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ABSTRACT. In this paper, we study the hypersurface families with Smaran-
dache curves in 4-dimensional Galilean space G4 and give the conditions for
different Smarandache curves to be parameter and the curve which generates
the Smarandache curves is geodesic on a hypersurface in G4. Also, we inves-
tigate three types of marching-scale functions for one of these hypersurfaces
and construct an example for it.

1. PRELIMINARIES

In physics, geodesics which are defined as a parallel transport of a tangent vector
in a linear (affine) connection on the manifold M are very important for general rel-
ativity. Because, the geodesic equation which is given with a set of initial conditions
is very useful in theoretical foundations of general relativity. Also, in general, rela-
tivity gravity can be regarded as not a force but a consequence of a curved spacetime
geometry where the source of curvature is the stress—energy tensor. For example,
the path of a planet orbiting a star is the projection of a geodesic of the curved
four-dimensional spacetime geometry around the star onto three-dimensional space.

Furthermore, as an alternative definition of a geodesic line can be defined as the
shortest curve connecting two points on a manifold. A curve v(v) on a hypersur-
face ¢ (v, pu, o) is geodesic iff the normal N (v) of the curve v(v) and the normal
1 (v, g, 00) of the hypersurface ¢ (v, p, o) at any point on the curve v(v) are par-
allel to each other and a curve v(v) on the hypersurface ¢ (v, u, o) is asymptotic iff
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the normal N (v) of the curve y(v) and the normal 7 (v, p, o) of the hypersurface
¢ (v, 1, 0) at any point on the curve v(v) are perpendicular.

The problem of constructing a family of surfaces from a given spatial geodesic
curve firstly has been studied by Wang et al. in 2004 and in that study, the authors
have derived a parametric representation for a surface pencil whose members share
the same geodesic curve as an isoparametric curve |15]. After this study, in 2008 the
generalization of the Wangs’ assumption to more general marching-scale functions
has been given by Kasap et al [7]. By using these studies, the problem of finding
a surface pencil from a given spatial asymptotic curve has been investigated in [4]
and the necessary and sufficient condition for the given curve to be the asymptotic
curve for the parametric surface has been stated in [1]. Also, the problem of finding
a hypersurface family from a given asymptotic curve in R* has been handled in [5].

Surfaces with common geodesic and family of surface with a common null geo-
desic in Minkowski 3-space have been studied in [8] and [13], respectively.

The Galilean space G3 is a Cayley-Klein space equipped with the metric of
signature (0,0,4,+). The absolute figure of the Galilean space consists of an
ordered triple {w, f,I} in which w is the ideal (absolute) plane, f is the line
(absolute line) in w and I is the fixed elliptic involution of f.

In the Galilean n-space, there are just two types of vectors. A vector u =
(u1,us,...,uy,) is said to be non-isotropic, if u; # 0 and it is said to be isotropic
otherwise.

If u = (up,us,us,uq), v = (v1,v2,v3,v4) and w = (wy,ws, ws,wy) are three
vectors in Galilean space Gy, then the Galilean scalar product of x and y is given
by

urvy, if up #0or vy #0

{u,v) = { UgVg + Uzv3 + Ugvy, if uy =0 and v1 =0 1)
and for es = (0,1,0,0), e3 = (0,0,1,0) and ey = (0,0,0,1), the Galilean cross
product of u, v and w is defined by
0 €9 €3 €4
Up U2 U3 Ug ] (2)
v V2 U3z U4
wp w2 W3z W4

UXvXw=

Let v be an admissible curve of the class C*° in G4, parameterized by the invariant
arc-length parameter v, given by

1(w) = (v, f(v),9(), h(v))- 3)

N(u) =T <z> - <o f”(v), '<u> W), @
Bi(v) = s ( (LY. (L£8), (=8,
By(v) = £T(v) x N(v) x Bi(v)
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and the first, second and third curvatures of the curve v(v) are given by

ki(v) =/ [ 0)2 +g" () + 1" (v)?,
HQ(V) - <N/(V)7N,(V)>7 (5)
k3(v) = (B1(v), B2(v)) ,
respectively and where T, N, B; and B; are called tangent vector, principal normal
vector, first binormal vector and second binormal vector of v(r). We must note that,
throughout this study, we will assume that x1(v) # 0 and ka(v) # 0 at everywhere.
Also, Frenet formulas are given by

T'(v) = k1 (v)N(v),

N/(V) = K2(”)Bl<y)’ (6)
Bi(v) = —ka(v)N(v) + k3(v)B2(v),

Bi(v) = —k3(v)B1(v).

The equation of a hypersurface in G4 can be given by the parametrization

oWyp,0) = (W, 11,0), (P W, 11,0))g, (0 (Vs 11,0))3, (0 (v, 1,0))y) s (7)

where (¢ (v, p,0)), € C3,i = 1,2,3,4. The normal of this hypersurface is calculated
as follows

NV, i, 0) =@, X 9, X Py (8)
Op(v,p,0)

where ¢, = =5552 0 € {v, p, 0}

For more information about 4-dimensional Galilean space, we refer to 6], |11],
[12], [16], [17] and etc.

