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Highlights 

• This paper focuses on optical properties of superlattice for quantum cascade laser applications. 

• Effect of electric field intensity and quantum well thickness are studied to obtain wave functions. 

• Finite difference method (FDM) is utilized to solve 1d-Schrodinger equation. 
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Abstract 

Optical properties of GaAs/AlxGa1-xAs superlattice are studied dependent on quantum well 

thickness of gain region and doping density of injector layers underperformed electric field. 

Conduction band alignment of the superlattice is obtained by using effective mass approximation. 

1d-Schrodinger formula is solved by using FDM. Intersubband transition energies, linear 

(nonlinear and total) absorption coefficients and linear (nonlinear and total) refractive index 

changes are plotted under applied electric field intensity. Intersubband transition energy of 

electron from second excited state to first excited state shows 147 meV. It is found that -45 kV/cm 

electric field intensity and 5 nm layer thickness of last quantum well of the gain region are the 

best values for studied structure. After that, linear absorption coefficient is investigated dependent 

on carrier number in the injector region under electric field. It is found that carrier number over 

5 𝑥 1016 𝑐𝑚−2 can causes huge internal absorption of the radiative emission obtained in gain 

region due to increase in linear absorption coefficient by factor 10. As a conclusion, total 

absorption coefficient and total refractive index change are calculated for optimized parameters. 
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1. INTRODUCTION 

 

Since couple of last decades, there has been very much interest to low dimensional quantum mechanical 

systems. Especially, quantum well (QW), wire and dot (QD) multi heterostructures are under extensive 

research owing to their tremendous optical, structural and electrical properties. The studies about these 

structures lead to a novel area in solid state physics. This results in many possible applications for electronic 

and opto-electronic devices such as high-speed electron-optical modulators [1], current controlled 

transistors [2], near and mid-infrared detectors [3] and semiconductor lasers [4]. Owing to the broad 

diversity of industrial applications, multi QWs have been broadly studied for different conditions such as 

hydrostatic pressure, temperature, electric, magnetic and laser fields, different doping processes and etc.  

[5–9]. Under these conditions, it is possible to modify subband energies and their corresponded wave 

functions. Thus, energy levels are occurred in the QWs with confined carriers and this causes mainly seeing 

nonlinearities in the semiconductor structure compared with bulk materials [10,11]. 

 

In the last years, superlattices (SL) have attracted considerable attention because of their important 

electronic and optical properties and possible practical applications [12-15].  Sirtori et.  al. [16] have grown 

SL by molecular beam epitaxy (MBE) and have studied its lasing performances for quantum cascade laser 

(QCL). Razeghi et. al. [17] have studied a superlattice (SL) for different band arrangements. Then they 

have compared theory with experimental data. The absorption coefficient (linear-LIN, nonlinear-NLIN and 

total) of superlattice under electric field (e-field) is calculated by Shi et. al. [18].
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The optical properties of one-dimensional semiconductor composite structures have been deeply analyzed 

in the last two decades [19–25]. Radu [19] has examined the laser dressing of energy states in grading 

semiconductor layer arrangement. Optical rectification of strained InxGa1-xN/AlyGa1-yN quantum well by 

considering influence of the spontaneous and piezoelectric polarization fields on the potential profile is 

studied by Karimi and Vafaei [20] and also, they work on the frequency conversion. Zeiri et al. [21] study 

intrasubband NLIN optical properties in asymmetric (Cadmium Sulfide/Zinc Selenide - CdS/ZnSe) QWs. 

Keshavarz et. al. [22] work on LIN and NLIN intrasubband optical absorption for double semiparabolic 

QW. Refractive index changes and absorption coefficients are calculated asymmetric double QW in a GaAs 

by Rodriguez et al. [23]. Ungan et al. [26,27] have deeply investigated effect of different confinement 

potentials on optical properties of QW. As a result, all referred works in this paper have not been considered 

only for their physical shapes, there are important effects of physical shapes on the optical properties of 

semiconductor layer arrangements. Nevertheless, even published many papers to analyze MQWs (multi-

quantum well), Superlattices are not studied extensively except for limited number of studies [28] to 

examine optical properties. 

In this work, optical properties of the GaAs/Al0.33Ga0.67As SL for QCL is studied depending on superlattice 

thickness and carrier number under applied electric field. Intersubband transition energies, dipole matrix 

elements, LIN, NLIN and total absorption coefficients and LIN (NLIN and total) refractive index changes 

are found for 𝐸21 and 𝐸32 transitions. In the calculations, almost the same experimentally grown hetero 

structure by Sirtori et. al. is studied. Effective mass approximation is considered in numerical calculations 

and 1d-Schrodinger equation is solved by utilizing FDM.   

