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In Turkey, approximately 20% of the energy expended is spent on transportation. Light rail 

transportation technology is still in an evolving process. In this development process, it is crucial 

to have information about the energy consumption of the light rail vehicle according to the 

different situations of both the vehicle and the railway. 

It is necessary to predict the power losses that will occur under different driving conditions 

sensitively to ensure energy efficiency in light rail systems. The most important of these power 

losses is the resistance loss caused by contact with the route. Resistance loss is dependent 

multiple environmental conditions. The most important of these conditions can be listed as the 

weight of the light rail vehicle, the instantaneous speed of the vehicle, the curve of the route, the 

ramp slope of the route and the friction force arising from these conditions. Resistance loss is 

proportional and linearly dependent to some of these variables while others show reverse or 

nonlinear dependence. Due to these different types of dependencies, it is seen that a single 

multivariate nonlinear model is needed to explain the loss of resistance in all different conditions. 

In this study, a new and accurate model for resistance losses has been developed by fitting 

numerical values obtained from different scenarios to multivariate nonlinear regression model. 
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1. Introduction 

It is not enough to just focus on production for today's rapidly 

developing technology. Efficient use of technology is more 

important than production for both financial and 

environmental resources. Technology needs efficient use of 

resources to be sustainable. The methods applied for 

efficiency management in rail systems in Turkey is seen as 

inadequate in terms of sustainability. Depending on the 

developments in the field of rail systems, if the efficiency 

studies in this field increase, both the financial accumulation 

of the country can be increased and the positive effects of 

reducing energy use on the environment can be observed. 

There are several studies in the literature on the efficiency of 

rail systems. Since this study deals with a light rail vehicle, 

the case studies on the efficiency of light rail vehicles in the 

literature are mentioned, as well as some examples of single 

studies on different energy management systems. 

In the project named MALTESE, energy consumption 

calculations of the existing LRT systems for energy 

management and efficiency in Light Rail Systems in Europe 

were made, in addition to this, a new vehicle with the energy 

balance archetype (EPA) Model was developed [1]. In 

another study, train energy consumption model was 

developed according to instantaneous regenerative braking 

efficiency and the developed model was calibrated with an 

unrestricted nonlinear optimization procedure using data 

from Portland, Oregon [2]. In the related study, it has been 

explained that energy recovery reduces the total power 

consumption by 20% and significantly increases the energy 

efficiency of the system. This study applies to project-level 

analysis and can come to the energy efficiency planning 

http://www.dergipark.gov.tr/ijeat
mailto:msertoz@


M. Sertsoz and M. Fidan: A multivariate nonlinear regression model for the resistance power of a light rail vehicle 

 

International Journal of Energy Applications and Technologies, Year 2021, Vol. 8, No. 1, pp. 33-38                                           34 

 
stage. The results also show that the proposed modelling 

approach can capture the energy consumption differences 

associated with trains, routes, and operational characteristics. 

In rail systems, the instantaneous deceleration level is related 

to energy regeneration and this can be used in railway 

crossing energy modelling. Mittal suggested an analytical 

method to estimate energy consumption related to speed, 

passenger load and train configuration accurately [3]. 

Mittal’s study has two critical disadvantages. Firstly, Mittal’s 

model only depends on average speed (exist of fluctuations) 

for energy prediction. Secondly, Mittal’s model is lack of 

energy regeneration.  

In the literature, models used for energy optimization have 

disadvantages due to insufficiency in instant energy 

prediction [4-9]. A passenger rail simulation framework, 

which incorporated route and train characteristics, speed, 

passenger load and regenerative braking into the energy 

modelling practice, was designed by The National 

Cooperative Rail Research Program (NCRRP) [10]. The 

design of the NCRRP is an excel-based tool and could not be 

implemented in complex frameworks, such as smartphone 

eco-driving, eco-routing systems and traffic simulation 

software. In addition, the energy prediction within the 

framework uses only average speed and a constant 

regenerative efficiency. Other studies have complexity in 

model specification so they are not suitable for intelligent 

transportation system (ITS) applications [11-13]. These 

models cannot be used especially for road electric vehicles. 