If v(v) is a isoparametric curve on the hypersurface ¢ (v, u, o), then there exists a
pair of parameters p, € [T1,Ts] and o¢ € [My, Ms], such that v(v) = ¢ (v, g, 00)-

If the curve is both an asymptotic and parameter (isoparametric) curve on ¢,
then it is called isoasymptotic on the hypersurface . Similarly, if the curve is both
a geodesic and parameter (isoparametric) curve on the hypersurface ¢, then it is
called isogeodesic on the hypersurface .

On the constructions of surface families with common geodesic and asymptotic
curves in Galilean Space G3 and an approach for hypersurface family with common
geodesic curve in the Galilean Space G4 have been handled in [9], [10] and [11],
respectively.

On the other hand, the geometry of Smarandache curves has been very popular
topic for differential geometers, recently. Let v(v) be an admissible curve in G4 and
{T, N, By, B2} be its moving Frenet frame. Then TN, T By, T B2, NB;y, NBa, B1Bs,
TNBy, TNBs, TB1By, NB1 By and T'N By Bo-Smarandache curves are defined by

— T+N_ — T+B; — T+By _ N+4B; _ N+By
"IN = TENY > "By T T B0 "TB: T T+ B0 "NBL T INFB. "NB2 T N+B,[
— BitBy — T+N+B — T+N+B;_ _ T+B\+By
"BiBz = [Bi+Ba| "TNB1 T [THN+B, | "TNB2 = [T+N+B.[» "TBiB2 = T+Bi+ B’
— N+B)+By — TH+N+Bi14+By oo i
TNB1Bs = [N+ B +B,]* "TNB1B2 = [T N+ B+ B[’ respectively.

The problem of constructing a family of surfaces from a given some special
Smarandache asymptotic curves in Euclidean 3-space has been analyzed in [14] and
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surfaces using Smarandache asymptotic curves in Galilean space have been studied
in [2].

In the present study, we investigate the hypersurface families with Smarandache
curves in 4-dimensional Galilean space Gy4.

2. HYPERSURFACE FAMILIES WITH SMARANDACHE CURVES IN
4-DIMENSIONAL GALILEAN SPACE G4

Let (v, pu,0) be a parametric hypersurface which is defined by a given curve
~v(v) as follows

a(w, 1, 0)T (V) +y(v, p,0)N(v) )
+Z(V7M7U)Bl(1/) +m(l/a/U'70)BQ(V) ’

where L1 < v < Lo, Ty < pp < Ty and My < 0 < Ms. Also, z(v,pu,0), y(v,p,0),
z(v, u,0) and m(v, u, o) which are the values of the marching-scale functions indi-
cate and the values of these functions are C'-functions and {T, N, By, B} is the
Frenet frame associated with the curve v in Gj4.

Throughout this study, for simplicity, we will denote z(v, u,0) = x, (v, f1g, 00)

<P(Va/h0) :V(V)"i'

= @y, PG = g, PG = g, POED = gy and PGy 00) = (200,
7‘9“3(5;7’“)\(”7#0700) = (2u), 785”(2’1)“’””(”,#0700) = (24)y. Similar abbreviations for
y(v,p,0), z(v,pu,0) and m(v, u, o) will be used, too.

CASE 1.

In this case, by taking the T'N-Smarandache curve of v(v) instead of the curve
v(v) in (9), let us define a parametric hypersurface ¢y (v, 1, o) which is given with
the aid of the T N-Smarandache curve of v(v) and the Frenet vectors of the curve
~v(v) as follows

2, 1, 0)T(v) +y(v, p, o) N (v)

+2(v,u,0)B1(v) + m(v, u,0)Ba(v) |’ (10)

TN (Vv Hs U) = TTN(V) +

From , we have

(orn), =T+ (k1 + 261 + Yy — 2K2)N

+ (k2 4+ yka + 2, — mk3) By + (M, + 2k3)Ba, ()
(prn), = 2uT +yuN + 2,B1 +my, Bo,
(ern)y = ToT + Yo N + 2o B1 + mo Ba,

where we denote

(ern)o-
Thus, if we use in 7 by obtaining the normal of the hypersurface , we

can state the following theorem:

Oprn (Vsp,0) Oorn(Wip,o) Oprn(Vsp,0)
v = (ern)y on = (‘pTN)#a do =

Theorem 1. v(v) is not a geodesic curve where T N-Smarandache curve rry of
the curve y(v) is isoparametric on the hypersurface g, (v, t,0) in Gy.
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Proof. If TN-Smarandache curve is a isoparametric curve on ppn (v, p, o), then
there exists a pair of parameters i = iy and ¢ = o such that
SDTN(Va Hos UO) = T(V) + N(V)a
that is
Jj(z/, Hos UO) = y(l/, Hos UO) = Z(Vv Hos UO) = m(y, Ho> 00) =0, (12)
where Ly <v < Lo, Th < pg < Ty and My < 09 < My. Here we must note that,
from , we have

