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ABSTRACT. In this paper we extend the trapezoid inequality to the complex
integral by providing upper bounds for the quantity

(v—u>f<u>+<w—v>f<w>—/f<z>dz
vy

under the assumptions that « is a smooth path parametrized by z (t) , t € [a, b],
u=2z(a),v=2z(z) with z € (a,b) and w = z (b) while f is holomorphic in G,
an open domain and v C G. An application for circular paths is also given.

1. INTRODUCTION

Inequalities providing upper bounds for the quantity

b
(t—a)f(a)+(b—t)f(b)—/f(S)ds, t € la,b] (1)

are known in the literature as generalized trapezoid inequalities and it has been
shown in |2] that

(t—a)f(a)+@—=1)f(b)— [ f(s)ds (2)

a

1 t_ Cb+b b

< §+ ﬁ (b—a)\a/(f)
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1114 S. S. DRAGOMIR

for any ¢ € [a,b], provided that f is of bounded variation on [a,b]. The constant 1
is the best possible.
If f is absolutely continuous on [a,b], then (see [1, p. 93])

b
(t—a)f(a)+(b—t)f(b)—/ £ (s)ds 3)

atb \ 2
1 (5E) | e-arir. if '€ Loo 8]

1
q+1 q+1l]4q .
e [(fzz) + () } (b—a) Y, i S € Ly fab),

N p>1, 5+ =1
L+ 5 e-alr,
for any t € [a,b]. The constants %, i and m are the best possible.
Finally, for convex functions f : [a,b] — R, we have [4]

1

s[e—07 0 -t s )]

b
<G-0fO+E-a)f@- [ Fs)ds

<slo-0tr e -t-ar @
for any t € (a,b), provided that f” (b) and f! (a) are finite. As above, the second
inequality also holds for ¢t = a and t = b and the constant % is the best possible on
both sides of ().

For other recent results on the trapezoid inequality, see [3], [7], [8], |9] and [11].

In order to extend this result for the complex integral, we need some preparations
as follows.

Suppose v is a smooth path parametrized by z (t), t € [a,b] and f is a complex
function which is continuous on «. Put z (a) = u and z (b) = w with u, w € C. We
define the integral of f on v, , =7 as

b
/f(z)dzz £ () dz ::/ £z (0) 2 () dr.

We observe that that the actual choice of parametrization of v does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
v is parametrized by z (¢), t € [a,b], which is differentiable on the intervals [a, (]
and [c, b], then assuming that f is continuous on v we define

(2)dz = (2)dz + f(z)dz

Yu,w Yu,v Yo,w
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where v := z (¢). This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

b
f(2) e = / F (017 (8)]dt

and the length of the curve v is then

() = / o = /ab 12 (1) dt.

Let f and g be holomorphic in G, an open domain and suppose v C G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration
by parts formula

) (Z)d2=f(w)9(w)—f(U)9(U)—/ f(2)g(z)dz. (5)

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

/Yf(z) dz

where [[f], o :=sup.c, |f (2)].
We also define the p-norm with p > 1 by

7= ([P |dz|)1/p.

1£l = / 1 ()] 1dz]

< / F ] < Dl € (6)

For p =1 we have

If p, ¢ > 1 with % + % =1, then by Holder’s inequality we have

1f 1Ly < O, -

In this paper we extend the trapezoid inequality to the complex integral, by
providing upper bounds for the quantity

(00 £ () + (0= 0)f (w) = [ £ ()2

under the assumptions that « is a smooth path parametrized by z (t), t € [a, ],
u=2z(a), v==z(x) with z € (a,b) and w = z (b) while f is holomorphic in G, an
open domain and v C G. An application for circular paths is also given.
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2. TRAPEZOID TYPE INEQUALITIES
We have the following result for functions of complex variable:

Theorem 1. Let f be holomorphic in G, an open domain and suppose v C G
is a smooth path from z(a) = u to z(b) = w. If v = z () with x € (a,b), then
Yu,w = Yuv U Yo,ws

<v—wfw»uw—wf@o—/f@mZ

;
Wy [ o= ol + 17, [ 120l
Wl [ le=elldel, ()
and
(00 £ (W) + (0= 0)f (w) = [ £()ds
Y
< 1Py o= ol 4 17 g max o=
<0, o Jmax [z —v]. (8)
Ifp,qg>1 with%Jr%:l, then
(0= ) f () + (w—v) f (w) f

1/q
swwmw</ wqwo —+fmmw</ v—m%wo
’ 1/q
snmuwm</ vmqwo . )

