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Abstract
In this paper, we establish necessary and sufficient conditions on monotone weight func-
tions for the boundedness for Hausdorff operators of special kind in weighted Lebesgue
spaces. In particular, we get similar results for important operators of harmonic analysis
which are special cases of the Hausdorff operators. The weights are illustrated by examples
at the end of the paper.
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1. Introduction
It is well known that Hausdorff operators have a deep root in the study of the Fourier

analysis and it has a long history in the study of harmonic analysis. This integral operator
is deeply rooted in the study of one-dimensional Fourier analysis and has become an
essential part of modern harmonic analysis. In particular, it is closely related to the
summability of the classical Fourier series [18].

Let ϕ be a locally integrable function on R+. Then the Hausdorff operator is defined by

Hϕ(f)(x) =
∞∫

0

ϕ
(

x
y

)
y

f(y) dy.

Many important operators in analysis are special cases of the Hausdorff operator which
can be obtained by taking suitable choice of ϕ. Let us denote by χE the characteristic
function of E ⊂ R+. For example,

1. if ϕ(t) =
χ(1,∞) (t)

t , we get the Hardy operator

Hf(x) = 1
x

∫ x

0
f(t)dt;
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2. if ϕ(t) = χ(0,1)(t), we have the adjoint Hardy operator

H⋆f(x) =
∫ ∞

x

f(t)
t

dt;

3. if ϕ(t) = max{1, t}, we get the Hardy-Littlewood-Pólya operator

Pf(t) = 1
x

∫ x

0
f(t)dt+

∫ ∞

x

f(t)
t

dt;

4. if ϕ(t) = γ (1 − t)γ−1χ(0,1)(t) with γ > 0, we obtain the Cesàro operator

Cγf(x) = γ

∫ ∞

x

(t− x)γ−1

tγ
f(t) dt.

In the last two decades various problems related to the Hausdorff operators attracted
much attention in different applications. The Hausdorff operators has been extensively
studied in recent years, particularly its boundedness in Lebesgue space. We also refer
to [1, 2, 7–10, 12, 15, 16, 20, 21] for some recent works in this vein. Recently, two-weight
inequalities in the framework of Hausdorff operators were studied in [4] and [19] (see,
also [6]). We note that in [19] the obtained necessary condition for the boundedness of
Hausdorff operator in weighted Lebesgue spaces differ from the sufficient condition and
coincide for the Hardy and Bellman operators. Also, in [4] and [6] the obtained necessary
condition for the boundedness of Hausdorff operator in weighted Lebesgue spaces differ
from the sufficient condition. In the general case for the positive operators weighted
integral inequalities were studied in [13]. We refer to [3, 5, 11, 14, 17, 22] for more results
on two-weight inequalities for fractional integral operators.

The main goal of the paper is to study the boundedness of Hausdorff operators of special
kind in weighted Lebesgue spaces for monotone weight functions. We establish necessary
and sufficient conditions on monotone weight functions for the boundedness of Hausdorff
operators of special kind in weighted Lebesgue spaces.

The remainder of the paper is structured as follows. Section 2 contains some prelim-
inaries along with the standard ingredients used in the proofs. Our principal assertions,
concerning the continuity of Hausdorff operators of special kind in mentioned spaces are
formulated and proven in Section 3. We establish necessary and sufficient conditions on
monotone weight functions for the boundedness of Hausdorff operators of special kind
in weighted Lebesgue spaces in Section 3. The weights are illustrated by examples in
subsection 3.1.

2. Preliminaries
We recall the definition of the weighted Lebesgue spaces.

Definition 2.1. Let 1 ≤ p < ∞ and let p′ denote the conjugate exponent defined by
p′ = p

p−1 . Suppose ω is a weight function on R+, i.e. ω ∈ Lloc
1 (R+) and ω(x) > 0 almost

everywhere. The weighted Lebesgue space Lp,ω (R+) is the class of all Lebesgue measurable
functions f defined on R+ such that

∥f∥Lp,ω(R+) =
(∫ ∞

0
|f(x)|pω(x)dx

) 1
p

< ∞.