 

2. THEORY 

 

In this research, GaAs/Al0.33Ga0.67As based superlattice is designed and study is done perpendicular to 

growth plane. Superlattice is split into two part as active region (gain) and electron source (injector) regions. 

Quantum mechanical calculations are done independently due non-interaction of the quantum energy 

levels. Gain region has asymmetric triple quantum wells and injector region has asymmetric five quantum 

wells. E-field is chosen as 𝐹⃗ = 𝐹𝑧. In this condition, Hamiltonian is described as [29]; 

𝐻 =
𝑝⃗2

2𝑚∗ + 𝑉(𝑧) + 𝑒𝐹𝑧 .                                                                                                                  (1) 

Symbol 𝑚∗ represents effective mass of electron, which is used as 0.067𝑚0. Free electron mass is 

represented as 𝑚0. Square of momentum operator and electron charge are symbolized as   𝑝2 and 𝑒. 𝑉(𝑧) 

is the SL quantum barrier height in energy. For GaAs/Al0.33Ga0.67As system conduction band offset is taken 

as 0.6 and potential discontinuity 𝑉(𝑧) is 0.228 meV. To solve Equation (1), eigenfunctions of the infinite 

QW is used as given below for well width 𝐿; 

𝜓𝑛(𝑧) = √
2

𝐿
cos (

𝑛𝜋𝑧

𝐿
− 𝛿𝑛)                                                                                                                      (2) 

where 𝛿𝑛 is; 

𝛿𝑛 = {
0, 𝑛 𝑖𝑠 𝑜𝑑𝑑

𝜋

2
, 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

  .                                                                                                                   (3) 

After deriving the energy states and corresponded wave functions, LIN and NLIN absorption coefficients 

are calculated as follow [30]: 

𝛽(𝑤) = 𝑤√
µ

𝜀𝑟

|𝑀𝑖𝑗|
2

𝜎𝑣ђГ𝑖𝑗

(𝛥𝐸𝑖𝑗−ђ𝑤)2+(ђГ𝑖𝑗)2                                                                                                       (4) 

𝛽(3)(𝑤, 𝐼) = −2𝑤√
µ

𝜀𝑟
(

𝐼

𝜀0𝑛𝑟𝑐
)

|𝑀𝑖𝑗|
4

𝜎𝑣ђГ𝑖𝑗

((𝛥𝐸𝑖𝑗−ђ𝑤)2+(ђГ𝑖𝑗)2)2 (1 −
|𝑀𝑗𝑗−𝑀𝑖𝑖|

|2𝑀𝑖𝑖|2

(𝛥𝐸𝑖𝑗−ђ𝑤)2−(ђГ𝑖𝑗)
2

+2𝛥𝐸𝑖𝑗(𝛥𝐸𝑖𝑗−ђ𝑤)

𝛥𝐸𝑖𝑗
2+(ђГ𝑖𝑗)

2 )       (5)
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where 𝑤 represents the angular frequency and Г𝑖𝑗 is relaxation time for intersubband transitions. µ and  𝜀𝑟 

symbolize the magnetic permeability and real side of the electrical permittivity.  𝜎𝑣 is the electron density, 

ђ is Planck constant and transition energy is defined as 𝛥𝐸𝑖𝑗 between excited and ground energy state of 

the electron. 𝑀𝑖𝑗 corresponds to transition dipole element and it is given as [31]; 

𝑀𝑖𝑗 = ∫ 𝜓𝑗(𝑧)∗ |𝑒| 𝑧 𝜓𝑖(𝑧)  𝑑𝑧  .                                                                                                                (6) 

Sum of LIN and NLIN is defined as total absorption coefficient and it is written as given below; 

𝛽(𝑤, 𝐼) = 𝛽(1)(𝑤) + 𝛽(3)(𝑤, 𝐼) .                                                                                                     (7) 

 

The LIN and NLIN refractive index change are formulated as [32]: 

𝛥𝑛(𝑤)

𝑛𝑟
=

|𝑀𝑖𝑗|
2

𝜎𝑣

2𝑛𝑟
2𝜀0

[
𝛥𝐸𝑖𝑗−ђ𝑤

(𝛥𝐸𝑖𝑗−ђ𝑤)2+(ђГ𝑖𝑗)2]                                                                                                             (8) 

𝛥𝑛(3)(𝑤,𝐼)