Proof. Using the integration by parts formula twice we have

[ eroree-e-urw- [ e

u,v Yu,v

u,w

and

l/ (c—0) f () dz=(w—v) f(w)— | (2)dz

v, w Yo,w

If we add these two equalities, we get the following equality of interest

<v—@f@%ﬂw—@f@»—/f@ﬂz
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:L (z—v)f’(z)dz+va(z—v)f’(z)dz:/(z—v)f’(z)dz (10)

~

with the above assumptions for u, v and w on 7.
Using the properties of modulus and the triangle inequality for the complex
integral we have

(v—U)f(u)+(w—v)f(w)—/f(Z)dz

L (z—v)f’(z)dz—i—/ (2= v) f () dz

w,v Yo, w

< +

L (2= 0) ' () dz

u,v

L (2= 0) ' (=) dz

v, w

sL Iz—vlf’(Z)Ildz+L 12— ol | (2)] |d2]

u,v v, w

e [ o= ol 1 e [ = ollda S U [ 12—l
Y ' Y ’ ¥

u,v v, w u,w

which proves the inequality @
We also have

/ szvllf’(Z)lleH/ 12— ol |f ()] |d2]

u,v Yv,w
< max |z — | |1 ()l dz| + max [z — vl 17 (2)]|dz]
2% Yu,v 20w Yo,w

Smax{ max |z — vl max |z—v|}
z ’Y'U

2€Yy 0 ,w

(/ 71zl + /%’wlf’(Z)ld2|>=ferﬁﬁ|z—vl JRCIEE

U, u,w

which proves the inequality .
If p, ¢ > 1 with % + % = 1, then by Holder’s weighted integral inequality we have

/ |z—v||f’<z>||dz|+/ 2 — ol | (2)]|d2]

1/p
If' ()P |d2|>

1/q
s(/ |zv|"|dz|> (/
Yu,v Yu,v
1/q
+ / 12— |7 |dz] /
Yo, w vy

1/p
|f" ()" IdZ|> =: B.

v,w
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By the elementary inequality
ab+cd < (ap + Cp)l/P (bq + dq)l/q 7

where a, b, ¢, d > 0 and p, ¢ > 1 with % + % =1, we also have

1/q
B< —v||dz| + —v|?]d
_</ | — of? |dz] /| v||z>
1/p
fl Pd + f/ pd
(/ 1 ()P |dz] /| (=) |z|>

, 1/p
I (2)° |d2|> :

_ (/” 2 — o[t dz|> " (L

which prove the desired result @[) (I

u,v

u,w

If the path v is a segment [u, w] C G connecting two distinct points u and w in
. w
G then we write [ f(z)dz as [, f(2)dz.
Using the p-norms defined in the introduction for the segments, namely

1711 sup [h (2)|

w,w];00 =
z€[u,w]

and
w 1/p
Il = ([ 0P 1:1) forp =1,
we can state the following particular case as well:

Corollary 1. Let f be holomorphic in G, an open domain and suppose [u,w] C G
is a segment connecting two distinct points u and w in G and v € [u,w]. Then for
v=(1—s)u+sw with s € [0,1], we have

(v—U)f(UH(w—v)f(w)—/wf(z)dz

2 2
< Slw =l [21F e+ A= 15, )

1 0N,
RACEE ] 17 - (11

DN | =

< |w—u|2

and
=) f @)+ w=0)f )~ [ f()ds
< Jw =l {51 Nupa + 0= 5 1 Njug
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1
< |w — §+ s —

1
5) 17 - (12

pr,q>1with%+é:1, then

vy
1 1+1 1+1
<ol LS g (L= U g
1 14+1/q [ q+1 g1V
< T [ (=)™ 1 g (13)

Proof. Observe that if the segment [u, w] is parametrized by z (t) = (1 — t) u + tw,
then 2/ (t) =w —u

/|z—v||dz|=|w—u|/ (1= )+ tw — (1 — s)u— sw| dt
u 0

S
1
:|w—u|2/ (s—t)dt:§|w—u|252
0

/|z—v||dz\ |w—u|/|1—t)u+tu)—(1—s)u—sw|dt

and

|w—u|/ (t—s)d §|w—u|2(1—3)2.