We note that for ω ≡ 1, Lp,ω (R+) means usual Lebesgue space Lp (R+) .
Throughout this paper, we denote by C a positive constant the value of which can

change from line to line.
We need the following Theorems.
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Theorem 2.2 ([7]). Let 1 < p < ∞ and let ϕ be a positive function on R+. If

Kϕ,p =
∫ ∞

0

ϕ(t)
t
t

1
pdt < ∞, (2.1)

then
∥Hϕf∥Lp(R+) ≤ Kϕ,p ∥f∥Lp(R+).

Theorem 2.3 ([17, 22–24]). Let 1 < p < ∞ and let u and v be weight functions defined
on R+. Then the inequality(∫ ∞

0

∣∣∣∣1x
∫ x

0
f(t)dt

∣∣∣∣p u(x)dx
) 1

p

≤ C

(∫ ∞

0
|f(x)|pv(x)dx

) 1
p

(2.2)

holds if and only if

B = sup
t>0

(∫ ∞

t

u(x)
xp

dx

) 1
p
(∫ t

0
v(x)1−p′

dx

) 1
p′

< ∞. (2.3)

Besides, if C > 0 is the best constant in (2.2), then

B ≤ C ≤ p
1
p (p′)

1
p′ B.

Theorem 2.4 ([17, 22–24]). Let 1 < p < ∞ and let u and v be weight functions defined
on R+. Then the inequality(∫ ∞

0

∣∣∣∣∫ ∞

x

f(t)
t
dt

∣∣∣∣p u(x)dx
) 1

p

≤ C

(∫ ∞

0
|f(x)|pv(x)dx

) 1
p

(2.4)

holds if and only if

B⋆ = sup
t>0

(∫ t

0
u(x)dx

) 1
p

(∫ ∞

t

v(x)1−p′

xp′ dx

) 1
p′

< ∞. (2.5)

Besides, if C > 0 is the best constant in (2.4), then

B⋆ ≤ C ≤ p
1
p (p′)

1
p′ B⋆.

3. Main results
In this section of our paper we state and prove our principal assertions.

Theorem 3.1. Let 1 < p < ∞, and let u and v be increasing weight functions defined on
R+. Let ϕ be a positive function on R+ satisfying the condition∫ 1

0

ϕ(t)
t
t

1
pdt < ∞ and there exists constants Ci > 0, i = 1, 2 such that

C1
t

≤ ϕ(t) ≤ C2
t

for all t ≥ 1. (3.1)

Then the inequality
∥Hϕf∥Lp,u(R+) ≤ C∥f∥Lp,v(R+) (3.2)

holds if and only if B < ∞.
Besides, if C > 0 is the best constant in (3.2), then

C1B ≤ C ≤
((

2
1
p′ + 1

)
(p− 1)

1
pKϕ,p + 2

1
p′ p

1
p (p′)

1
p′C2

)
B.
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Proof. Necessity. Let t > 0 be a fixed number. Suppose that (3.2) holds. Let f be a
nonnegative function defined on (0,∞) and let supp f ⊂ [0, t]. Then by (3.1), we have∫ ∞

0

∫ ∞

0

ϕ
(

x
y

)
y

f(y)dy

p

u(x)dx


1
p

=

∫ ∞

0

∫ t

0

ϕ
(

x
y

)
y

f(y)dy

p

u(x)dx


1
p

≥

∫ ∞

t

∫ t

0

ϕ
(

x
y

)
y

f(y)dy

p

u(x)dx


1
p

≥ C1

(∫ ∞

t

u(x)
xp

dx

) 1
p
(∫ t

0
f(y)dy

)
.

We choose the test function as ft(x) = v(x)1−p′
χ(0,t)(x). It is obvious that

∥ft∥Lp,v(0,∞) =
(∫ t

0
v(x)1−p′

dx

) 1
p

.

Thus, we get from (3.2)

C1

(∫ ∞

t

u(x)
xp

dx

) 1
p
(∫ t

0
v(x)1−p′

dy

)
≤ C

(∫ t

0
v(x)1−p′

dx

) 1
p

.

Therefore, one has

C1

(∫ ∞

t

u(x)
xp

dx

) 1
p
(∫ t

0
v(x)1−p′

dy

) 1
p′

≤ C.