𝑛𝑟
= −

µ𝑐|𝑀𝑖𝑗|
2

4𝑛𝑟
3𝜀0

𝜎𝑣𝐼

((𝛥𝐸𝑖𝑗−ђ𝑤)2+(ђГ𝑖𝑗)2)
2 [4(𝛥𝐸𝑖𝑗 − ђ𝑤)|𝑀𝑖𝑗|

2
−

(𝑀𝑗𝑗−𝑀𝑖𝑖)
2

𝛥𝐸𝑖𝑗
2+(ђГ𝑖𝑗)

2 {(𝛥𝐸𝑖𝑗 − ђ𝑤)𝛥𝐸𝑖𝑗(𝛥𝐸𝑖𝑗 −

ђ𝑤) − (ђГ𝑖𝑗)
2

(2𝛥𝐸𝑖𝑗 − ђ𝑤)}]. (9) 

Finally, sum of LIN and NLIN gives total refractive index change, which is expressed as;   

𝛥𝑛(𝑤,𝐼)

𝑛𝑟
=

𝛥𝑛(1)(𝑤)

𝑛𝑟
+ 

𝛥𝑛(3)(𝑤,𝐼)

𝑛𝑟
 .                                                                                                              (10) 

 

3. RESULTS AND DISCUSSIONS 

 

The variables utilized in the work are as follow; 𝑚∗ = 0.067𝑚0, 𝑉0 = 228 𝑚𝑒𝑉, 𝐼 = 0.4 𝑀𝑊/𝑐𝑚2 µ =
4𝜋 𝑥 10−7 𝐻 𝑚−1, 𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2, 𝜏21 = 0.14 𝑝𝑠, 𝜏32 = 2.4 𝑝𝑠 Г𝑖𝑗 = 1/𝜏𝑖𝑗 and 𝑛𝑟 = 3.3254. We 

have divided SL into two part. First, we focus on asymmetric gain region then we consider injector region. 

For the gain region, thickness (𝐿) of the last quantum well is changed under applied electric field intensity. 

Schematic of the conduction band diagram of the SL for different 𝐹 values are plotted in Figure 1. 
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Figure 1.  Conduction band diagram and energy levels of SL for (a) 𝐹 = 0 
𝑘𝑉

𝑐𝑚
, (b) 𝐹 = −45 

𝑘𝑉

𝑐𝑚
 and (c) 

𝐹 = −90 
𝑘𝑉

𝑐𝑚
 

 

Thicknesses are in nm scale and layers are as follow (from left to right) for one period SL: 

3.4/3.2/2.0/2.8/2.3/2.3/2.5/2.3/2.5/2.1/5.8/1.5/2.0/4.9/1.7/𝑳(𝟒. 𝟓 − 𝟓. 𝟓) nm. QWs are in bold, barriers are 

in normal font. The underlined layers are doped layers of injector section. When applied electric field 

intensity is zero, ground and first excited energy states are localized in the middle and right quantum well 

in the gain region due to thicker wells (Figure 1(a)). Second excited energy state is localized in the first thin 

quantum well. Electric field affects the localizations in the quantum wells (Figure 1(b)). Ground state 

localizes in the last well in gain while first excited energy state is localized in the middle quantum well. As 

an effect of electric field, localization of the second excited energy state decreases in the first thin well in 

gain and distributed to all wells. When electric field intensity is increased further, separation in localization 

of the ground and first excited energy states becomes more pronounced in gain and second excited energy 

state starts to localize in the last well more (Figure 1(c)). While ground, first and second excited state 

energies are increasing proportionally with electric field, transition energies 𝐸21 = 70 𝑚𝑒𝑉 and 𝐸32 =
146 𝑚𝑒𝑉 are almost constant. This unchanged feature is very important for QCL applications because 

emission wavelength is kept constant. On the other hand, 𝐸32transition probability is increasing with 

electric field intensity at first but excess increase of the electric field causes localization of electrons in the 

third quantum well more, that decreases probability of 𝐸32 transition because second excited energy state 

start behaving like unbounded energy state that causes electron leakage so this destroys probability of 

radiative recombination in the gain region. So that this limits maximum working voltage of QCL. 𝐸21 

transition energy is 36 𝑚𝑒𝑉 which is higher than longitudinal mode energy in GaAs. This enables non-

radiative electron transition from first excited state to ground energy state with energy relaxation by phonon 

vibrations. So that, continuous electron flow from gain region to injector region is possible. Same as in 

gain, applying electric field also increases ground, first and second excited energy states in the injector 

region. When ground state is localized at the left side of the injector region, second and third energy levels 

distributed through injector region. As electric field is applied, localization of the ground state is shifting 

toward gain. With the help of electric field, ground state of injector and second excited state of the gain are 



1183  Behcet Ozgur ALAYDIN/ GUJ Sci, 34(4): 1179-1191 (2021) 

 
 

leveling so that electron tunneling between these states becomes possible. This is main purpose of using 

injector region in QCL structures so that one electron involves more than one radiative transition after each 

tunneling to active region. 