There have been numerous studies on modelling rail electric 

consumption but as mentioned they are not sufficient for 

having some disadvantages [14-18]. 

In one of the related studies, a method has been proposed to 

identify the parameters of the simplified running resistance 

formula for different types of trains by utilizing telemetric 

data that are available for almost all railway companies [19]. 

The method of Aradi, Becsi and Gaspar can determine the 

parameters of the formula from historical data in an offline 

way. Since the method considers the inclinations of the 

railway tracks any runs recorded can be used for the 

evaluation of the parameters in contrast with the classic 

methods that need tracks with constant grades or special test 

cases.  

Spinalbese expressed running resistance as a multiplication 

of mass and second degree polynomial function of speed of 

a train to use in CFD analysis for aerodynamic resistances 

[20]. Michalek expressed train resistance with multiplication 

of the weight of the train and a second degree polynomial of 

speed for a container train [21]. Kwon modelled resistance of 

high speed train with second degree polynomial of speed, 

where the coefficients of the polynomial depends on mass of 

train, dimensionless parameter related to type of rolling 

stock, front surface cross section area, parameter for shape of 

the train,  parameter for condition of the surface and partial 

perimeter of the rolling stock down to rail level [22]. Both 

resistance models of Spinalpese, Michalek and Kwon do not 

include the effects of curve and ramp of the road, which are 

handled by our research. 

The structure of this study can be summarized as follow: In 

the Introduction section, energy efficiency management and 

its importance in rail systems; applications of energy 

efficiency management in this area in the world are given. In 

the Resistance of Light Rail Vehicles Section, resistance for 

the movement of the light rail vehicles (LRV) and LRV is 

explained in detail. Theoretical explanation of the model 

used is given in Multivariate Nonlinear Regression Model 

Section. How the model is applied to train resistance problem 

and the problem’s equation is given in Proposed Model for 

Resistance Section. The accuracy tests of the model (such as 

RMSE and statistical compatibility) are specified in 

Numerical Results of Proposed Model Section. And lastly, 

the results, outcomings, and benefits of this study is handled 

in Conclusion Section. 

2. Resistance of Light Rail Vehicle 

In this study, the ESTRAM LRV is modelled, which is shown 

in Fig.1. Tram sets of LRV are produced by Bombardier. This 

LRV has five cars. Five cars are positioned with four joining 

modules at each end. Each joining module has a bellow in 

gangway. Vehicle are fitted with three bogie modules. First 

two cars have motor bogies and third one has a trailer bogie 

which is not electrically powered. All the bogies have same 

basic construction. Cars 1, 2, 4 and 5 are equipped with 

sliding plug doors. All doors are located on the right side of 

the vehicle according to direction of travel. 

 
Fig. 1. Eskişehir Light Rail Vehicle [23] 

2.1. Power consumption due to resistance force 

The P value is the power requirement for continuous regime. 

GT is load of the LRV and there are four types load. These 

are empty load (AW0), AW0 plus full seated load, including 

crew (AW1), AW1 plus 4 passengers per m2 (AW2) and 

AW1 plus 6 passengers per m2 (AW3) for this locomotive. V 

is speed, r is ramp level as %, k is radius of curve in terms of 
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meter, n is axle number, 𝑟𝑡 is cruising resistance, 𝑟𝑘 is curve 

resistance and 𝑟𝑟  is the gradient resistance of LRV set. 

Summation of all resistances is T as named Wheel Force. 

Other resistances as aerodynamic and acceleration 

resistances are neglected in this study. 

𝑃 =
𝑇×𝑉

367
 (kW)     (1) 

𝑇 = 𝑟𝑡 + 𝑟𝑘 + 𝑟𝑟      (2) 

𝑟𝑡 = (0,65 +
13×𝑛

𝐺𝑇
+ 0,01 × 𝑉 +

0,031×(𝑉+15)2

𝐺𝑇
)𝐺𝑇  (3) 

𝑟𝑘 = (
400

𝑘−20
) 𝐺𝑇     (4) 

𝑟𝑟 = 𝑟 × 𝐺𝑇       (5) 

The sum of all resistance types has a linear relationship with 

power consumption according to Equation (1). The T, which 

denotes the wheel force, can be increased by either 

decreasing V or increasing P, traction power in theoretically. 