Sufficiency. By (3.1), we have∫ ∞

0

ϕ(t)
t
t

1
pdt =

∫ 1

0

ϕ(t)
t
t

1
pdt+

∫ ∞

1

ϕ(t)
t
t

1
pdt

≤
∫ 1

0

ϕ(t)
t
t

1
pdt+ C2

∫ ∞

1

dt

t
2− 1

p

=
∫ 1

0

ϕ(t)
t
t

1
pdt+ C2p

′ < ∞.

Thus, condition (2.1) of Theorem 2.2 is satisfied.
Without loss of generality we may assume that the function u has the form

u (t) = u (0) +
∫ t

0
ψ(τ)dτ,

where u(0) = lim
t→+0

u(t) and ψ is a positive function on (0,∞). In other words, let u be an
absolute continuous function on (0,∞). Indeed, for any increasing function u on (0,∞)
there exists a sequence of absolutely continuous functions {φn} such that lim

n→∞
φn(t) = u(t),

0 ≤ φn(t) ≤ u(t) a.e. t > 0 and φn(0) = u(0). Furthermore the functions φn(t) are
increasing, and besides

φn(t) = φn(0) +
∫ t

0
φ

′
n(τ)dτ.

Hence, using Fatou’s theorem, we obtain estimate (3.2) for increasing functions on (0,∞)
(see [5], Theorem 4).
Let us estimate the left-hand side of inequality (3.2). We have(∫ ∞

0
|Hϕf (x)|p u (x) dx

) 1
p

=
(∫ ∞

0
|Hϕf (x)|p

(
u (0) +

∫ x

0
ψ (t) dt

)
dx

) 1
p

.

If u(0) = 0, then(∫ ∞

0
|Hϕf (x)|p u (x) dx

) 1
p

=
(∫ ∞

0
|Hϕf(x)|p

(∫ x

0
ψ(t)dt

)
dx

) 1
p

.
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However, if u(0) > 0, then(∫ ∞

0
|Hϕf (x)|p u (x) dx

) 1
p

≤
(∫ ∞

0
|Hϕf(x)|p u(0)dx

) 1
p

+
(∫ ∞

0
|Hϕf (x)|p

(∫ x

0
ψ (t) dt

)
dx

) 1
p

= E1 + E2.

Condition (2.3) implies that

sup
t>0

(∫ ∞

t

u(x)
xp

dx

) 1
p
(∫ t

0
v(x)1−p′

dx

) 1
p′

≥ sup
t>0

[
u(t)
v(t)

] 1
p
(∫ ∞

t

dx

xp

) 1
p
(∫ t

0
dx

) 1
p′

= 1
(p− 1)

1
p

[
sup
t>0

u(t)
v(t)

] 1
p

.

Therefore for all t > 0, we get
u(t) ≤ (p− 1)Bp v(t). (3.3)

By Theorem 2.2 and (3.3), we get

E1 =
(∫ ∞

0
|Hϕf (x)|p u (0) dx

) 1
p

= (u (0))
1
p

(∫ ∞

0
|Hϕf (x)|p dx

) 1
p

≤ Kϕ,p (u (0))
1
p

(∫ ∞

0
|f (x)|p dx

) 1
p

≤ Kϕ,p

(∫ ∞

0
|f (x)|p u(x)dx

) 1
p

≤ B(p− 1)
1
p Kϕ,p ∥f∥Lp,v(R+).

Let us estimate the integral E2. We have

E2 =
(∫ ∞

0
|Hϕf (x)|p

(∫ x

0
ψ (t) dt

)
dx

) 1
p

=
(∫ ∞

0
|Hϕf (x)|p

(∫ ∞

0
ψ (t)χ{ x>t} (x)dt

)
dx

) 1
p

=
(∫ ∞

0

∫ ∞

0
|Hϕf (x)|p ψ (t)χ{x>t}(x) dt dx

) 1
p

=
(∫ ∞

0
ψ (t)

(∫ ∞

t
|Hϕf(x)|p dx

)
dt

) 1
p

≤ 2
1

p
′

∫ ∞

0
ψ (t)

∫ ∞

t

∣∣∣∣∣∣
∫ t

0

ϕ
(

x
y

)
y

f (y) dy

∣∣∣∣∣∣
p

dx

 dt


1
p

+2
1

p
′

∫ ∞

0
ψ (t)

∫ ∞

t

∣∣∣∣∣∣
∫ ∞

t

ϕ
(

x
y

)
y

f(y)dy

∣∣∣∣∣∣
p

dx

 dt


1
p

= E21 + E22.