Using the inequality (7)) we get

(v—u)f(u)+(w—v)f(w)—/f(Z)dz

1 2 1 2 2
<5 lw—uq| s, oo+ glw—ul"(1-s) [F0 M-

1 1\?
i+ (o-3) ] T

max |z —v| = max|(1—t)u+tw (1-8)u—sw|=|w—u|s
Z2€Yy 0 telo,s

1 2 2 2
< 5 lw—uf* [ + (1= 9] 17l e = o —ul

which proves .
Also

and

renax |z —v| = m[ax {lw—u| (1=t} =|w—u|(1l-24),
2€%,w

then by
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(v—U)f(u)+(w—v)f(w)—/f(Z)dz

Y

< fw =l {51 uaga + 0= 9 1 g }

—D 1 o

/|z—v|q\dz|:\w—u\/ (1=t u+tw—(1—s)u—sw|®dt
u 0

1
< o= amax 1= 5} g = o = ol (5 +

which proves (12)).
Finally, since

S
1
:‘w_u‘Q+1/ (S—t)th_ +1Sq+l|w |q+1
0 q

and

w 1
/ |z—v|q|dz|:|w—u|/ (1= ) u+ tw— (1 — 8)u— sw|?dt

1
1
= |U) _ u|¢1+1/ (t _ S)q dt = ? (1 _ S)q+1 ‘w _ u|q+17
s q

hence by @ we get . (I

Remark 1. Let f be holomorphic in G, an open domain and suppose [u,w] C G
is a segment connecting two distinct points u and w in G. Then

‘f u) + f (w /f

1
< Lo —u? [nf’u R T/ N
T — W

AORSIC _u/f

pr,q>1wzth;—|—g—1, then

UOESICIMY TR

1+1
Tl [V TR
|
< ——w
2(q+ 1)

Suppose that v C G is a smooth path from z (a) = u to z (b)) = w. If v = z ()
with = € (a,b), then v, ., = Yy UVp a0

=P 1 o> (14)

R

and

‘w_u| Hf/H[u,w];l' (15)

N =

[u+w )w]p}
141
— T

T 91+1/q (q + 1)1/q

(16)

[w,w];p
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If we consider f (z) = exp (z) with z € C, then

/ exp (z) dz = exp (w) — exp (u),

u,w

lexp (2)] = lexp (Re (2) +iIm (2))| = exp (Re (2))
and by Theorem [I] we have

|[(v—u)expu+ (w—v)expw — exp (w) + exp (u)]

< lep (e (Dl e [ 12 ollds

u,v

Hllexp ®e)l, o [ 12 ollds

v, w

<llexp Re (Dl oo [ l2=vlldel. (1)

u,w

and

[(v —u)expu+ (w—v)expw — exp (w) + exp (u)]

< flexp Re ()l ,a max [z —vf +[lexp (Re ()], 4 max |z —v|

Yu,vi H'Yv wit 2€7,

v,w

< llesp (Re (), masx |z —v]. (18)

byt
pr,q>1with}%+%:1,then

(v —u)expu+ (w—v)expw — exp (w) + exp (u)|

1/q
< llexp (Re ()l ., (/ |z —v]? |dz>

1/q
|z —v|? |dz|>

< |lexp (Re ('))Hyu,u,m (/

With the same assumption of the path « and if we consider f(z) = 2™ with

n > 1, then
wn+1 _ un+1
/z"dz =
5 n+1

and by Theorem [1| we get, by denoting ¢ (z) = z, z € C, that

+ ||exp (Re (-

Yo,w

1/a
|z —v]? |dz|> . (19)

u,w

n+1l _ , n+l
(v—u)u"—i—(w—v)w”—u

n+1
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S”PW“WMMW/;lz—MWZ+HW‘W%Mw/T|z—ﬂM4]

w,v Yo, w
< HWHHW w;oo/ |z —v||dz|, (20)
’ Yo, w
and

n+l _ , n+1l
(v—u)u"—i—(w—v)w"—u

n+1
o[l o=l e o]
<nl|" 1|%w) Zreqyax |z —v|. (21)

pr,q>1with%+%:1,then

n+1l _ , n+l
(v—u)u"—i—(w—v)w”—u

<fle, L (f

n+1

1/q
lz—ol?|dz| |+,
Yov,wiP
Yu,wiP </Y

where 7 C G is a smooth path from z(a) = u to z(b) = w and v = z(x) with

€ (a,b).