'T’U(V7 Ko, UO) = yv(l/)//LOyUO) = ZU(Vvl’[’O?O-O) = mU(V’MO? 00) = 0. (13)

So, from , , and , the normal of the hypersurface for p = pq

and o0 = 0( is obtained as

Nrn (Vs tgs 00) = (NN )1 (Vs g, 00)T(V) + My )g (Vs g, 00) N (V) (14)
+ (WTN)?, (V7 Hos UO)BI(V) + (UTN)AL (Vv Hos 00)32(V)7

where

: (15)

Also, from the definition of a given curve ¥(v) on the hypersurface ¢ (v, u, o) to be
geodesic, it must be
(Mrn)2 (Vs kgs 00) # 0
and
(N3 (v, 1o, 00) = (NN )4 (V, 1o, 00) = 0.
So, from the curve (v) is a geodesic on the hypersurface oy (v, i, o) in Gy if
z(v, o, 00) = y(v, ko, 00) = 2(v, g, 00) = m(v, pg, 00) = 0,
k1 =0, ko #0, (16)
(yu)o (6)o = (xu)o (ya)o ) (mu)o (zg)o # (wu)O (md)o

satisfied, where v € [L1, La], pg € [T1,T%], 09 € [M1, Ms]. Since k1(v) # 0, the
proof completes. ([l

CASE 2.

Here, by taking the N Bs-Smarandache curve of v(v) instead of the curve y(v)
in @, let us define a parametric hypersurface ¢y, (v, 1, o) which is given with
the aid of the N By-Smarandache curve of v(v) and the Frenet vectors of the curve
~v(v) as follows

- x(v, p,o)T (W) +y(v,p,o)N(v)
oV ) =INB) Ty 1, 0) B () + m(v, o) Ba(v) |
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If N Bs-Smarandache curve of the curve v(v) is a isoparametric curve on a hy-
persurface oy g, (v, p,0) in Gy for pp = py and o = o, then from (8)), the normal
of this hypersurface is

NNB, (Vs s 00) = (771\/132)1 (v, 1o, 00)T(v) + (UNBQ) (v, tos 00)N (v)
T (v )y (v 119:00)Ba(0) + () (v 110:90) Ba(),

(17)
where
e ) Peacsa) ()0 (oo () o)
INBy)o \Vs Hg,00) = K2\;§3 Tup)o\Me)g — \Mp)y(To)o) s
(WNBQ):; (V7/j“0700) =0, (18)
(M Ba) 4 (Vs 10 00) = ("272) (Yoo ()0 — (To)o (Yp),) -

Theorem 2. v(v) is a geodesic curve where N By-Smarandache curve ryp, of the
curve y(v) is isoparametric on the hypersurface g, (v, 1, o) in Gy if the conditions

z (Vvuov 00) =Y (V7/1’0700) =z (V7M07 00) =m (Vv/J'OvUO) =0,
Ko # K3, (19)
(yu)o (5)0 = (%)0 (ya)o ) (mu)o (330)0 # (xu)O (mo)o

are satisfied. Here, v € [L1, Lo, pgy € [Th,T2], 0o € [M1, Ma].

P’f‘OOf, If (V7/~LO7JO) =Y (V,/JO,UO) =z (V,M0700) =m (Vnu(]’ 00) = 0 satisfies
for a pair of parameters p = py and o = o on hypersurface pyp, (v, i, o), then
N Bs-Smarandache curve is a isoparametric curve such that

c)ONBQ(V’,LLO’UO) = W?

where L1 <v < Ly, T1 < pig < Ty and M; < og < Ms.

Also, from the definition of a given curve v(v) on the hypersurface ¢ (v, 1, o) to
be geodesic where N Bo-Smarandache curve rx g, of the curve v(v) is isoparametric,
it must be

(nNB1)2 (Va Ho, UO) 7& 0

and
(77NB1)3 (Va Ko, 00) = (771\/31)4 (Vv Hos UO) =0.
So, using these conditions with in , the proof completes. O

For the purposes of simplification and better analysis, Wang et al. have studied
the case when the marching-scale functions can be decomposed into two factors in
Euclidean 3-space. The factor-decomposition form possesses an evident advantage:
the designer can select different sets of functions to adjust the shape of the surface
until they are gratified with the design, and the resulting surface is guaranteed to
belong to the isogeodesic surface pencil with the curve as the common geodesic [15].
Also in [3] and [11], the three types of the marching-scale function which have
three parameters have been studied in 4-dimensional Galilean and Euclidean spaces,
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respectively. In this study, we have used the marching-scale functions which have
been given in these studies. Now, for simplicity, let we investigate three types of
marching-scale functions for this hypersurface.

