
Karaelmas Fen ve Müh. Derg. 9(2):190-200, 2019

*Corresponding author: hasanarslan46@yahoo.com

Hasan Arslan  orcid.org/0000-0002-7420-1396

The second term in the right hand of the equation (2) can 
be written as [5]
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Here T is the kinetic energy. If the quantity G is bounded in 
a time interval, one can write: 
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From Eq. (2), it can be written as
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for the periodical momentum. From Eqs. (4) and (5) one 
gets;
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Eq. (6) is the virial theorem in the classical case. 

Now, it is the time looking for the quantum mechanical 
virial theorem. The time-dependent Schrödinger Equation 
is;
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The derivative of expectation value of an operator A with 
respect to time is;

1. Introduction
The classical and the quantum mechanical derivation of the 
virial theorem are given in this section from the previous 
works. The virial theorem is used in many works, see [1-11, 
15-23, 26-32, 34,35] and the references given therein. The 
DKP equation is introduced in section 2 [8,12-14, 24, 25, 
33] and the virial theorem is applied to it. The wavefunction 
solutions of this application are found in section 3. Finally, 
the conclusion is given in section 4. The purpose of this 
study is to get the explicit wavefunction solutions of DKP 
equation for a potential of ( )V r k rn= .

In the references [4-8,16,19,31,32], the virial theorem is 
derived as follows:
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here G is considered to be a quantity, product of the 
momentum and the position of the particle in a stable 
system. Taking the derivative of Eq. (1), it is obtained:
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Let’schoose A to be .A r p= v v [4-8,15,16,19,31,32,]. Putting 
this in Eq. (7) andtaking A to be time-independent, the 
following equation is obtained;

, .H A 0G H} } =6 @   (9)

Then virial theorem is written as
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where T is the kinetic energy and V is the potential energy. 
Then, the virial theorem can be written as

. .T r V2 dG H G H= v v   (11)

The kinetic energy can be defined by

,T m
p
2

2

=   (12)

where p is the momentum operator and m is the mass of the 
particle under consideration. The momentum operator is 

.p i'd= -   (13)

Using Eq. (11) for a potential of the form V krn= , the 
kinetic energy is obtained as

.T n V r2G H G H= ^ h   (14)

Here it must be noted that if n = 0, the Eq. (14) cannot be 
valid because of the singularity, for n 0!  the equation is 
valid. 

Due to the Eq.(12) and the Eq. (14), the following relation 
can be written:

( ) .V r nm
p2

=   (15)

2. The Application of the Virial Theorem to the 
DKP Equation 
One can write the DKP equation for a spin-one particle 
[8,12-14,24,25,33] interacting via the potential ( )V r krn=  
in ten-dimension matrices as:

,Imi Ikr t r 0n2b }+ - =n
n^ ^h h   (16)

for , , ,0 1 2 3n =   where
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and
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T defines the transposation of matrices, and constants are 
taken as c 1'= = . Hence, the bn matrices can be written 
as
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Using Eq. (15) in Eq. (16) and the matrices given by Eq. (19) one writes the DKP equation as

as:
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3. The Wave Function Solutions of the DKP Equation Written by the Virial Theorem
One can take the wave function as
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to get a solution of the Eq. (20). Inserting Eq. (21) in Eq. (20) the following equations are obtained;
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By taking 
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The wavefunctions in terms of the wavenumbers can be written from Eqs. (22-31) as follows;
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The calculations are also given in Appendix.

An application of the virial theorem is done in [6] to find the wavefunctions for the Schrödinger Equation. Compared to the 
solutions of the references [14,33], the obtained wavefunctions in this study are the explicit solutions of the wavefunctions 
of the DKP equation for spin-one particle.

4. Discussions and Conclusions 

The wavefunctions of the DKP equations for the given potential in terms of the wavenumbers, the radial powers of the given 
potential, mass and energy of the spin-one particle, for the particle being in a closed system are obtained. This is the explicit 
solutions of the DKP equation wavefunctions compared to the previous studies. The obtained solutions will be used in the 
applications of the DKP equation for spin-one particle, and it will give to the researchers a useful tool for applications.
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T defines the transposation of matrices, and constants are taken as c 1'= = . Hence, the bn  matrices can be written as 
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Using Eq. V r nm
p2

=^ h . in Eq. (1) and the matrices given by Eq. (4) one writes the DKP equation as:
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One can take the wave function as
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to get a solution of the Eq. (5).Inserting Eq. (6) in Eq. (5) the following equations are obtained;
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By taking 

,e .
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The following equations are obtained:
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From Eq. (26) 
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Putting Eq. (28) in Eq. (23) and using Eq. (19), after some arrangements,  two equations are obtained:
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From Eq. (27) one writes;
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From Eq. (25) one gets;
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From Eq. (21) it is written that;
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Putting Eq. (31) in Eq. (24) and using Eq. (20) , after some calculations, the following two equations are obtained;
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