1/q
|z — | dZI)

1/q
|z — | |dZ|> , (22)

u,v v, w

<nfle]

u,w

3. EXAMPLES FOR CIRCULAR PATHS

Let [a,b] C [0,27] and the circular path 7, ;) g centered in 0 and with radius
R>0
z(t) = Rexp (it) = R (cost +isint), t € [a,b].
If [a,b] = [0, 7] then we get a half circle while for [a,b] = [0,27] we get the full
circle.
Since

|eis_eit|2: |eis{ 2Re< i(s5— t))+| zt‘
s—t

=2 —2cos (s — t) = 4sin” <2>

sin st
2

for any t, s € R, then

T

) o
els _ezt| =97
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(5]
(5]

If u = Rexp (ia) , v = Rexp (iz) and w = Rexp (ib) then

for any ¢, s € R and r > 0. In particular,

|€zsiezt| =9

for any ¢, s € R.
For t, x € [a,b] C [0,27] we then have

|6m761t| =9

v—u= Rlexp (iz) — exp (ia)] = R[cosz + isinz — cosa — isin a)

= R[cosz — cosa +i(sinz — sina)].

Since
. a+x\ . r—a
CcoST — cosa = —2sin sin
()= (")
and
. . . r—a a+x
sinxz — sina = 2sin cos ,
(%)= (57)
hence

v—u:R[—2sin (H) sin (m—a) + 24 sin (ac—a) cos (a—l—x)}
2 2 2
= 2Rsin <x2—a> [—sin( —g
= 2Risin (:z:2a) {cos (a;x) + 4 sin (a;xﬂ
= 2Risin (a:;a) exp {(a—;—x)l .

Similarly,
b— b
w—U:2Rz’sin( 233) exp {(az—; )z}
for a < x <b.
Moreover,
t— t+b
z —v = 2Risin < 3 I) exp K;) z]
and

|z —v| = ‘ZRisin (t;x) exp {<t+2b> Z:|

fora<azx, t<b.
We also have

2/ (t) = Riexp (it) and |2/ (t)|=R

1123
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for t € [a,b].

Proposition 1. Let f be holomorphic in G, on open domain and suppose Y p), r C
G with [a,b] C [0,27] and R > 0. If x € [a,b], then

sin (552_“> exp K“ ; x) z] f (Rexp (ia))
o (552 o [ (222) ] oo

b
—% / f (Rexp (it)) exp (it) dt

< 4RI (Rexp ()l (52

1 (Rexp () 5i® (277 )|
< AR (Roxp (Dl s (T70) +5in? ((55)] 2

Proof. We write the inequality (7)) for v, ;) g and = € [a,b] to get
‘2Risin (T) exp {(a—;—x) z] f (Rexp (ia))
— b
+ 2Risin (()2x> exp [(m—; ) z} f (Rexp (ib))

b
_Ri / F(Rexp (it)) exp (it) dt

. t—x
sin [ ——
2

x

dt

. t—ax
sin <2> ’ dt.

b
< 2R?||f' (Rexp (i~))\\[a,x],m/

28 | (Resp () [

x

This is equivalent to

in (“’;“) exp K“ ; x) z] f (Rexp (ia))
o (252 [ (£22) ] e

1

b
—i/a f(Rexp (it)) exp (it) dt
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sin (t;“””) ‘ dt
sin (’7) ) it (25)

xT 7t _
dt:/ sin<x>dt22(:os<x a>
@ 2 2
Tr—a
:4"2
e (75)

< RIS (Resp ()l |

b
+RIF (Rep (Do [

for x € [a,b].
Observe that

[ (%)

and
b b
t— t— b—t
/x sin <2x>‘dt :/m sin (256) dt =2 — 2cos <2>
b—z
= 4sin®
i (457),
which by produce the desired result . [

Corollary 2. With the assumptions of Proposition [1] we have

sin (T) exp [(3“: b) z] f (Rexp (ia))
+sin (T) exp [(“ *436) Z] F (Rexp (ib))

b
_% /a f (Rexp (it)) exp (it) dt

b—
< AR 17 (Rexp (D + 11 (Rex0 (D] si® ()

<SR (Rexp () g c5i® (15) . (20)

Remark 2. The case of semi-circle, namely a = 0 and b = 7 in gives the
inequality

i (§) e (5) 050 2o G)
7%/ f (Rexp (it)) exp (it) dt‘
0

<4R [||f’ (Rexp (i)l 0 .00 SI1° (%)
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+Hf’(ReXp(i'))||[x,7r],ooSiI12 (ﬂ-lzt>}

SARNF (Rexp () . [sn? (5) +5i07 (T7)] 2

for x € [0,].