Marching-scale functions of type 1

Let us choose

x(v,p,0) = (V)) (1, ),

Yo 0) = g (1, 0),
2o p0) = () Z (1, ), (20)
m(v, i,0) = )M (s, 0),

where L; < v < L27 T < H < T27 M, <o < M2; p(y)’ Q(V)7 w(l/)a l(l/)7 X(Nao—)v
Y(u,0), Z(p,0), M(u,0) € C* and p(v), q(v), w(v), I(v), Vv € [L1, Ls] are not
identically zero. By using , if the conditions

X (1’-]“070'0) = Y(MOaUO) = Z(MOaUO) = M(MOaUO) = 07

R2 # K3,
aY(uu,ow OX (1g,00) _ OX(p1g,00) DY (1g,00) (21)
do ou do )
3M(#070'0) aX(l“o o0) # aX(l“o o0) OM(pq,00)
o do )

satisfy, then v(v) is a geodesic curve where N By-Smarandache curve ryp, of the
curve y(v) is isoparametric on the hypersurface ¢yp, (v, 1, 0) in Gy. Here, py €
[Tl,TQ] , 00 € [M17M2} .

Marching-scale functions of type 2

If we take

Ee

v, 0) = q(v, )Y (o),

2,y 0) = wlv, 1) Z(0), (22)
m(v, 1, 0) = U, 1)) M(0),

where Iy < v < Lo, Ty < pp < Ty, My < 0 < My and p(v, ), q(v, 1), w(v, pu),
I, ), X(w), Y(p), Z(u), M(n) € Ct, by using , if the conditions

P 1o)X (90) = (v, )Y (00) = w(v; pg) Z(00) = L(v; p19) M (00) = 0,

K2 7& K3,
Q)Y (0 )p(v, 1) Pge) = 2t0) X () g (v, prg) Pp?, (23)
31(1«#0)M( 0)p(v ,,uo)aX(UO) + ap ;LMO)X(UO)Z(VaMO)aNéS:O)v

satisfy, then v(v) is a geodesic curve where N By-Smarandache curve ryp, of the
curve y(v) is isoparametric on the hypersurface ¢yp, (v, 1, 0) in G4. Here, py €
[TlaTQ] ,00 € [M17 MQ} .

Marching-scale functions of type 3
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For
x(v,p,0) = pv,0)X (1),
y(v, o) = q(v,0)Y (1), (24)
2(v,p,0) = w(v,0)Z(p),
(s 1,0) = 1, ) M (11,
where Ly < v < Ly, Ty < pu < Ty, My < 0 < My and p(v,0), q(v,0), w(v,o),
l(v,0), X(un), Y(u), Z(n), M(p) € Ct, from , if the conditions

p(;00) X (ko) = q(v,00)Y (1) = w(w,00)Z (o) = (v, 50) M (p19) = 0,

K2 7& K3, 925
Y op(v,o 0X 9q(v,o

(1, 00) PEIX (ng) = e p(v,00) HUELLY (pg) =

9 Ov(v.or o ol(v,o
M) 11, 00) 22870 X (1) # 2 t0) p(wr, 00) LB N (1)

satisfy, then ~(v) is a geodesic curve where N By-Smarandache curve ryp, of
the curve vy(v) is isoparametric on the hypersurface ¢yp, (v, 1,0) in G4. Here,
H’O S [Tl,TQ] ,00 € [Ml,MQ] .
Now, let we construct an example for this hypersurface family.
Example 3. Let y(v) be a curve which is parametrized by
v(v) = (v,sinv, cos v, ). (26)
From and (@, it is easy to obtain that

T(v) = (1,cosv, —sinv, 3v?),

N(v) = ——L— (0, —sinv, — cos v, 6v),
_\/ 1+36v2 ( 1 ) ) 9
By (v) = TG (0,36vsinv — (36v° + 1) cosv, (27)

36v cosv + (36v2 + 1) sinwv, 6),
By(v) = W(O,G(cosv + vsinw), 6(vcosv — sinwv), 1)

and
V3T 3612 6vv/T + 3612
V143602, gy = YLDV DUV T OV 28
M OO = e T T 36,2 (28)

Now, if we choose o9 = 5, jg = 0, x(v, pu,0) = v3(o — 5 ylv,po) = vu?sino,
2(v,p,0) = coso and m(v, p, o) = vuc?, then (@) is a geodesic curve where N Ba-
Smarandache curve ryp, of the curve (@) is isoparametric on the hypersurface
™
SDNBQ(V7M’O—) = (VB(U - 5)7
—sinw 6(cosv + vsinwv) 3 T vu?sin o sinv
+ +v°(0c— =)cosv — —————
VI+3602 /(37 + 36102) 2 VI+ 3612

cos o (36vsinv — (3602 + 1) cosv)  6(cosv + vsinv)vuo?
V(1 +3602)(37 + 3612) (37 + 3612)
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— cosv 6(vcosv — sinwv) vu?sin o cos v

+ —
VI+3602 /(37 + 3612 V1 + 3602

cos o (36v cosv + (36v2 + 1)sinv) =~ 6(vcosv — sinv)vuo?

(29)

V(o — g) sinv —

V(14 3612)(37 + 3612) (37 4 36v2)
1 2,2 4
6v n +305(0_z) 6v°u” sino
V143602 /(37 + 3612) 27 1+ 3612
6 coso vuo?