However, the adhesion caused by the wheel force limits the 

power. Adhesion is dependent to the physical characteristics 

of the materials used in the structure between rail and wheel, 

but this study is not concentrated to adhesion factor. 

3. Results and Discussion 

If we assume that f is a nonlinear function chosen for the 

expectation of Y, then we can generalize the nonlinear 

regression as Equation (6)[24]. 

Y = f(X⃗⃗ , β⃗ ) + ε     (6) 

In Equation (6), 𝑋  denotes the vector of input variables, 𝛽  

denotes the vector of coefficients of the model to be expected 

by fitting Y and 𝜀 is error of the model. The expected value 

of 𝜀 is assumed as 0 as in linear regression model. 

The model parameters defined by β⃗  vector is found by 

applying least squares method as expressed in the following 

steps. 

1. Define the P dimensional expectation surface 𝜂(𝛽) in n 

dimensional response surface for Y. 

2. Find the closest point �̂� to Y by applying Equation (7). 

η̂ = QQTY      (7) 

3. Approximate the parameter vector β⃗  by Equation (8). 

β̂ = R−1QTη̂     (8) 

For Equations (7) and (8), X = QR where X is a matrix that 

contains possible 𝑋  vectors in its columns. 

4. Proposed Model for Resistance 

In the proposed model, there are four input variables. These 

input variables of the multivariate regression model are taken 

as discrete variables whose possible values are defined as 

below. 

𝑋1 =GT: [32.28 ;  43.08;  46.455;  53.677 ] 𝑡𝑜𝑛𝑒 (9) 

Number of GT types (NGT): 4                (10) 

𝑋2 =V:[0;  10;  20;  30;  40;  50;  60;  70 ]km/h              (11) 

Number of V types (NV):8                (12) 

𝑋3 =k: [21;  28;  35;  42]𝑚                (13) 

Number of k types (NK):4                (14) 

𝑋4 =r: [-7; 0; 7] %                 (15) 

Number of r types (NR):3                (16) 

𝑁𝑠𝑐𝑒𝑛𝑎𝑟𝑖𝑜 = 𝑁𝐺𝑇 × 𝑁𝑉 × 𝑁𝐾 × 𝑁𝑅 =384              (17) 

As shown in Equation (17), 384 four-dimensional input 

vectors are constructed for 384 possible scenarios. 

Four sequential nonlinear regression models are constructed 

by least square method with bi-square robust weight function 

[25]. First model is a univariate model, which just depends 

on GT as shown in Equation (18). 

Tmodel1 = β1,1 + β1,2X1

β1,3
                (18) 

Second model is a bivariate model, which is multiplication of 

first model and a model which depends on V as shown in 

Equation (19).  

Tmodel2 = ∏ (βi,1 + βi,2Xi

βi,3)2
i=1                (19) 

Third model is a three-variable model, which is 

multiplication of second model and a model which depends 

on k as shown in Equation (20). 

Tmodel3 = ∏ (βi,1 + βi,2Xi

βi,3)3
i=1                (20) 

The fourth and ultimate model is summation of third model 

and a model which depends on r as shown in Equation (21). 

Tmodel4 = ∏ (βi,1 + βi,2Xi

βi,3)3
i=1 + (β4,1 + β4,2X4

β4,3)    (21) 

The optimum parameters found for these for model are listed 

in Table 1. 

Table 1. 𝛽𝑖,𝑗 Coefficients of the resistance model 

𝛃𝒊,𝒋 j=1 j=2 j=3 

i=1 744.7489 69.5402 1.1244 

i=2 0.9819 0.0001 1.4737 

i=3 0.0547 3.4 ∙ 108 -6.0851 

i=4 2.8687 43.8730 1 

5. Numerical Results for Proposed Model 

By using just GT components of the input vectors, the 

predictions shown in Fig.2 can be obtained by first model. 

