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The aim of this study to discuss the construction of solution of fractional partial differential
equations (FPDEs) with initial and boundary conditions. Since the homogenous initial boundary

value problem involves local fractional-order derivative, it has classical initial and boundary

conditions. By means of the separation of variables method (SVM) and the inner product on
L*[0,1], we construct the solution in this series form in terms of eigenfunctions of related Sturm-
Liouville problem. An illustrative example presents the applicability and influence of separation of

variables method on fractional mathematical problems.
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1. Introduction

Since mathematical models including fractional
derivatives play a vital role fractional derivatives draw the
growing attention of many researchers in various branches
of sciences. Therefore there are many different fractional
derivatives such as Caputo, Riemann-Liouville, Atangana-
Baleanu. However these fractional derivatives do not
satisfy the most important properties of ordinary derivative
which leads to many difficulties to analyze or obtain the
solution of fractional mathematical models. As a result
many scientists focus on defining new fractional
derivatives to cover the setbacks of the defined ones.
Moreover, the success of mathematical modelling of
systems or processes depends on the fractional derivative,
it involves, since the correct choice of the fractional
derivative allows us to model the real data of systems or
processes accurately.

In order to define new fractional derivatives, various
methods exist and these ones are classified based on their
features and formation such as nonlocal fractional
derivatives and local fractional derivatives. The
proportional derivative is a newly defined fractional
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derivative which is generally defined as

o "Duf () = Ky(a, t) f(©) + Ko, O)f' ()

where the functions K, and K, satisfy certain properties in
terms of limit [1] and f is a differentiable function. Notice
that this derivative can be regarded as an extension of
conformable derivative and is used in control theory.

In this study we focus on obtaining the solution of the
following fractional diffusion equation including various
proportional derivative operator by making use of the
separation of variables method:

° PDgu(x’ t) = yzuxx(x, t),
e u, (0,t) =u,(L,t) =0,
e u(x,0)=f(x)

where 0 <a<10<x<[,0<t<T,y€R. Here we
use the following forms of the proportional derivatives:

"DEF() = Ky (@) f (1) + Ko () f' (8. M

Especially we consider the following ones:
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o IDEFfM)=(1—-a)f(®)+af'(t) and
o EDIf() =1 —a®) f(t)+a’f'(t)

From a physical aspect, the intrinsic nature of the physical
system can be reflected in the mathematical model of the
system by using fractional derivatives. Therefore the
solution of the fractional mathematical model is in
excellent agreement with the predictions and experimental
measurement of it. The systems whose behaviour is non-
local can be modelled better by fractional mathematical
models. Moreover, the degree of its non-locality can be
arranged by the order of fractional derivative. In order to
analyze the diffusion in a non-homogenous medium that
has memory effects, it is better to analyze the solution of
the fractional mathematical model for this diffusion. As a
result in order to model a process, the correct choices of
fractional derivative and its order must be determined.

In this study, local fractional derivative is used to
model diffusion problems as in the case of non-local
fractional derivative, models including local fractional
derivatives give better results than models including
integer order derivatives. In the mathematical modelling of
diffusion problem for different matters such as liquid, gas
and temperature, the suitable fractional order a is chosen,
since the diffusion coefficient y? depends on the order a of
fractional derivative [2]. This mathematical modelling
describes the behaviour of matter in a phase. There are
many published works on the diffusion of various matters
in science especially in fluid mechanics and gas dynamics
[3-14]. From this aspect, analysis of this problem plays an
important role in application. Moreover, sub-diffusion
cases for which 0 < a < 1 are under consideration. The
solution of the fractional mathematical model of sub-
diffusion cases behaves much slower than the solution of
the integer-order mathematical model unlike the fractional
mathematical model for super-diffusion.

2. Main Results

Let us consider the following problem including the
proportional derivative in Eq. (1)

"DFUCx, £) = ¥ (2, t), )
u,(0,t) =u,(l,t) =0, (3)
u(x,0) = f(x) 4)

where0 < a<10<x<[L0<t<T,y€R.

By employing SVM, the solution of the problem in
Egs. (2-4) can be written in the following form:

ulx, t;o) = X(x) T(t; ) 5)

where 0<x <[, 0<t <T. Plugging Eg. (5) into
Eg. (2) and arranging it, we have

PoE(r@®a) _ XU _ 42

=y —A (6)

T(t;a) X(x)

By taking the last equality from Eq. (6) and utilizing the
boundary conditions in Eq. (3), we have the following
problem:

X"(x) + 22X (x) =0, (7)
X'(0) = X'(1) = 0. (8)

The problem in Eqg. (7-8) is the well known Sturm-
Liouville problem. The solution to this problem is as in

Eqg. (9):
X,(x) = cos (Wn G))n =01,23,.. 9)

where w, =nm,n =0,1,2,3,... satisfy the equation
Sln(Wn)=0 and )\n=%,7\1<7\2<)\3<,n=
0,1,2,3, ...