+ + .
V(1 +3612)(37 + 3612) \/(37+36y2))
m G4.
Different projections from four-space to three-spaces of the hypersurface (@) for
o =m/2 can be seen in the Fig:

(d)

F1GURE 1. Projections of hypersurface family with parameter
N Bs-Smarandache curve into zox3x4, T123%4, T1T2x4 and x1xox3-
spaces in (a), (b), (c) and (d), respectively.

From now on, we’ll give the parametric hypersurfaces given by different Smaran-
dache curves of curve y(v) and their normal vector fields. Also, we’ll state the
theorems which give us the conditions for which v(v) is a geodesic curve where
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Smarandache curves of the curve ~(v) is isoparametric on these hypersurfaces.
One can prove these theorems and investigate the conditions for different types of
marching-scale functions with the similar methods given in the above case.
CASE 3.
Here, by taking the T'B;-Smarandache curve of () instead of the curve v(v) in
, let us define a parametric hypersurface ¢, p (v, i, 0) which is given with the
aid of the T'B;-Smarandache curve of 7(v) and the Frenet vectors of the curve v(v)
as follows

w(, p,0)T(v) +y(v, p, o) N (v)

oo Wi 0) =m0 0)Bi(v) + mlv, 1, 0) Ba(v)

If T'B;-Smarandache curve of the curve y(v) is a isoparametric curve on a hy-
persurface p7p (v, 1, 0) in Gy for = py and o = o9, then from , the normal
of this hypersurface is

Nrp, (Vs Ho, 00) = (nTBl)l (v, po, 00)T(v) + (nTBl)Q (v, pos 00)N (v)
+ (nTBl)g (v, 1o, 00)B1(v) + (nTB1)4 (v, 1> 00) Ba(v),

where
(n78,), ¥, o, 00) =0,
(n75,) 5 (Vs 119, 00) = K3 ((20)o (24) g — (20)g (T4)o) »
(178,)5 (Vs 1o, 00) = (k1 = K2) (M) (T0)o — (Tu)o (10),)
+ K3 ((x#)o (Yo)o = (Wu)o (xa)o) )
(n18,), Vs 10, 00) = (k1 — K2) ((Zu)o (20)g — (21)g (2o)0) -
Thus,

Theorem 4. v(v) is a geodesic curve where T By-Smarandache curve rrp, of the
curve y(v) is isoparametric on the hypersurface prp, (v, 1, o) in Gy if the conditions

z (V7M0700) = y(V7MO7O—0) = Z(V7M07UO) = m(”?ﬂ'O?UO) = 07
K1 = K2, K3 7é 07 (30)

(yu)o (xU)O = (xu)o (ya)o > (Zu)o (730)0 # (xu)O (Za)o
are satisfied. Here, v € [L1, La|, py € [T1,To], oo € [My, Ma].

CASE 4.

Here, by taking the T'By-Smarandache curve of v(v) instead of the curve v(v) in

, let us define a parametric hypersurface ¢ g, (v, 1, 0) which is given with the
aid of the T'By-Smarandache curve of v(v) and the Frenet vectors of the curve v(v)
as follows

+z(v, p,0)B1(v) + m(v, u,0)Ba(v)

PTB, (Vv My U) =TTB, (V) +
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If T Bs-Smarandache curve of the curve v(v) is a isoparametric curve on a hy-
persurface p7p (v, 1, 0) in Gy for pp = py and o = o9, then from (8), the normal
of this hypersurface is

Uiz (V7 Hos UO) = (nTBz)l (V7 Hos JO)T(V) + (nTBz)z (V7 Hos UO)N(V)
+ (nTBQ)g (V7 Ho, 00>Bl(y) + (nTBz)4 (Va Hos UO)BQ<V)>

where

(nTBg)l (V7/’607UO) =0,

(T}TBQ)Q (va‘OvUO) = R3 (($U)O (m;t)o - (mo)o (Z‘M)()) )

(nTBg)g (thO?UO) = K1 ((mu)o (mU)O - (Iu)O (mo)o) ,

(UTB2)4 (’4#0700) = k1 ((33#)0 (Zcr)o - (Zu)o (xa)o) + K3 ((ya)o (Iu)O — (zo)o (y,u)g)

For the curve ¥(v) to be a geodesic where T'By-Smarandache curve rrp, of the
curve (v) is isoparametric on the hypersurface o1 (v, it,0) in Gy, the following
conditions must hold:

x (V7/1,0,O'0) = y(%#oﬁo) =z (Vap’Ovo-O) =m (VMU‘O’UO) = 07
/{1 = 0’ /4;3 # 0, 9 (31)

(yu)o (r5)o = (xu)O (ya)o ) (mu)o (xo)O # (1'“)0 (mo)o

where v € [L1, Lo, ug € [Th,T2], 0o € [M1, Ms]. But, from our assumption that
k1(v) # 0, we have a contradiction. So, we have

Theorem 5. (v) is not a geodesic curve where T Ba-Smarandache curve rrp, of
the curve y(v) is isoparametric on the hypersurface g, (v, 1, o) in Gy.

CASE 5.