 

 
Figure 2.  𝐿 versus (a) state’s energy variation for different electric field values (upper) and (b) square of 

dipole matrix element (lower) 

 

As expected, energy is inversely proportional with 𝐿 but almost the same change happens for all energies 

so that 𝐿 has negligible effect on radiative transition value (Figure 2). On the other hand, radiative transition 

probability is proportional with 𝐿 for zero field and −45 
𝑘𝑉

𝑐𝑚
 electric field value owing to enhanced 

overlapping of wave functions. However, −90 
𝑘𝑉

𝑐𝑚
 electric field and thicker 𝐿 have limited effect on square 

of dipole matrix element because of that increasing quantum well does not contribute radiative transition 

anymore. While increasing 𝐿 results in lower square of dipole matrix element for 𝐸21 transition, change 

dependent on the electric field has the same ratio for −45 
𝑘𝑉

𝑐𝑚
 and −90 

𝑘𝑉

𝑐𝑚
. Also, higher electric field has 

lower square of dipole matrix element which is not desired for continuous electron flow in the conduction 

band. In the end, change in square of dipole matrix element for 𝐸21 and 𝐸32 are factor -2 and 2. In this case, 

optimum value for quantum well thickness is around 5 nm for the last quantum well in the gain region. 

In this part of the paper, optical properties of the injector and gain region is discussed. Linear absorption 

coefficient and refractive index change are investigated by means of 𝐿 and carrier number under applied 

electric field. 
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Figure 3. Energy versus (a) linear absorption coefficient (upper) and (b) refractive index (lower) change 

for different electric field values in gain region. 𝐿 = 5 𝑛𝑚 and 𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2are taken 

 

As shown in Figure 3(a), linear absorption coefficient is increasing with electric field for radiative 𝐸32 

transition. At the same time, it is decreasing for 𝐸21transition. High value of the absorption coefficient can 

have big impact on output power of QCL because of internal absorption. So that as much as low absorption 

coefficient is desired. Linear absorption coefficient is decreasing with increased electric field intensity for 

𝐸21, that is a good indication for higher emission. Moreover, electric field has no major effect on the linear 

refractive index Figures 3(b). Change in linear refractive index is negligible small for all electric field 

intensity.  

 
Figure 4.  𝐿 versus linear absorption coefficient for (a) 𝐸21 and (b) 𝐸32 for different electric field values. 

𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2is taken 

 

Same as electric field, maximum of the linear absorption coefficient for 𝐸21 transition is decreasing 

depending on the 𝐿 under electric field (Figure 4) but it is almost constant for zero electric field. Increasing 

𝐿 increases linear absorption coefficient for zero and −45 
𝑘𝑉

𝑐𝑚
 electric field intensities for 𝐸32 . But, it is 

first saturated and then decreasing for −90 
𝑘𝑉

𝑐𝑚
 electric field intensity. Possible explanation of this behavior 
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is saturation in square of dipole matrix element for 𝐸32 as shown in Figure 2(b) under strong electric field 

intensity and small decrease in 𝐸32. 

 

 
 

 
Figure 5.  Energy versus (a) linear absorption coefficient for injector region under different electric field 

intensity (upper) for 𝐿 = 5 𝑛𝑚 and 𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2 and (b) carrier number versus linear absorption 

coefficient for 𝐸21and 𝐸32 

 

As shown in Figure 5(a), transition energy in injector region has blue shift with increased electric field due 

to rearrangement of electronic energy levels. Linear absorption coefficients for 𝐸21 are also relatively small 

compared with 𝐸32 even under electric field. In all cases, linear absorption coefficients are less than 

100 𝑚𝑒𝑉 while radiative transition in gain region is 147 𝑚𝑒𝑉 (Figure 5(b)). Because of that injector region 

can cause strong internal absorption of radiative emission. That can cause a rapid decay in total output 

power. On the other hand, variation of carrier number enhances linear absorption coefficient for 𝐸21 and 

𝐸32. That can also turn down the benefit obtained by doping of injector region. So that doping has huge 

inverse impact on the optical properties. Excess of doping in the injector region can cause non-lasing while 

expecting enhancement. 
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Figure 6. Energy versus (a) nonlinear absorption coefficient (upper) and (b) nonlinear refractive index 

(lower) change for different electric field values in gain region. 𝐿 = 5 𝑛𝑚 and 𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2are 

taken 

 