We estimate E22. Using Theorem 2.2 and inequality (3.3), we get

E22 = 2
1

p
′

∫ ∞

0
ψ (t)

∫ ∞

0

∣∣∣∣∣∣
∫ ∞

0

ϕ
(

x
y

)
y

f (y)χ{y>t} (y) dy

∣∣∣∣∣∣
p

χ{x>t} (x) dx

 dt


1
p

≤ 2
1

p
′

∫ ∞

0
ψ (t)

∫ ∞

0

∣∣∣∣∣∣
∫ ∞

0

ϕ
(

x
y

)
y

f (y)χ{y>t} (y) dy

∣∣∣∣∣∣
p

dx

 dt


1
p

≤ 2
1

p
′
Kϕ,p

(∫ ∞

0
ψ (t)

(∫ ∞

0
|f (x)|p χ{x>t} (x) dx

)
dt

) 1
p

= 2
1

p
′
Kϕ,p

(∫ ∞

0
|f (x)|p

(∫ x

0
ψ (t) dt

)
dx

) 1
p

≤ 2
1

p
′
Kϕ,p

(∫ ∞

0
|f (x)|p u(x)dx

) 1
p

≤ 2
1

p
′ (p− 1)

1
pBKϕ,p ∥f∥Lp,v(R+) .
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Now we estimate E21. Note that if x > t, y ≤ t, then x

y
≥ 1. By virtue of condition

(3.1), one has

E21 = 2
1

p
′

∫ ∞

0
ψ(t)

∫ ∞

t

∣∣∣∣∣∣
∫ t

0

φ
(

x
y

)
y

f (y) dy

∣∣∣∣∣∣
p

dx

 dt


1
p

≤ 2
1

p
′

∫ ∞

0
ψ (t)

∫ ∞

t

∫ t

0

φ
(

x
y

)
y

|f (y)| dy

p

dx

 dt


1
p

≤ 2
1

p
′
C2

(∫ ∞

0
ψ (t)

(∫ ∞

t

dx

xp

)(∫ t

0
|f (y)| dy

)p

dt

) 1
p

= 2
1

p
′ (p− 1)− 1

p C2

(∫ ∞

0
ψ(t)t1−p

(∫ t

0
|f (y)| dy

)p

dt

) 1
p

.

We have
1

p− 1

∫ ∞

t
ψ(s)s1−pds =

∫ ∞

t
ψ(s)

(∫ ∞

s

dx

xp

)
ds

=
∫ ∞

0
ψ (s)χ(t,∞)(s)

(∫ ∞

0
χ(s,∞)(x)x−pdx

)
ds

=
∫ ∞

0

∫ ∞

0
ψ (s)x−pχ(t,∞)(s)χ(s,∞)(x)dxds

=
∫ ∞

t
x−p

(∫ x

t
ψ (s) ds

)
dx ≤

∫ ∞

t
x−p

(∫ x

0
ψ(s)ds

)
dx ≤

∫ ∞

t

u(x)
xp

dx.

Therefore, we get

(p− 1)− 1
p sup

t>0

(∫ ∞

t
ψ(s)s1−pds

) 1
p
(∫ t

0
v(s)1−p′

ds

) 1
p′

≤ B. (3.4)

Thus, by Theorem 2.3 and by (3.4), we have

E21 ≤ 2
1

p
′ (p− 1)− 1

p C2

(∫ ∞

0
ψ(t)t1−p

(∫ t

0
|f (y)| dy

)p

dt

) 1
p

≤ 2
1

p
′
p

1
p
(
p′) 1

p′ C2B

(∫ ∞

0
|f(t)|pv(t)dt

) 1
p

= 2
1

p
′
p

1
p
(
p′) 1

p′ C2B ∥f∥Lp,v(R+) .