Here, by taking the N Bj-Smarandache curve of y(v) instead of the curve ~(v)
in @, let us define a parametric hypersurface ¢y p (v, 1, 0) which is given with
the aid of the N B;-Smarandache curve of v(v) and the Frenet vectors of the curve
~v(v) as follows

2, 0)TW) Ty, )NW) ] a0

ong, (¥, p,0) =7NB, (V) + +2(v, p, 0)B1(v) + m(v, p, o) Ba(v)

If NBj-Smarandache curve of the curve v(v) is a isoparametric curve on a hy-
persurface pyp (v, 1, 0) in Gy for p = py and o = o9, then from , the normal
of this hypersurface is

e, (Vs o, 00) = (UNBl)l (v, o, 00)T'(v) + (nNBl)2 (v, tos 00)N (v)
+ (77NB1)3 (Vﬂuoa UO)Bl(V) + (nNBl)4 (V7N07(70)B2(V)7
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where
(77NB1)1 (v, g, 00) = 0,
(nB) 5 (Vs t19,90) = & ()0 (M) — (M) (25)0)
- % ((mu)o (Za)o - (Zu)o (xU)O) ,
(nNBl)g (v, g, 00) = % (Mmoo (@u)o — (To)o (My),) (33)
+ % ((xu)O Wo)o — W) (x,,)o) ,
(77NB1)4 (Vv Hos ‘70) = % ( xU)O (Zu)o - ZU)O (mu)o)
+ % ( Lo )o (yu)o - (yo)o l%)o)
Hence,

Theorem 6. (v) is a geodesic curve where N By-Smarandache curve rnp, of the
curve y(v) is isoparametric on the hypersurface o g, (v, 1, o) in Gy if the conditions

{ z(”?/LO?UO) = y(’/,.uO»JO) = Z(VvlLOvJO) = m(’/a /1,0,0'0) =0, (34)
(nNBl)Q (v, g, 00) # 0, (UNBl)g (Vs pg, 00) = (nNBl)4 (Vs b9, 00) =0

are satisfied. Here, v € [Ly, L], pg € [T1, T3], oo € [M1, Ms].

CASE 6.

Here, by taking the By By-Smarandache curve of v(v) instead of the curve v(v)
in (@, let us define a parametric hypersurface pp p, (v, 1, o) which is given with
the aid of the By Ba-Smarandache curve of v(v) and the Frenet vectors of the curve
~(v) as follows

a(w, 1, 0)T (V) +y(v, p, o) N(v)

S013132 (U’M’ 0) =TB1B> (V) T —|—Z(V,,U70')B1(l/) + m(Va U7U)B2(V)

If By By-Smarandache curve of the curve (v) is a isoparametric curve on a
hypersurface pp g, (v,p,0) in Gy for p = pg and o = og, then from , the
normal of this hypersurface is

N, B, (Vs lo, 00) = (7731132)1 (v, g, 00)T (v) + (7713132)2 (v, pos 00)N (v)
+ (773132)3 (v, g, 00) B1(v) + (773132)4 (Vs by 00) B2 (v),
where
(773132 1 v /’[’070-0 0)

(M5,5,) 5 (Vs 1105 70) 5 ((20)o (M) + (21)o) — @0 (Ma)g + (20)0)) 5

2 2
K3

), (
), (

(nBl 2)3 v 'U‘O”T0 i\; ((xu)o (mU)O - (mu)o (‘TU)O) + \i; (("Eu)o (ya)o - (yu)o (v
), (

0')0) ’

(773132 4 v M070'0 % ((Zu)o (To)o — (xu)O (Za)o) - ﬁ ((yu)o (xU)O - (%)0 (ya)o) .

So, we can state the following Theorem:
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Theorem 7. ~(v) is a geodesic curve where By Ba-Smarandache curve rp,p, of
the curve y(v) is isoparametric on the hypersurface g p,(v,pu,0) in Gy if the
conditions

€ (VaMOaUO) = y(”?NOvJO) = Z(V7M0700) = m(l/,/J,O,U()) =0,
K3 7& 07

(xu)O ((ma)o + (Zcr)o) # (%5 )o ((mu)o + (Z )0) )

(7731132)3 (v, o, 00) = (773132)4 (Vs pg,00) =0

are satisfied. Here, v € [L1, La|, pgy € [T1,T2], 0o € [M1, Ma].

(35)

CASE 7.

Here, by taking the TN By-Smarandache curve of «(v) instead of the curve y(v)
in @, let us define a parametric hypersurface oryp, (v, it,0) which is given with
the aid of the T'N By-Smarandache curve of 7(v) and the Frenet vectors of the curve
v(v) as follows

B {E(V,M, U)T(V) +y(V7N70)N(V)
PTNB, (v, 1,0) = rrNB, (V) + +2(v, p,0)B1(v) + m(v,p,0)Ba(v) |-

If TN Bj-Smarandache curve of the curve 4(v) is a isoparametric curve on a
hypersurface orypg, (v, 1,0) in Gy for p = pg and o = og, then from , the
normal of this hypersurface is