The second equation in Eq. (6) for eigenvalue 2,, yields the
fractional differential equation below:

PLa
DE(T(H0) 542
T(ta) Y A,

K1(0) Tn (50 +Ko (O Tp(t) _ 5 2
Tn(t;0) L

o Ko(@Ty(t ) + (Y?A% + K1 ()T () = 0,

which yields the following solution

_ YPAitK (@)

e t),n =0,1,2.3,

o T,(t;a) = exp(
The solution for every eigenvalue A, is constructed as

o U (x, G a) = Xy ()T (G ) =
_ YK (@ x _
exp ( Ko (o) t) cos (Wn (z)) ,n=20,1,2,3,

which leads to the following general solution

ulx, t;a) =

Ay + 2:;1 A, cos <Wn (%)) exp (— YN (@) t). (10)

Ko (o)

Note that it satisfies boundary conditions and fractional
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differential equation. If y2 is replaced by the fractional
diffusion coefficient c2t1™* where c? is ordinary diffusion
coefficient and t, is a time constant the solution takes the
following form:

o u(x,t;a)=

Ag + X Ay cOS (Wn G)) exp (_

2T N2 + K4 () )
Ko (o)

The coefficients of the general solution are established by
taking the following initial condition into account:

o u(x,0)=f(x)=A4,+ Z:zlAn cos <Wn G))
The coefficients A4,, for n = 0,1,2,3, ... determined by the

help of inner product defined on L2[0, I]:

_1

o Ay= lfolf(x)dx,
o A, = %folf(x) cos (wn (?))
3. Hlustrative Examples
Now the obtained results are illustrated by two

examples in this part. Let the Neumann boundary value
problem below be taken into account:

ut(x' t) = uxx(x' t), (ll)
u,(0,t) =0, u,(1,t) =0, (12)
u(x,0) = cos(mx) (13)

whose solution is established as:
o u(x,t) = cos(mx) e ™t

where0 <x<1,0<t<T.

Example 1. Now let the following problem called
fractional heat-like problem be taken into consideration:

PDu(x, t) = Uy (x, 1),
u,(0,t) =0, u,(1,t) =0,
u(x,0) = cos(mx)

(14)

where 0 <a<1,0<x<1,0<t<T. Itis clear from
Eg. (10) that the solution to the above problem can be
obtained in the following form:

ulx, t; ) =

o 20241—
Ay + X, Ay cos(nmx) exp (— %:1“ t) (15)

Plugging t = 0 into the solution in Eq. (15) and utilizing
the initial condition in Eq. (14) leads to:

o cos(mx) = A, + Z:;IA,1 cos(nmx)

The coefficients A,, for n = 0,1,2,3, ... are determined by
the help of the inner product as follows:

° AO =0.
Forn# 1,4, =0.n =1 we get
° Al = 1.

Thus

u(x, t; a) = cos(mx) exp (— nzt%t) (16)
It is clear that taking @ = 1 in EqQ. (16) leads to the solution
of the problem (Egs. (11-13)) which implies the
correctness of the method employed in this study.

Example 2. Now let the following problem called
fractional heat-like problem be taken into consideration:

o EDfu(x,t) = up(x,0),
e u,(0,t) =0, u,(1,t) =0,
e u(x,0) = cos(mx)

where 0 <a<1,0<x<1,0<t<T. Itis clear from
Eqg. (10) that the solution to the above problem can be
obtained in the following form:

V223 +1-0
et

o u(lx,t;a) =A4,+ Z:;lAn cos(nmx) exp (

As in Example 1, after similar computations the solution
can be constructed as follows:

2 —2
o u(x,t;a) = cos(mx) exp (— n—+a12 = f)-

The graphics of solutions for Example 1, Example 2, and
the problem (Egs. (11-13)) in 2D and 3D are given in
Figure 1 and Figure 2 respectively.
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—&— solution of Ex. 1
08¢ —+— solution of Ex_ 2
\ solution of integer order derivative
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Figure 1. The graphics of solutions for Example 1 and
Example 2 in 2D at x = 0.1 for a = 0.8.
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[ solution of integer order derivative
[—_Isolution of Ex. 2
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Figure 2. The graphics of solutions for Example 1 and
Example 2 in 3D for a = 0.8.

4. Conclusion

In this investigation, the solution of the diffusion
problem including local time-fractional derivatives in one
dimension is constructed analytically in the series form.
Taking the SVM into account, the solution is formed in the
form of a series in terms of the eigenfunctions of a related
Sturm-Liouville problem including fractional derivative in
a proportional sense.

Based on the analytic solution, we reach the
conclusion that diffusion processes decay exponential with
time until initial condition is reached. As a tends to 0, the
rate of decay increases. This implies that in the
mathematical model for diffusion of the matter which has a
small diffusion rate the value of @ must be close to 0. This
model can account for various diffusion processes of
various methods.
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