Since
2
1-¥2 9\

Gin? (’/T) _ l—cos(f) _ ,

8/ 2 T 2 4

then by taking z = 7 in , we get

‘14—2’ —1+if(_R)_;/Oﬂf(Rexp(it))eXp(it)dt’

() + =
< (2 — \/§> {Hf’ (Rexp (z))||[0%]oo + [ f (Rexp (Z))H[gﬂ-]oo}
<2(2-V2) If (Rexp (i)l apoe - (29)

Further, we have the following result as well:

Proposition 2. With the assumptions of Proposition[]] we have

in (“’;“) exp K“ ; x) z] f (Rexp (ia))

+ sin (b;“"”) exp KT) z} F (Rexp (ib)

b
—%/a f(Rexp (it)) exp (it) dt
<R {max

. t—x ¥ / .
nax, sin <2> /a |f" (Rexp (it))| dt
. t - T b 2 .
sin { —— |f" (Rexp (it))| dt
< R max |sin (H>
t€la,b] 2
Proof. We write the inequality (8) for v, 4 r and z € [a,b] to get
.. (T —a a+xy . .
‘2Rz sin (2) exp {( 5 > z] f (Rexp (ia))
+ 2Risin <b;&c> exp [(m ;— b) z} f (Rexp (ib))

4+ max
tez,b]

b
/ ' (Rexp (it)) dt.  (29)
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b

—Ri/ f (Rexp (it)) exp (it) dt
o(57)
Sin

2

t— b

sin( . x) / ' (Rexp (z‘t))|dt]

_ b
< 9R? max sm(t 2”3)\ / | (Rexp (it))] dt,

t€la,b]
which is equivalent to . ([

< 2R? [ max
t€la,xz)

/ "1 (Resp (it))] dt

+ max
te(z,b]

In particular, we have:

Corollary 3. With the assumptions of Proposition[I] we have

sin bra exp Satb i| f (Rexp (ia))
(5= [(*57)
+ sin <b4“> exp [(a ng) z] F (Rexp (ib))

b —a
—% / f (Rexp (it)) exp (it) dt b

<Rsin( 1 )/ab|f’(Rexp(it))|dt. (30)

Proof. If we take in T = “T'H’, then we get
b— 3a+b
sin ( 1 a> exp [(GZ) z] f (Rexp (ia))

+sin (T) exp K“Z?’b) z} F (Rexp (ib)) —;/abf(Rexp (it)) exp (it) dt

t — atb afb
<R tefnztxb] sin ( 5 2 > / |/’ (Rexp (it))] dt
t — atb b
+ te@cb] sin 5 2 /ﬁb |/’ (Rexp (it))| dt
t— atb b
< Rtren[;a%] sin (22> / |f' (Rexp (it))| dt. (31)

Since the intervals [a, “t?] and [“E2,b] have a length less than 7, then

2 2
[t . (b-a
sin 5 =sin | —

t— atb
sin 2 = max
2 te[2ft b]

max
te[a7“TH’]
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and by we get (30). O

The case of p-norms is as follows:

Proposition 3. With the assumptions of Pmposition and p, ¢ > 1 with %—i—% =1
we have

sin (x;a> exp [(a ; x) Z] f (Rexp (ia))
-+ in (’)—2%) exp [(“32”) } f (Rexp (ib))
b
_% / f (Rexp (it)) exp (it) dt| (32)
<R ( / " gin (”C - ’f) dt)l/q 17 (Rexp ()l ap
+R (/b n? (t ; x) dt) " " (Rexp D 1.

si
1
(Tt b_qt—as /q, )
sin? | —— dt + sin 5 dt IIf (Rexp(z-))H[a’b]’p.

In particular, for x = ‘%b we get

sin (252 e | (245 )] 1 (e i)
wain (270 en | (7)1 (oo )
1/bf(Rexp(it))exp(it) dt| (33)
2 Jq
<R (/aa;b sin? (aéﬂ;_ ) dt) " 1F" (Rexp (i) [a, o521
/absinq (‘t_;2+b

<R

1/q
) dt] 1" (Rexp (i)l 4,57, -
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Proof. By making use of the inequality @) for (, 4,z and z € [a,b] we get

‘2Risin (”“2“) exp K“ JQF x) z] f (Rexp (ia))

+2Risin (b;x) exp Kx;rb) z} F(Rexp (ib) —Ri / " F (Rexp (it)) exp (it) di

) x - T —t 1/q , .
< 2R sin T dt ”f (ReXp<Z'))||[a,x],p

b t—x v
+ 2R? /1 sin? ( 5 ) dt 1" (Rexp (i)l 1307,
v x—t b t—ux Ha
< 2R? / sin? <2> dt —I—/ sin? ( 5 ) dt Il f' (Rexp N a,81, -
which proves the desired result . O

The interested reader may consider for examples some fundamental complex
functions such as f(z) = 2" with n a natural number, f(z) = exp(z) or f a
trigonometric or a hyperbolic complex function. The details are omitted.
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