NN B, Vs to, 00) = (UTNBl)l (Vs pg, 00)T(v) + (nTNBl)Q (Vs tg, 00)N (V)
+ (ﬂTNBl)g, (v, g, 70) B1(v) + (nTNB1)4 (Vs b, 00)Ba(v),

where

(nrnE,), Ws o, 00) =0,
(1B, )y V10, 00) = K3 ((2) (20)o = (2)o (20)g) — K2 (M) (20)o — (zu)o (o))
(nTNBl)g (VaMOa 00) = (k2 — K1) ((ﬂfu)o (ma)o - (mu)o (xo)o)
+ k3 ()0 (Wo)o — (Wu)o (T2)o) »
(nTNBl)4 (v, ko> 00) = (K1 — K2) ((’Iu)o (Za)o - (Zu)o (%)o)
+ K2 ((y#)o (7)o — (17#)0 (ya)o) .

Hence,

Theorem 8. (v) is a geodesic curve where TN By-Smarandache curve rrnp, of
the curve y(v) is isoparametric on the hypersurface oryp, (v,p,0) in Gy if the
conditions

{ x(”?/J’OvUU) :y(VaN07UO) :Z(Vvlj‘O’JO) :m(V7M07UU) :07

(nTNBl)Q (v, o5 00) # 0, (77TNB1)3 (v, g, 00) = (WTNBl)4 (v, g, 00) =0
(36)

are satisfied. Here, v € [L1, Lo, pgy € [Th,T2], 0o € [M1, Ma].
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CASE 8.

Here, by taking the T'N By-Smarandache curve of «(v) instead of the curve y(v)
in @, let us define a parametric hypersurface oryp, (v, it,0) which is given with
the aid of the T'N By-Smarandache curve of y(v) and the Frenet vectors of the curve
v(v) as follows

z(v, 1, 0)T () +y(v, p, 0)N(v)
+Z(Va Ky U)Bl(y) + m(z/, Ky U)B2(V)
If TN By-Smarandache curve of the curve y(v) is a isoparametric curve on a

hypersurface oryp, (v, u,0) in Gy for = pg and o = 0g, then from , the
normal of this hypersurface is

OrNB, Vs, 0) =TTNB, (V) +

N B, (Vs o, 00) = (WTNBQ)l (v, 1o, 00)T(v) + (nTNBg)Q (v, pos 00)N (v)

+ (nTNBQ)g (v, g, 70) B1(v) + (nTNBQ)4 (Vs b, 00) Ba(v),
where

= —k1 ((l‘u)o (ma)o - (mu)o (xU)O)
4 W10, 00) = K1 (o (20)g = (2) (%0)o)
+ (k3 = #2) ((20)0 (Yo)o = (Wu)o (20)o) -
For the curve y(v) to be a geodesic where T'N Bo-Smarandache curve rryp,

of the curve y(v) is isoparametric on the hypersurface w7y p, (v, t,0) in Gy, the
following conditions must hold:

x (1/7/1,0,0'0) = y(l/,/t(),dg) =z (V7N07UO) =m (Vﬂ:Ll‘()?UO) = 07
K1 = 07 ] # K3, ) (37)
(Tu)o (Yo)o = (y#)o (Z5)o, (Tu)o (Mo)y # (mu)o (zo)o

where v € [L1, La], po € [Th, T3], 00 € [M71, Ms]. Since x1(v) # 0, we have

Theorem 9. (v) is not a geodesic curve where TN By-Smarandache curve rrnp,
of the curve v(v) is isoparametric on the hypersurface ppyp, (v, 1, o) in Gy,

CASE 9.

Here, by taking the T'By Bo-Smarandache curve of v(v) instead of the curve y(v)
in @, let us define a parametric hypersurface ¢ g p, (v, 1, o) which is given with
the aid of the T'B; Bs-Smarandache curve of v(v) and the Frenet vectors of the
curve y(v) as follows

x(v,pu,o)T () +y(v,pu,o)N(v)
+2(v, u,0)B1(v) + m(v, u,0)Ba(v)

If TB; Bo-Smarandache curve of the curve (v) is a isoparametric curve on a
hypersurface ¢rp p,(v,p,0) in Gy for 4 = py and o = o¢, then from , the

OrB B, (Vs 1 0) =TT, B, (V) +
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normal of this hypersurface is
UTBle(VaMmUO) = (nTBle)1 (v, g, 00)T'(v) + (nTBle)Q (v, po, 00)N(v)

+ (nTBlBg)g (v, 119, 00) B1(v) + (N7, B,) , (Vs 0> 70) Ba(v),
where

(nTBlBg)l (V, g, 00) =0,
(78, Bs) o W5 10, 00) = K3 ((20)o (M) g + (21)g) = (@)o((Mo)g + (20)0)) 5
(175, 5,)5 (V. 19, 90) = (k2 = k1) (@) (ma)g = (M), (@)o)

+ 5 ((2u)o (Yo )o = (Yo (20)o) »
(178,8,) 4 Vs 110, 090) = (K1 — K2) ((z,)0 (20)g — (21)0(20)0)

+ 3 ((Tu)o (U)o — (Yo (T0)o) -
Thus,

Theorem 10. v(v) is a geodesic curve where T By Bo-Smarandache curve rrp, p,
of the curve y(v) is isoparametric on the hypersurface orp g, (v, 1, 0) in Gy if the
conditions
€ (V7 HosT0) =Y (Vv Hos 00) =z (V7 Hos 00) = m (v, 1y, 00) =0,
R3 7& 07
(WTBle)g (Vs by 00) = (nTBle)4 (v g, 00) =0,
(@u)o((me)y + (20)9) # (@ )o((mu)y + (2u))
are satisfied. Here, v € [L1, La], pg € [T1,T3], oo € [M1, Ms].