This model gives an approximate average resistance under 

specific load (AW0, AW1,AW2 or AW3). The Model1 

shown in Fig.2 does not give an information about the 
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resistance oscillations caused by curve and ramp. Moreover, 

Model1 is lack of inclination information in the resistance 

behavior caused by increase in speed. 

 
Fig.2. Prediction of Model1 for resistance force 

The second model uses GT and V components of the input 

vectors and find the predictions shown in Fig. 3. The model 

handles variations not only in load, but also in speed. The 

addition of the speed information to the model enabled to the 

catch the trend in the inclined increase of the mean value of 

the resistance vibration. 

 
Fig.3. Prediction of Model2 for resistance force 

The third model includes effect of curve in the model and 

obtained the predictions shown in Fig. 4. The third model 

gives strong information about resistance force which shows 

that curve is crucial for resistance force. In Fig.4, the 

oscillations of the resistance can be approximately predicted 

by including information of the curve. 

 
Fig.4. Prediction of Model3 for resistance force 

The forth and complete model handles both load, speed, 

curve and ramp variables and find the predictions shown in 

Figure 5. This model fine tunes the predictions of third model 

by using information of the ramp. The Model4 shown in 

Fig.5 has a component of ramp. 

 
Fig.5. Prediction of Model4 for resistance force 

The predictions of Model1 are also scattered in terms of exact 

values of the resistance force as in Figure 6. Due to the 

inability of Model1 to catch the resistance oscillation caused 

by the curve and ramp, the predicted values fell to points far 

from the exact values and this primitive model shows that 

load is not sufficient to obtain resistance force as shown in 

Figure 6. 

 

Fig.6. Exact T values vs. predictions of Model1 

The predictions of Model2 are scattered in terms of exact 

values of the resistance force as in Figure 7. As shown in 

Figure 7, load and speed are not sufficient to obtain resistance 

force, but this model constructs the backbone of the ultimate 

model. 

 

Fig.7. Exact T values vs. predictions of Model2 

The predictions of Model3 are scattered in terms of exact 

values of the resistance force as in Figure 8. Inclusion of the 

curve information strengthens the model significantly. 

The predictions of ultimate model are scattered in terms of 

exact values of the resistance force as in Figure 8. As shown 

in Figure 9, ramp fine tunes the predictions of Model3. 

The RRMSE% and MAPE% of the models are given in Table 

2. 
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Fig.8. Exact T values vs. predictions of Model3 

 
Fig.9. Exact T Values vs. Predictions of Model4 

Table 2. RRMSE and MPE of models as percentage 

Models RRMSE% MPE% 

Model 1 126.34 221.76 

Model 2 126.33 221.60 

Model 3 10.79 5.38 

Model 4 9.84 8.14 

When the values in Table 2 are examined, it is seen that the 

prediction error of Model3 is reduced to reasonable levels 

and Model4 provides an improvement in the error in terms of 

RMSE. The correlation of the predictions of the models with 

exact resistance force are given in Table 3. 

    Table 3. R of Models 

Models R 

Model 1 0.1337 

Model 2 0.1341 

Model 3 0.9964 

Model 4 0.9970 

When the correlation values in Table 3 are examined, the 

outputs of Model-1 and Model-2 cannot provide sufficient 

correlation with the actual values, while Model-3 captures a 

very strong correlation with the real data due to the 

oscillation in resistance, and this correlation of Model-4 is 

further It has been seen to strengthen. 

6. Conclusion 

By conclusion, the proposed model reveals the nonlinear 

relation of the resistance force with load, speed, curve and 

ramp. The results obtained by Model3 and Model4 shows the 

crucial role of curve on resistance force. The usage of curve 

does not only decrease the RMSE, but also increase the 

correlation of the model with exact T values significantly. 

There is an exponentially inverse relationship with resistance 

and curve. The multivariate model is a multiplicative model 

of the models of load, speed and curve, which is improved by 

summation of ramp model. As a future work, the coefficients 

of the model can be improved by using NARX-net or ANN 

and different nonlinear regression models can be tested for 

obtaining a more sensitive model. 
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