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'The Duffin-Kemmer-Petiau (DKP) Equation Wavefunctions Solutions According to
the Virial Theorem for a Spin - one Particle Interacting with a Potential V(r)=k r

Virial Teoremine Gére V(r)=kr" Potansiyeli ile Etkilesen Bir Spin-bir Parcaciginin Duffin-Kemmer-
Petiau (DKP) Denkleminin Dalgafonksiyonlar: Coziimleri
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Abstract

'The DKP Eqution is written for a spin-one particle interacting with a potential V(r)=k r". The written equation is solved for this
potential according to the virial theorem. The ten — component wavefunctions are obtained.
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Oz

DKP Esitligi, potansiyel V(r)=kr" ile etkilesime giren bir spin-par¢acik i¢in yazilmigtir. Yazili denklem bu potansiyel i¢in virial teoremine

gore ¢ozilir. On bilesenli dalga fonksiyonlar: elde edilir.

Anahtar Kelimeler: DKP denklemi, Virial teoremi, Dalga fonksiyonlar

1. Introduction

The classical and the quantum mechanical derivation of the
virial theorem are given in this section from the previous
works. The virial theorem is used in many works, see [1-11,
15-23, 26-32, 34,35] and the references given therein. The
DKP equation is introduced in section 2 [8,12-14, 24, 25,
33] and the virial theorem is applied to it. The wavefunction
solutions of this application are found in section 3. Finally,
the conclusion is given in section 4. The purpose of this
study is to get the explicit wavefunction solutions of DKP
equation for a potential of V(r) =kr".

In the references [4-8,16,19,31,32], the virial theorem is
derived as follows:

G= Z Diti, (1)
here G is considered to be a quantity, product of the

momentum and the position of the particle in a stable
system. Taking the derivative of Eq. (1), it is obtained:

dG dp: - - dr:
A =g TP @
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The second term in the right hand of the equation (2) can
be written as [5]

rod, _ ) e —
Zpi.E—Z(m’f, )rc=m (3)
Here T is the kinetic energy. If the quantity G is bounded in

a time interval, one can write:

T[98 4= Liar)-ato) =o. (4)
Fr(zm Eq. (2), it can be written as

%Or‘ift;dz: 2+ Y EF 5)
for the periodical momentum. From Eqs. (4) and (5) one
gets;

2 =="F.F, (6)

Eq. (6) is the virial theorem in the classical case.

Now, it is the time looking for the quantum mechanical
virial theorem. The time-dependent Schrodinger Equation
is;

ih% = Hy. (7)

The derivative of expectation value of an operator 4 with
respect to time is;
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in- (Yl Al )= I AN ). (®)

Let’schoose 4 to be A =7.p[4-8,15,16,19,31,32,]. Putting
this in Eq. (7) andtaking 4 to be time-independent, the
tollowing equation is obtained,

(WI[HAly)=0. )
Then virial theorem is written as

2
[HAl=4—+V(r),7p
(10)
=h?.VV —=2thT =0

where 7'is the kinetic energy and Vis the potential energy.
Then, the virial theorem can be written as

2{T)=FVV). (11)
'The kinetic energy can be defined by
_r

where p is the momentum operator and 72 is the mass of the
particle under consideration. The momentum operator is

p = —ihV. (13)
Using Eq. (11) for a potential of the form V =Fkr", the

kinetic energy is obtained as
(T)=5(V(r)). (14)

Here it must be noted that if # = 0, the Eq. (14) cannot be
valid because of the singularity, for n # 0 the equation is

valid.
Due to the Eq.(12) and the Eq. (14), the following relation

can be written:
2

Vir) =2 (15)

T mm-

2.'The Application of the Virial Theorem to the
DKP Equation

One can write the DKP equation for a spin-one particle
[8,12-14,24,25,33] interacting via the potential V (r) = kr"
in ten-dimension matrices as:

(489, +Ikr"—Im)y(t,r)=0 (16)
for £ =0,1,2,3 where
0000 0 0 e O
0"0 1|, 0" 0 o0 -is
0: e i i, s _
B=lgrr00l¥ e 0 o o [i7123
A7) (0" 0 0 0 0" —iS; 0 0
and
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0 —10
e;=(0 1 0)es=(0 0 1), I

(18)

T defines the transposation of matrices, and constants are
taken as ¢ =% = 1. Hence, the /” matrices can be written

5

as
0000000000
0000100100
0000010010
0000001001
., lo100000000
5_0010000000’
0001000000
0000000000
0000000000
0000000000
0 0 0 0 100 0 0 0
0 0 0 0 000 0 —=i/Y2 0
0 0 0 0 000 —i/y2 0 —i/
0 0 0 0 000 0 —=i/y2 0
R ) 0 0 000 O 0 0
B_o 0 0 0 000 O 0 0
0 0 0 0 000 O 0 0
0 0 —i/¥Y2 0 000 0 0 0
0—i/y2 0 —=i/y2 000 0 0 0
0 0 —i/yY2 0 000 0 0 0
0 0 0 0 010 0 0 0
0 0 0 0 000 0 -1/y2 0
0 0 0 0 0001/Y2 0 /
0 0 0 0 000 0 1/Yy2 0
, |0 0 0 0 000 O 0 0
'8_1 0 0 0 000 O 0 0
0 0 0 0 000 O 0 0
0 0 -1/y2 0 000 0 0 0
01/y2 0 -1//2000 0 0 0
0 0 1//2 0 000 0 0 0
191

|
<l




(19)

: )zﬁ(t;x,y&')

nm

(ia,

—1/2
0
1/V2

0

0
0

ot
0

000
000
000

1
000
000 1//2
000
000
000
000
000
-1/¥/2 00 0

ki

0
—i/¥/2 00 0
0
0

0

—i/y2

0

—i/y/2

0

0
0
0

1000000000
0

0000001 O0O0O
00 00000-00
00 0000O0O0OTO0ODO
0000000 O0O0¢=
00 0000O0O0OTO0OO
00 0000O0O0OTO0OO
0000000 00O
00 0000O0O0OTO0OO
0002000 0O00O0

0 —i/V2

0
0
0

00000000O0O
0

0000100100
0000010010
0000001001
0001000000
0000000000
0000000000
0000000000

)

]

0

0
-1/vY2

0

0
0

o
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Using Eq. (15) in Eq. (16) and the matrices given by Eq. (19) one writes the DKP equation as

1010000000 o0|av(tzyz2)
10010000000

33

as:
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(e}
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OO OO O oo
OO OO OO = OO

|
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OO OO OO oo oo
. O O O O O O o oo
OO OO OO oo oo
OO OO OO oo oo

OO OO OO oo o

O OO OO OO oo

O O O O OO oo

o O

3.The Wave Function Solutions of the DKP Equation Written by the Virial Theorem

One can take the wave function as

Y(ta,y,2) = p(z,y,2)e ™ ¢(x,y,2) =

to get a solution of the Eq. (20). Inserting Eq. (21) in Eq. (20) the following equations are obtained,;

2
x (ia. — L=

nm

¢1
b
bs
b
bs
bs
o
bs
b
b

)sﬁ(t;x,y,Z) —mly(t;z,y,2) = 0.

. 0P _L82¢3+'%_L82¢5+'8¢7_L82¢7_ G =0

Yor T mn ar” Ty mm gyt Yoz mm oy M T

Ops  0ps 1 3¢y i ¢y 1 3¢y 1 ¢y Ps i ¢s
ot ot Yo Y e Y g Vay Tmn gy "o T g =0
0P 9y 1 OPs | AP i P P, i s b 1 s
ot "ot Ty o Tar Ty o a2 09 Y mny2 oy
.a¢7 a¢10 1 3¢9 7 82¢9 1 .a¢9 1 32¢9 a¢10 7 82¢1o .
ot T ot +/§ or T~ mn or’ +ﬁz dy mm Jy’ 9z | mn 9z’ —mg,=0,
a¢2 a¢1 1 82¢1 —