The proof is completed. �
Remark 3.2. Let all the conditions of Theorem 3.1 be satisfied. Then the Hausdorff
operator Hϕ is equivalent to operator Lϕ. Here

Lϕf(x) = 1
x

∫ x

0
f(y) dy +

∫ ∞

x

ϕ
(

x
y

)
y

f(y) dy.

In the case of decreasing weight functions the following Theorem holds.

Theorem 3.3. Let 1 < p < ∞, and let u and v be decreasing weight functions defined on
R+. Let ϕ be a positive function on R+ satisfying condition∫ ∞

1

ϕ(t)
t
t

1
pdt < ∞ and there exists constants C ′

i > 0, i = 1, 2 such that

C ′
1 ≤ ϕ(t) ≤ C ′

2 for all t ≤ 1. (3.5)
Then the inequality

∥Hϕf∥Lp,u(R+) ≤ C∥f∥Lp,v(R+) (3.6)
holds if and only if B⋆ < ∞.
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Besides, if C > 0 is the best constant in (3.6), then

C ′
1B

⋆ ≤ C ≤
((

2
1
p′ + 1

)
(p′ − 1)

1
p′Kϕ,p + 2

1
p′ p

1
p (p′)

1
p′C ′

2

)
B⋆.

Proof. Necessity. Let t > 0 be a fixed number. Suppose that (3.6) holds. Let f be a
nonnegative function defined on (0,∞) and let supp f ⊂ [t,∞). Then by (3.5), we have∫ ∞

0

∫ ∞

0

ϕ
(

x
y

)
y

f(y)dy

p

u(x)dx


1
p

=

∫ ∞

0

∫ ∞

t

ϕ
(

x
y

)
y

f(y)dy

p

u(x)dx


1
p

≥

∫ t

0

∫ ∞

t

ϕ
(

x
y

)
y

f(y)dy

p

u(x)dx


1
p

≥ C ′
1

(∫ t

0
u(x)dx

) 1
p
(∫ ∞

t

f(y)
y

dy

)
.

We choose the test function as ft(x) = (x v(x))1−p′
χ(t,∞)(x). It is obvious that

∥ft∥Lp,v(0,∞) =
(∫ ∞

t

v(x)1−p′

xp′ dx

) 1
p

.

Thus, we get from (3.6)

C ′
1

(∫ t

0
u(x)dx

) 1
p

(∫ ∞

t

v(x)1−p′

xp′ dy

)
≤ C

(∫ ∞

t

v(x)1−p′

xp′ dx

) 1
p

.

Therefore, one has

C ′
1

(∫ t

0
u(x)dx

) 1
p

(∫ ∞

t

v(x)1−p′

xp′ dy

) 1
p′

≤ C.

Sufficiency. By (3.5), we have∫ ∞

0

ϕ(t)
t
t

1
pdt =

∫ 1

0

ϕ(t)
t
t

1
pdt+

∫ ∞

1

ϕ(t)
t
t

1
pdt

≤ C ′
2

∫ 1

0
t

1
p

−1
dt+

∫ ∞

1

ϕ(t)
t
t

1
p = C ′

2 p+
∫ ∞

1

ϕ(t)
t
t

1
p < ∞.

Thus, condition (2.1) of Theorem 2.2 is satisfied.
Without loss of generality we may assume that the function u has the form

u(t) = u(∞) +
∫ ∞

t
ψ(τ)dτ,

where u(∞) = lim
t→∞

u(t) and ψ is a positive function on (0,∞). Indeed, for any decreasing
function u on (0,∞) there exists a sequence of absolutely continuous functions {φn} such
that lim

n→∞
φn(t) = u(t) , 0 ≤ φn(t) ≤ u(t) a.e. t > 0 and φn(∞) = u(∞). Furthermore the

functions φn (t) are decreasing, and besides

φn(t) = φn(∞) +
∫ ∞

t

(
−φ′

n(τ)
)
dτ.

Hence, using Fatou’s theorem, we obtain estimate (3.6) for any decreasing functions on
(0,∞) (see [5], Theorem 5).
Let us estimate the left-hand side of inequality (3.6). We have

(∫ ∞

0
|Hϕf (x)|p u (x) dx

) 1
p

=

∫ ∞

0
|Hϕf(x)|p

u(∞) +
∞∫

x

ψ(t)dt

 dx
 1

p

.
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If u(∞) = 0, then(∫ ∞

0
|Hϕf (x)|p u (x) dx

) 1
p

=
(∫ ∞

0
|Hϕf(x)|p

(∫ ∞

x
ψ(t)dt

)
dx

) 1
p

.