CASE 10.

Here, by taking the N By By-Smarandache curve of y(v) instead of the curve y(v)
in @), let us define a parametric hypersurface oy g, , (v, it,0) which is given with
the aid of the N BjBs-Smarandache curve of «v(v) and the Frenet vectors of the
curve y(v) as follows

(38)

_ z(v,p,0)T(v) +y(v, u,0)N(v)
PNy (V21 0) = TNy (V) + +2(v, p,0)B1(v) + m(v, p, 0)Ba(v)

If NBjBs-Smarandache curve of the curve v(v) is a isoparametric curve on a
hypersurface onp B, (v, 1, 0) in Gy for p = pg and o = oo, then from , the
normal of this hypersurface is

nNBlBQ(VwU'w o9) = (77N31132)1 (v, g, 70)T(v) + (nNBlBQ)Q (v, g, 70) N (v)

+ (nNBle)g (Vs o 0)B1(V) + (1B, B,) 4 (Vs Hos 0) Ba(v),
where
(nNBle)l (v, o5 00) =0,

K2 — K3

(nNBle)z (v, kg, 00) = ( /3 ) ((xu)o (ma)o - (mu)o (xa)O)




(Zu)o (To)o — (x#)o (Za)o) )

(
(5 52) 5 (Vs g 00) = 7 ()0 (mo)g — (M) (0)o)
(

(nNBlBg)4 (V7H0700) =

So,

Theorem 11. y(v) is a geodesic curve where N By Ba-Smarandache curve rnp, B,
of the curve y(v) is isoparametric on the hypersurface o, g, (V, 1, o) in Gy if the
conditions

{ x(yvl’LOvUO) = y(V7M07UO) = Z(V7MO7UO) = m(y7:u/070-0) = 07

(nNBlBQ)Q (v, g, 00) # 0, (nNBle)g (v, g, 00) = (77N3132>4 (v, g, 00) =0
(39)

are satisfied. Here, v € [L1,La|, py € [Th, T3], 0o € [M1, Ma].

CASE 11.

Here, by taking the T'N B; Ba-Smarandache curve of v(v) instead of the curve
~v(v) in @, let us define a parametric hypersurface @7y, g, (v, i, ) which is given
with the aid of the T'N B; Bo-Smarandache curve of v(v) and the Frenet vectors of
the curve v(v) as follows

_ z(v,p,0)T(v) +y(v, u,o0)N(v)
Prp, By (Vs 1 0) = TN BBy (V) + +2(v, p,0) By (v) + m(v, p,0)Ba(v) |-

If TN B; Bo-Smarandache curve of the curve v(v) is a isoparametric curve on a
hypersurface ¢, np, 5, (v, 4, 0) in Gy for p = py and o = op, then from , the
normal of this hypersurface is

T]TNBlBQ(VHan oo) = (UTNBle)l (Vs pg, 00)T(v) + (nTNBlBQ)Q (Vs pgs 00)N (V)
+ (UTNBle)g (Vs bg, 00)B1(v) + (nTNBlB2)4 (Vs b, 00) Ba(v),

where
(nTNBle)l (v, g5 00) = 0,
(nTNBle)Q (v g, 00) = K2 ((ma)o (Zp)o = (z4)o (mu)o)

+ K3 (((mo)o (mpu)g — (me), (xu)o) - ((xu)o (20)0 = (21)g (mo)O)) )
(nTNBle)g (s by 00) = (K2 — K1) ((xu)o (Mo)g — (mu)o (330)0)

+ K3 ((ﬂfu)o (Yo)o — (yu)o (330)0) 5

(1N By Bs) 4 (Vs 1o, 00) = (K1 = K2) (2o (20)g = (2u)g (£0)0)
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+ (k3 = £i2) ((zu)o Yo ) — (U)o (20)o) -
Finally, we get

Theorem 12. ~(v) is a geodesic curve where TN By By-Smarandache curve rry g, B,
of the curve y(v) is isoparametric on the hypersurface oryp, g, (v, 1, 0) in Gy if
the conditions

{ ZE(V,Mo,O'O) :y(V7MO7UO) :Z(V,MO,O'()) :m(l/)MOvUO) :Oa
77TN13132)2 (v, 1o> 00) # 0, (nTNBlBQ)g (v, o, 00) = (nTNBle)4 (v, g, 70) =0
(40)
are satisfied. Here, v € [L1, L], pg € [T1, T3], oo € [M1, Ms].
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