ot Yr T man or? —m@s =0,

8¢3 .a¢1 1 829251 —

1 at +Z ay _mn ay_) _m¢6_07

a¢4 8¢1 1 82¢1 _

ot Y1 Tmn P =0

L0g i ¥ 1 0b 1 ¥ 3 i b

J2 or ~ mn 9z’ ﬁz dy mn gy’ | 9z  mm g* "PIT Y

1 9¢: 99 i ¢y @i, G 0Py dps 1 ¢y Qi _

1 8¢3+ 7 32¢3 +La¢3_ 1 82¢3_8¢4_ 7 az¢4_m¢ =0

J2 9 " mpy/2 0 /2 0y mpy2 ' 9z mn 3 v
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By taking
¢ =e", (32)
'The wavefunctions in terms of the wavenumbers can be written from Egs. (22-31) as follows;
2 2 2 N
¢1=%<—k + k —k, o k —k.+ fm> o (33)
ik 1 k; ik? )
t k,—— k,+ —ik.+
b= —m’ [ ( mnf f mny/2 ‘ mn
i ik’ k; 1k? ( ks ) 2 (34)
+m|—=k,— —k,— +ik.— +E\ kAo
m( V2 mnf f mny2 ‘ mn ) ¢
_ . . k)ﬁ ky . . kﬁ P
¢ =5 —lm2 E(‘/§Zk’_‘/§l mn " mn >+m(‘/§lk1_‘/§l mn )]ek‘ ’ (35)
__~1 , k; k? k?
¢4—W(E+m)(f mnf fk+ /2 —ik.+, ) ( —k.+ o )e , (36)
—1 E1< i , _ ki zlc?)
5= 7| | k. — —k,+—=—ik.+
¢ E'=m*lm\ /9 ’ mnf f mny'2 ot
i k? ik? < e ) o (37)
+E(—=k.—1 +ik,— 2 |+ m| —k, + == 7
< V2 mnf xF Cmny/2 " m”) " mn '/ |°
_—1 k: k: i
¢6_E2_m2[ (1/*]{; _\/7 mn)‘f‘E(x/EZk mn)-i—m( k + nﬁ)]em? (38)
-1 |[(E , 1 ky ik o K| e
b= | +E><J§k' gy gyt ol | (59

1/( 4 k2 k: ) ik’ ) .

S - ——k,+ — ik, + * 40
R A R LA S ) i
#o= (2~ 2 )" ()

1 ; k3 1 k; k? )
= k,— ——=k,+ —ik.+ ) 4
¢10 m(f mn\/* ﬁk mnf ZIC mn e ( 2)

'The calculations are also given in Appendix.

An application of the virial theorem is done in [6] to find the wavefunctions for the Schrodinger Equation. Compared to the
solutions of the references [14,33], the obtained wavefunctions in this study are the explicit solutions of the wavefunctions
of the DKP equation for spin-one particle.

4. Discussions and Conclusions

'The wavefunctions of the DKP equations for the given potential in terms of the wavenumbers, the radial powers of the given
potential, mass and energy of the spin-one particle, for the particle being in a closed system are obtained. This is the explicit
solutions of the DKP equation wavefunctions compared to the previous studies. The obtained solutions will be used in the
applications of the DKP equation for spin-one particle, and it will give to the researchers a useful tool for applications.
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(if"9,+ Ikr"—Im)y(t,r)=0 (1)
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for £ =0,1,2,3 where

0000 0 0 e O
, 0°01 1, 0° 0 0—iS .
B=or100F e o o o 17023 )
0"00 0 0" =S, 0 0
and
000 01 0 , 0 1 0 10 0
0=0,0=(0 00),0=00 0,5=——101S=-—"——1 0 1,S.=00 0,e,=(1 0 0),
000 ﬁ010 ‘/520—1 00 —1 )