However, if u(∞) > 0, then(∫ ∞

0
|Hϕf (x)|p u (x) dx

) 1
p

≤
(∫ ∞

0
|Hϕf(x)|p u(∞)dx

) 1
p

+
(∫ ∞

0
|Hϕf (x)|p

(∫ ∞

x
ψ (t) dt

)
dx

) 1
p

= F1 + F2.

Condition (2.5) implies that

sup
t>0

(∫ t

0
u(x)dx

) 1
p

(∫ ∞

t

v(x)1−p′

xp′ dx

) 1
p′

≥ sup
t>0

[
u(t)
v(t)

] 1
p
(∫ t

0
dx

) 1
p
(∫ ∞

t

dx

xp′

) 1
p′

= 1

(p′ − 1)
1
p′

[
sup
t>0

u(t)
v(t)

] 1
p

.

Therefore for all t > 0, we get

u(t) ≤
(
p′ − 1

)p−1 (B⋆)p v(t). (3.7)

By Theorem 2.2 and (3.7), we get

F1 =
(∫ ∞

0
|Hϕf (x)|p u(∞)dx

) 1
p

= (u(∞))
1
p

(∫ ∞

0
|Hϕf (x)|p dx

) 1
p

≤ Kϕ,p (u(∞))
1
p

(∫ ∞

0
|f (x)|p dx

) 1
p

≤ Kϕ,p

(∫ ∞

0
|f (x)|p u(x)dx

) 1
p

≤ B⋆(p′ − 1)
1
p′ Kϕ,p ∥f∥Lp,v(R+).

Let us estimate the integral F2. We have

F2 =
(∫ ∞

0
|Hϕf (x)|p

(∫ ∞

x
ψ(t)dt

)
dx

) 1
p

=
(∫ ∞

0
|Hϕf(x)|p

(∫ ∞

0
ψ (t)χ{x<t}(x)dt

)
dx

) 1
p

=
(∫ ∞

0

∫ ∞

0
|Hϕf (x)|p ψ (t)χ{x<t}(x) dt dx

) 1
p

=
(∫ ∞

0
ψ(t)

(∫ t

0
|Hϕf(x)|p dx

)
dt

) 1
p

≤ 2
1

p
′

∫ ∞

0
ψ (t)

∫ t

0

∣∣∣∣∣∣
∫ t

0

ϕ
(

x
y

)
y

f(y)dy

∣∣∣∣∣∣
p

dx

 dt


1
p

+2
1

p
′

∫ ∞

0
ψ (t)

∫ t

0

∣∣∣∣∣∣
∫ ∞

t

ϕ
(

x
y

)
y

f(y)dy

∣∣∣∣∣∣
p

dx

 dt


1
p

= F21 + F22.
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We estimate F21. Using Theorem 2.2 and inequality (3.7), we get

F21 = 2
1

p
′

∫ ∞

0
ψ (t)

∫ ∞

0

∣∣∣∣∣∣
∫ ∞

0

ϕ
(

x
y

)
y

f (y)χ{y<t}(y)dy

∣∣∣∣∣∣
p

χ{x<t}(x)dx

 dt


1
p

≤ 2
1

p
′

∫ ∞

0
ψ(t)

∫ ∞

0

∣∣∣∣∣∣
∫ ∞

0

ϕ
(

x
y

)
y

f (y)χ{y<t}(y)dy

∣∣∣∣∣∣
p

dx

 dt


1
p

≤ 2
1

p
′
Kϕ,p

(∫ ∞

0
ψ (t)

(∫ ∞

0
|f (x)|p χ{x<t}(x)dx

)
dt

) 1
p

= 2
1

p
′
Kϕ,p

(∫ ∞

0
|f(x)|p

(∫ ∞

x
ψ (t) dt

)
dx

) 1
p

≤ 2
1

p
′
Kϕ,p

(∫ ∞

0
|f (x)|p u(x)dx

) 1
p

≤ 2
1

p
′ (p′ − 1)

1
p′B⋆Kϕ,p ∥f∥Lp,v(R+) .