In this part of the paper, nonlinear optical properties of SL are investigated. Due to perturbative effect, 

calculations are done for optimized 𝐿 and 𝜎𝑣. Figure 6(a) shows nonlinear absorption coefficients depending 

on the applied electric field. It is seen that nonlinear absorption coefficient for 𝐸21 is decreasing due to 

lower square dipole matrix element with increased electric field. However, it is first increasing for 𝐸32 with 

applied electric field then it is almost constant for higher electric field intensity. That is important for stable 

laser performances. As seen in Figure 6(b), nonlinear refractive index change is negligible for 𝐸21 transition 

and nonlinear refractive index change for 𝐸32 is comparable with linear refractive index change in the gain 

region. Blue shift is also observed due to small deviation in transition energies under applied electric field 

for nonlinear absorption coefficients and nonlinear refractive index change. While blue shift is pronounced 

from 0 electric field to −45 𝑘𝑉/𝑐𝑚, it does not change much after −45 𝑘𝑉/𝑐𝑚 till −90 𝑘𝑉/𝑐𝑚. 
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Figure 7. Energy versus (a) total absorption coefficient (upper) and (b) total refractive index (lower) 

change for different electric field values in gain region. 𝐿 = 5 𝑛𝑚 and 𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2 are taken 

 

Total absorption coefficients are calculated as shown in Figure 7(a), linear absorption coefficient is 

dominant as a result of lower contribution from nonlinear absorption coefficient as a perturbative term. It 

is seen that total refractive index change is negligible due to low carrier number in the gain region. That is 

very important conclusion in order to provide bias independent lasing. 

 

In Figure 8(a), nonlinear absorption coefficients are given for injector region. Nonlinear absorption 

coefficient is very low for 𝐸21  transition. Nonlinear absorption coefficient for 𝐸32transition is inversely 

proportional with electric field intensity. That is indication of lower internal absorption of laser light in the 

injector region during operation. Small amount of blue shift is also observed for 𝐸21 and 𝐸32 as in gain 

region. Same is in gain region refractive index change is also very low in the injector region. That is 

attributed with low doping of injector region because as given in Equation (9), nonlinear refractive index 

change is linearly proportional with carrier number.  
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Figure 8. Energy versus (a) nonlinear absorption coefficient (upper) and (b) nonlinear refractive index 

(lower) change for different electric field values in injector region. 𝐿 = 5 𝑛𝑚  𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2are 

taken 

 

In Figure 9, total absorption coefficient and total refractive index change are given. Even though blue shift 

is observed for 𝐸21 transition, total absorption coefficient is very low. Same shift is also observed for 𝐸32 

and total absorption coefficient is first increasing than decreasing  around 10% in the injector region. That 

can contribute higher laser performances at higher bias voltage. Total refractive index change is a few 

percent in the injector region under applied electric field and that will have small effect on device efficieny.  
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Figure 9. Energy versus (a) total absorption coefficient (upper) and (b) total refractive index (lower) 

change for different electric field values in injector region. 𝐿 = 5 𝑛𝑚 and 𝜎𝑣 = 1 𝑥 1016 𝑐𝑚−2are taken 

 

 

4. CONCLUSION 

 

In summary, optical and electrical properties of superlattice structure for quantum cascade laser applications 

are studied.  Effect of last quantum well thickness (𝐿) and carrier number under applied electric field are 

studied for active region of SL and effect of carrier number is studied for linear optical properties of the 

SL. After that nonlinear optical properties are investigated for constant superlattice thickness and carrier 

number. Total absorption coefficients and total refractive index change are found out. Finite difference 

method is used for obtaining wave functions and energy states under effective mass approximation. Even 

though electric field intensity and 𝐿 have big impact on the distribution of energy states and square density 

matrix. Transition energies 𝐸21 and 𝐸32 are constant. −45 
𝑘𝑉

𝑐𝑚
 electric field intensity and ~5 𝑛𝑚 quantum 

well thickness are found as best parameters for highest radiative emission around 147 𝑚𝑒𝑉 for studied 

structure. Internal absorption of the radiative emission in injector region and gain region are possible. 

Doping of the injector region is very crucial and in case of heavy doping levels (1 𝑥 1017 𝑐𝑚−2) to increase 

number of electron in circulation can destroy the benefit obtained from higher number of electron exist in 

radiative recombination.  Effect of nonlinear absorption coefficient and nonlinear refractive index change 

are studied. It is seen that there is negligible effect of nonlinear refractive index change and nonlinear 

absorption coefficients are almost constant for different electric field intensities. As a conclusion, this study 

is exceptional due to considered effect and can contribute to literature while designing the laser gain and 

injector. 
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