62:(0 1 O),E“{:(O 0 1),I3><3

T defines the transposation of matrices, and constants are taken asc = h = 1. Hence, the 8” matrices can be written as

0000000000

0000100100

0000010010

0000001001

, 0100000000
5_0010000000’

0001000000

0000000000

0000000000

0000000000

0 0 0 0 100 0 0 0

0 0 0 0 000 0 —i/y2 0

0 0 0 0 000 —i/yY2 0 —i/y2

0 0 0 0 000 0 —i/y2 o0
oo 0 0 000 O 0 0
B_o 0 0 0 000 O 0 0

0 0 0 0 000 O 0 0

0 0 —i/y2 0 000 0 0 0

0—i/Y2 0 —i/yY2000 0 0 0

0 0 —i/y2 0 000 0 0 0

0 0 0 0 010 0 0 0

0 0 0 0 000 0 -1/y2 0

0 0 0 0 0001/Yy2 0 -1/y2

0 0 0 0 000 0 1/V/2 0
, 0 0 0 0 000 O 0 0
3_1 0 0 0 000 0 0 0

0 0 0 0 000 O 0 0

0 0 -1/Y/Y2 0 000 0 0 0

01//2 0 -=1//Y2000 0 0 0

0 0 1//2 0 000 0 0 0
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0000000—=00O0

00 0000O0O0OGO0OO
00 0000O0O0 O

00 0000O0O0OTO0OO
00 0000O0O0OTO0OO
00 0000O0O0OTO0OO

1000000000
0000000 00O
00 0000O0O0OTO0OO

0002000 0O00O0

33

(4)

Using Eq. V(r)

.in Eq. (1) and the matrices given by Eq. (4) one writes the DKP equation as:

2
_ P
nm

—~

z./

SN

8|3

-~

SN—"

>

15
cCoo 0000 oo
co 00000 o oo
O~ 000000 oo
coo 0o oc o oo
o 00000 OO
O~ 000000 OO
Coo0oo0o0cOoO O OO
cCcoococoo 100 OO
cooco 1000 oOo
CoOO0O0O0C o000 OO

B3

000

Juta,y.2)