Now we estimate F22. Note that if x < t, y ≥ t, then x

y
≤ 1. By virtue of condition

(3.5), one has

F22 = 2
1

p
′

∫ ∞

0
ψ(t)

∫ t

0

∣∣∣∣∣∣
∫ ∞

t

φ
(

x
y

)
y

f (y) dy

∣∣∣∣∣∣
p

dx

 dt


1
p

≤ 2
1

p
′

∫ ∞

0
ψ (t)

∫ t

0

∫ ∞

t

φ
(

x
y

)
y

|f (y)| dy

p

dx

 dt


1
p

≤ 2
1

p
′
C ′

2

(∫ ∞

0
ψ (t)

(∫ t

0
dx

)(∫ ∞

t

|f(y)|
y

dy

)p

dt

) 1
p

= 2
1

p
′
C ′

2

(∫ ∞

0
ψ(t) t

(∫ ∞

t

|f (y)|
y

dy

)p

dt

) 1
p

.

We have∫ t

0
ψ(s) s ds =

∫ t

0
ψ(s)

(∫ s

0
dx

)
ds =

∫ ∞

0
ψ (s)χ(0,t)(s)

(∫ ∞

0
χ(0,s)(x)dx

)
ds

=
∫ ∞

0

∫ ∞

0
ψ (s)χ(0,t)(s)χ(0,s)(x)dxds =

∫ t

0

(∫ t

x
ψ (s) ds

)
dx

≤
∫ t

0

(∫ ∞

x
ψ(s)ds

)
dx ≤

∫ t

0
u(x)dx.

Therefore, we get

sup
t>0

(∫ t

0
ψ(s) s ds

) 1
p

(∫ ∞

t

v(s)1−p′

sp′ ds

) 1
p′

≤ B⋆. (3.8)

Thus, by Theorem 2.4 and by (3.8), we have

F22 ≤ 2
1

p
′
C ′

2

(∫ ∞

0
ψ(t) t

(∫ ∞

t

|f (y)|
y

dy

)p

dt

) 1
p

≤ 2
1

p
′
p

1
p
(
p′) 1

p′ C ′
2B

⋆
(∫ ∞

0
|f(t)|pv(t)dt

) 1
p

= 2
1

p
′
p

1
p
(
p′) 1

p′ C ′
2B

⋆ ∥f∥Lp,v(R+) .

This completes the proof. �
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Remark 3.4. Let all the conditions of Theorem 3.3 be satisfied. Then the Hausdorff
operator Hϕ is equivalent to the operator Mϕ. Here

Mϕf(x) =
∫ x

0

ϕ
(

x
y

)
y

f(y) dy +
∫ ∞

x

f(y)
y

dy.

Remark 3.5. Let u and v be general weight functions defined on R+. We note that Hardy
type inequalities for the Hausdorff operator is proved in [19]. In [19] the obtained necessary
conditions differ from the sufficient conditions as well as that both depend not only on
weights but also on the kernel that generate the Hausdorff operator. For the Hardy and
its adjoint operators, the obtained necessary and sufficient conditions coincide and reduce
to the classical ones.

Remark 3.6. Let u and v be general weight functions defined on R+. We note that
two-weight inequalities for the Hausdorff operator is also proved in [4]. In [4] the obtained
necessary conditions also differs from the sufficient conditions. For multidimensional Haus-
dorff operator similar inequalities is proved in [6].

3.1. Examples for environments
We summarize the paper with some examples.

Example 3.7. Let 1 < p < ∞ and let α > −1
p
. Suppose that u and v are increasing

weight functions defined on R+. Suppose that

ϕ(x) =

x
α, if 0 < x < 1,∣∣∣sin 1

x

∣∣∣ , if x ≥ 1.

Then, we get the operator

Hϕf(x) =
∫ x

0

∣∣sin y
x

∣∣
y

f(y)dy + xα
∫ ∞

x

f(y)
yα+1dy.

