) +

1

2
H(RN (σ̃, ∇̃φσ)dφ(Ei))

+V(∇Ndφ(Ei)
∇φEiσ) +

1

2
H(RN (σ̃, ∇̃φσ)dφ(Ei)) +

δ2

1 + δ2‖σ‖2
h−1(∇φEiσ, (∇

φ
Ei
σ)ϕ)V(σϕ)

]
=

m∑
i=1

[
H(∇φEidφ(Ei)) + H(RN (σ̃, ∇̃φσ)dφ(Ei)) + V(∇φEi∇

φ
Ei
σ) +

δ2

1 + δ2‖σ‖2
h−1(∇φEiσ, (∇

φ
Ei
σ)ϕ)V(σϕ)

]
Therefore we get

τ(σ) = H
(
τ(φ) + tracegR

N (σ̃, ∇̃φσ)dφ(∗)
)

+ V
(
traceg

[
(∇φ)2σ +

δ2

1 + δ2‖σ‖2
h−1(∇φσ, (∇φσ)ϕ)σϕ

])
.
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From Theorem 4.5 we obtain.

Theorem 4.6. Let (Mm, g) be a Riemannian manifold, (N2n, ϕ, h) be an anti-paraKähler manifold and let (T ∗N, h̃) the
cotangent bundle of N equipped with Berger type deformed Sasaki metric. Let φ : M → N be a smooth map and

σ : M −→ T ∗N

x 7−→ (φ(x), q)

a smooth map such that φ = πN ◦ σ and v ∈ T ∗φ(x)N , then σ is a harmonic if and only if the following conditions are
verified

τ(φ) = −tracegRN (σ̃, ∇̃φσ)dφ(∗), (4.11)

and

traceg
[
(∇φ)2σ +

δ2

1 + δ2‖σ‖2
h−1(∇φσ, (∇φσ)ϕ)σϕ

]
= 0. (4.12)

4.3. Harmonicity of the map Φ : (T ∗M, g̃) −→ (N,h)

Lemma 4.4. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (T ∗M, g̃) its cotangent bundle equipped with the
Berger type deformed Sasaki metric. The canonical projection

π : (T ∗M, g̃) −→ (M, g)

(x, p) 7−→ x

is harmonic i.e τ(π) = 0.

Proof. We put r = 2m, Let {Ei}i=1,r and {ωi}i=1,r be a local orthonormal frame, coframe on M respectively and
{Fj}j=1,2r be a locale frame on T ∗M defined by

Fj =


HEj , 1 ≤ j ≤ r

Vωj−r, r + 1 ≤ j ≤ 2r
(4.13)

The tension field of π is given by

τ(π) = traceg̃∇dπ

=

2r∑
i,j=1

g̃ij
{
∇Mdπ(Fi)

dπ(Fj)− dπ(∇T
∗M

Fi Fj)
}

such that (g̃ij) is the inverse matrix of the matrix (g̃ij) of g̃ where: g̃ij = δij 1 ≤ i, j ≤ r
g̃ij = 0 1 ≤ i ≤ r, r + 1 ≤ j ≤ 2r
g̃ij = δij + δ2(pϕ)i−r(pϕ)j−r r + 1 ≤ i, j ≤ 2r

and 
g̃ij = δij 1 ≤ i, j ≤ r
g̃ij = 0 1 ≤ i ≤ r, r + 1 ≤ j ≤ 2r

g̃ij =
δij + δ2

(
‖pϕ‖2δij − (pϕ)i−r(pϕ)j−r

)
1 + δ2‖pϕ‖2

r + 1 ≤ i, j ≤ 2r

where pϕ = (pϕ)kω
k, then

τ(π) =

r∑
i,j=1

g̃ij
{
∇Mdπ(HEi)

dπ(HEj)− dπ(∇T
∗M

HEi
HEj)

}
+

2r∑
i,j=r+1

g̃ij
{
∇Mdπ(Vωi−r)dπ(Vωj−r)− dπ(∇T

∗M
Vωi−r

Vωj−r)
}
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as dπ(Vω) = 0 and dπ(HX) = X ◦ π for any X ∈ =1
0(M) and ω ∈ =0

1(M) then:

τ(π) =

r∑
i,j=1

g̃ij
{
∇M(Ei◦π)(Ej ◦ π)− dπ

(
H(∇MEiEj)−

1

2
V(pR(Ei, Ej))

)}

−
2r∑

i,j=r+1

g̃ij
δ2

1 + δ2α
g−1(ωi−r, ωj−rϕ)dπ(V(pϕ))

=

r∑
i,j=1

g̃ij
{

(∇MEiEj) ◦ π − (∇MEiEj) ◦ π
}

= 0.

Theorem 4.7. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (Nn, h) be a Riemannian manifold and let (T ∗M, g̃) the
cotangent bundle of M equipped with Berger type deformed Sasaki metric. Let φ : (M, g) −→ (N,h) a smooth map. The
tension field of the map

Φ : (T ∗M, g̃) −→ (N,h)

(x, p) 7−→ φ(x)

is given by:

τ(Φ) = τ(φ) ◦ π. (4.14)

Proof. We put r = 2m, Let {Ei}i=1,r and {ωi}i=1,r be a local orthonormal frame, coframe on M respectively and
{Fj}j=1,2r be a locale frame on T ∗M defined by (4.13), as the Φ is defined by Φ = φ ◦ π, we have:

τ(Φ) = τ(φ ◦ π)

= dφ(τ(π)) + traceg̃∇dφ(dπ, dπ)

tracegf∇dφ(dπ, dπ) =

2r∑
i=1

Gij
{
∇Ndφ(dπ(Fi))

dφ(dπ(Fj))− dφ(∇Mdπ(Fi)
dπ(Fj))

}
=

r∑
i,j=1

δij
[
∇Ndφ(dπ(HEi))

dφ(dπ(HEj))− dφ(∇Mdπ(HEi)
dπ(HEj))

]
=

r∑
i=1

[
∇Ndφ(Ei)

dφ(Ei)− dφ(∇MEiEi)
]
◦ π

= τ(φ) ◦ π.

Using Lemma 4.4, we obtain:

τ(Φ) = τ(φ) ◦ π.

Theorem 4.8. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (Nn, h) be a Riemannian manifold and let (T ∗M, g̃) the
cotangent bundle of M equipped with Berger type deformed Sasaki metric. Let φ : (M, g) −→ (N,h) a smooth map. The
map

Φ : (T ∗M, g̃) −→ (N,h)

(x, p) 7−→ φ(x)

is a harmonic if and only if φ is harmonic.
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