2
Y

nm

P

(ia,—

0

0 -1/y2
-1/vY2

000

0

000 1//2
1/v2

000
000
000
000
000

0

0

0

S O

0

0
-1/vy2

0

0
0

0
~1/4/2 00 0

0

0

01/y2
/42

0

000

0

0
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0000001 O0O00O0
0000000 -—00
000O0OO0O0OO0OODDO
0000000 OGO?¢
000000OO0OO0ODO . Js
+ - $7,y,2) —ml(t;x,y,2) = 0.
0000000000 X(za nm)w(txyz) ml(t;2,y,2) =0
1 000000 O0O00O0
0—-00000 0O00O0
0000O0O0OO0OO0ODO
000z2z000O0OO0O
©)
One can take the wave function as
@
@-
?s
@,
Y(tz,y,2) = d(z,y,2)e™, $(x,y,2) = gz (6)
@-
Ps
?q
¢10
to get a solution of the Eq. (5).Inserting Eq. (6) in Eq. (5) the following equations are obtained;
.3¢5 1 82¢5 .a¢ﬁ .8¢7 1 32¢7 _
3 " mn ox +zay2 tiy, ~mn .  mh =0, (7)
OQs , O@s 1 O¢s | 4 '@y 1 .0py 1 '@y  OPs i O'¢Qs _
Yot tar Ty e Yo Ty TP oy T ey T oz Tn g =0 (8)
Apy  Ops , 1 3p  dpu , i b, Fbu, i 9 by 1 b Fbu , _
ot "ot Ty o TTar Tmy2 o' e’ Y209 Y mn/2 oy oy me; =0, 9)
.0¢p: . APy 1 9%, 7 az¢9 L.GQSQ_ 1 az¢9_a¢1o 7 82¢10_ B
t ot + ot +/§ ox mn axz +ﬁz ay mn ayQ 0z +mn 82,’2 ’ITL¢4—0, (10)
.0¢p, .0 1 9
¢ 5? K afﬁ ~mn aff —mes =0, (11)
.0¢p; .0 9’
i g;? +1 gzl - n"}n a;él —mps =0, (12)
O¢, .0 1 9
R (13)
1 3¢s | i O°¢s 1 .9ps 1 '¢s  3p. i 'y B
J2 ox Ton or? _ﬁz oy mn dy oz T o —megs =0, (14)
1 99, | 99, i ¢y [ 0'¢s, 4 09y dps 1 '@y '¢s _
Loatatan e T TR s oy oy "0 (15)
1 9¢s i 9'Ps | i 3P 1 ¢ 9dp. i ¢y B
\/5 oz 2 or ﬁ 3y _mn B ayz Tz mn 97 —me¢, = 0. (16)
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By taking
¢i _ eﬂ}i’ (17)
'The following equations are obtained:
2
B+ koo — g, = 0 (18)
2
gt~k + i L — gy = 0 (19)
2
Edi+ —k.+ kn *— . =0 (20)
K k; kz .
kot =y o — ke — g, = (21)
ik, ik: ky k; e k.
+ B+ — e 4 Z0 + ik el —
E¢5 E¢8 9 mnﬁ \/5 mnf WL'I'L m¢2 (22)
21k, 2k
+ By + 2 — " —mepy =
E¢6 E¢g \/5 nfe m¢3 0 (23)
ik k, k; zk
B+ B+ e e Sy B K 24
(o2 b1+ f mm/* f mnf 1 mep, = (24)
ik, ki, K k; N
_ _ + _ ikr __ —
\/5 ’ITL’/L[ [ mnﬁ k. mn@ m¢s 0 (25)
. 2
2\}%1: _ miilf;* e — mes =0 (26)
3 /Lkz ky kz /Lkz ik
_-_7__ + r__ —
\/— - \/— - J— —ik.+ e mep = (27)
From Eq. (26)
1 2ik, 2k 4
= - T 28
¢9 m x/§ mnﬁe ( )
Putting Eq. (28) in Eq. (23) and using Eq. (19), after some arrangements, two equations are obtained:
— 2
@:ﬁ[E(ﬁik,—f L. B (2w —y2i ke )] (29)

-1 | E -k : -k kr \| &
¢6—E2_m2[ (ﬁzk -2 mn)—i—E(ﬁzkx—f mn)—i—m(—ky-i-mnﬁ)]e" (30)
From Eq. (27) one writes;

1 k2 1 k? k? )
——=k,+ —ik.+
k, mn«/? k. o

¢10_m<\/§k1 lmn\/g \/5

From Eq. (25) one gets;

™. (31)

s = L(L'Icr - ’kl k + k2 — ik + Ik ) (32)
From Eq. (21) it is written that;
2 2 2
T TR S A (33)
Putting Eq. (31) in Eq. (24) and using Eq. (20) , after some calculations, the following two equations are obtained;
__-1 |[(E i , ky ik k:
¢7_m[<W+E><ﬁk” mnf J—kq/+ O] — k.t ) < —k.+ -, ) e' (34)
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Z_il(Eﬂn)(L ' Ly et zk+lkz> ( kot k. )e (35)
§04 E‘Z _m2 ﬁ mnf f f
Putting Eq. (32) in Eq. (22) and using Eq. (18) one gets;
-1 | E ( i K k? W)
e p—— k.— —=k,+ —ik. +
¢ E=m’| m\ /2 mnf f mny/2
+E(L,f B, 1, K # ) +m<_k LR )6 (36)
J2 mnf f mny2 MmN comn
1 i, ki 1, k; L ik )
¢2_ E2_m2|:E(\/§kr mnf \/7 + \/7 Zk:z—‘l_ mn
i ik> 1 k? k 37)
kb — P y

__ky_
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