It is obvious that ϕ satisfy conditions of Theorem 3.1 with C1 = 2
π

and C2 = 1. Also,

Kϕ,p = p

αp+ 1
+
∫ ∞

1
x

1
p

−1
∣∣∣∣sin 1

x

∣∣∣∣ dx.
Then the inequality (3.2) holds if and only if B < ∞. Besides, if C > 0 is the best

constant in (3.2), then
2
π
B ≤ C ≤

((
2

1
p′ + 1

)
(p− 1)

1
pKϕ,p + 2

1
p′ p

1
p (p′)

1
p′

)
B.

Example 3.8. Let 1 < p < ∞ and let β > 0. Suppose that u and v are increasing weight
functions defined on R+. Suppose that

ϕ(t) =

(1 − x)β−1, if 0 < x < 1,
log

(
1 + 1

x

)
, if x ≥ 1.

Then, we get the operator

Hϕf(x) =
∫ ∞

x

(y − x)β−1

yβ
f(y)dy +

∫ x

0

log
(
1 + y

x

)
y

f(y)dy.

It is easy to see that ϕ satisfy conditions of Theorem 3.1 with C1 = 1
2

and C2 = 1. Also,

Kϕ,p = B

(1
p
, β

)
+
∫ ∞

1
x

1
p

−1 log
(

1 + 1
x

)
dx and B is the Euler beta function.
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Then the inequality (3.2) holds if and only if B < ∞. Besides, if C > 0 is the best
constant in (3.2), then

B

2
≤ C ≤

((
2

1
p′ + 1

)
(p− 1)

1
pKϕ,p + 2

1
p′ p

1
p (p′)

1
p′

)
B.

Example 3.9. Let 1 < p < ∞ and let ϕ(x) = e−x. Suppose that u and v are decreasing
weight functions defined on R+.

Then, we get the operator

Hϕf(x) =
∫ ∞

0

e
− x

y

y
f(y)dy.

It is obvious that ϕ satisfies conditions of Theorem 3.3 with C ′
1 = 1

e
and C ′

2 = 1. Also,

Kϕ,p = Γ
(1
p

)
and Γ is the Gamma function.

Then the inequality (3.6) holds if and only if B⋆ < ∞. Besides, if C > 0 is the best
constant in (3.6), then

1
e
B⋆ ≤ C ≤

((
2

1
p′ + 1

)
(p− 1)

1
p Γ
(1
p

)
+ 2

1
p′ p

1
p (p′)

1
p′

)
B⋆.

Example 3.10. Let 1 < p < ∞. Suppose that u and v are decreasing weight functions
defined on R+. Assume that

ϕ(x) =


1

x+1 , if 0 < x < 1,
x

1− 1
p

1+x2 , if x ≥ 1.

Then, we get the operator

Hϕf(x) = x
1− 1

p

∫ x

0

y
1
p

x2 + y2 f(y)dy +
∫ ∞

x

f(y)
x+ y

dy.

It is easy to see that ϕ satisfies conditions of Theorem 3.3 with C ′
1 = 1

2
and C ′

2 = 1. Also,

Kϕ,p = π

4
+
∫ 1

0

x
1
p

−1

x+ 1
dx.

Then the inequality (3.6) holds if and only if B⋆ < ∞. Besides, if C > 0 is the best
constant in (3.2), then

B⋆

2
≤ C ≤

((
2

1
p′ + 1

)
(p− 1)

1
pKϕ,p + 2

1
p′ p

1
p (p′)

1
p′

)
B⋆.

Let us give some examples of weight functions satisfying conditions of Theorem 3.1 and
Theorem 3.3, respectively.

Example 3.11. Let 1 < p < ∞. Suppose u(x) = xα and let v(x) = ex.
Then the inequality (3.2) holds if and only if 0 < α < p− 1.

Example 3.12. Let 1 < p < ∞ and let 0 < α ≤ β < p − 1. Suppose u(x) = logα(1 + x)
and let v(x) = (1 + x)β.

Then the inequality (3.2) holds.

Example 3.13. Let 1 < p < ∞ and let u(x) = v(x) = xα.
Then the inequality (3.6) holds if and only if −1 < α < 0.

Example 3.14. Let 1 < p ≤ 2. Suppose u(x) = 1
1 + x

and let v(x) = (1 + x2)p−1

xp
.

Then the inequality (3.6) holds.
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