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Abstract

In this paper, we have proved some coupled coincidence and coupled common fixed point theorems for two mappings defined on the
ordered uniform spaces by using the order relation on uniform spaces presented by Altun and Imdad (2009).
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Oz

Bu ¢aligmada, Altun and Imdad (2009) tarafindan diizgiin uzaylar iizerinde verilmis olan siralama bagintisin1 kullanarak siral diizgiin
uzaylar izerindeki iki déniigim i¢in baz: ikili cakigik ve ikili ortak sabit nokta teoremleri ispat edilmigtir.

Anahtar Kelimeler: Ikili sabit nokta, Lineer olmayan biiziilmeler, Sirali diizgiin uzaylar

1. Introduction

Recently, fixed point and common fixed point theorems in
uniform space have been investigated intensively (e.g. Aamri
and El Moutawakil 2004a, b, 2005, Agarwal et al. 2004,
Altun and Imdad 2009, Olatinwo 2008, Turkoglu 2010a,
b, 2008, Turkoglu and Binbasioglu 2011). The greater part
of these theorems are given for contractive or contractive
type mappings. Lately, a new E-distance function concept
on uniform spaces has been introduced by Aamri and El
Moutawakil (2004). Then Altun and Imdad (2009) defined
a partial ordering on uniform spaces. They benefited from
the concept of E-distance while making this definition. The
Banach contraction theorem has a very important place
in fixed point theory. Boyd and Wong (1969) extended
the Banach contraction theorem to nonlinear contraction
mappings. So many authors prove significant fixed point
theorems (Ciric 2008, Guo and Lakshmikantham 1987,
Lakshmikantham and Ciric 2009, Ran and Reurings 2004,
Samet 2010, Turkoglu and Binbasioglu 2015). Recently,
Bhaskar and Lakshmikantham (2006), Nieto and Lopez
(2005)a, b, (2007), Ran and Reurings (2004), Agarwal et al.
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(2008) and Abbas et al. (2010) presented some important

results for contractions in partially ordered metric spaces.

In this paper, we use the partial ordering on uniform
spaces and in this way we extend some results for a mixed
monotone linear contractive mapping. Also we generalize
the idea of a mixed monotone mapping. We give some
coupled coincidence and coupled common fixed point
theorems for two mappings.

2. Preliminaries

Firstly, we will give the following definitions. Because these
concepts will be used in the sequel of our work.

Definition 2.1 Let (X,9) be a uniform space. A function
p: XXX - R" is said to be an E-distance if

(p1) Forany V €1 there exists & > 0 such that
p(c,a) <8 and p(c,b) <8 for some ¢ € X, imply
(a,b) eV, (p.)p(a,b) < pla,c)+plec,b),Va,bceX
(Aamri and E1 Moutawakil 2004).

Lemma 2.2 Let (X,0) be a Hausdorff uniform space and
p be an E-distance on X .Let {a,} and {b,} be arbitrary
sequences in X and {a.},{B.} be sequences in R"
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converging to 0.Then, for a,b,c € X , the following holds:

a) If p(a.,b)<a, and p(a,c)<p, forall n € N, then
b=c.Also, p(a,b) =0 and p(a,c) =0,then b=c.

b) If p(a.b,) < a, and p(a,c) < B, forall n € N, then
{b,} converges to .

o) If plana.)<a, for al m>n, then {a.} is a
p-Cauchy sequence in (X,0).

Let (X,0) be a uniform space equipped with E-distance p.
A sequence in X is p-Cauchy if it satisfies the usual metric
condition. There are several concepts of completeness in this

setting (Aamri and El Moutawakil 2004).

Definition 2.3 Let (X,9) be a uniform space and p be an
E-distance on X .’Then

a) X said to be S-complete if for every p-Cauchy sequence
{a.} there exists a € X with lim pla.,a)=0,

b) X said to be p-Cauchy complete if for every p-Cauchy
sequence {a.} there exists a € X with lima, = a with
respect to 1‘( 19) ,

¢) f:X—X is p continuous if 1}}{01]7(@"7@)2 0 implies
limp(fa..fa)=0,

d) f:X - X is £(9) continuous if lima,=a with respect
to 7(0) implies limfa, = fa with respect to (D)
(Aamri and E1 Moutawakil 2004a, b, 2005).

Remark 2.4 Let (X,0) be a Hausdorff uniform space and
{a.} beap-Cauchysequence.Supposethat X is S-complete,
then there exists ¢ € X such that 1Ii;g01p(an7a) =0. Then
Lemma 2.2 (b) gives that lima, = a with respect to the
topology 7(9) which shows that S-completeness implies
p-Cauchy completeness (Aamri and El Moutawakil 2004).

Lemma 2.5 Let (X,0) be a Hausdorff uniform space, p be
E-distance on X and ¢:X — R. Define the relation “<”
on X as follows;

a<bea=0bor p(a7b)S o(a)—¢(b).
Then “<”1is a (partial) order on X induced by ¢ (Altun
and Imdad 2009).

Definition 2.6 We call an element (a,b) € X X X a coupled
fixed point of a mapping 7" if T(a,b)=a,T(b,a)=b
(Bhaskar and Lakshmikantham 2006).

Definition 2.7 An element(a,b) EX XX is called a
coupled coincidence point of a mapping T:X XX — X
and ¢XXX-X if T(ab)=g(a),t(b,a)=g(b)
(Lakshmikantham and Ciric 2009).
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Definition 2.8 Let X be a non-empty set and
T: XXX —X and ¢:X — X . We say the mappings 7" and
g commute if ¢(T(a,b))=T(g(a),g(b)) for all a,b e X
(Lakshmikantham and Ciric 2009).

Definition 2.9 Let (X,0) be a uniform space, “<” is an
orderon X and T"X X X — X . We say that 7"has the mixed
monotonicity property if 7"is monotone nondecreasing in a
and is monotone nonincreasing in 4, that is for any a,b € X,

a1,Q: EX,aljad:T(al,b)jT(abb) (1)
and

bi,b, € X,b, < b, = T(a,b.) > T(a,b;) (2)(Bhaskarand
Lakshmikantham 2006).

Definition 2.10 Let (X,9) be a uniform space, “<”is an
order on X and T"X XX —X and ¢:X - X.We say T
has the mixed g-monotone property if 7" is monotone
g-nondecreasing in 2 and is monotone g-nonincreasing in b,
that is for any a,b € X,

a1,a; EX,g(xl)jg(az):T(al,b)jT(ag,b). (3)
and

blabQ EXag(b1> ig(bQ) = T((Z,bz) j T(aabl) (4) (BO}’d
and Wong 1969).

If g is the identity mapping, then Definition 2.10 reduces to
Definition 2.9.

3. Main Results

Theorem 3.1 Let (X,0) be a Hausdorff uniform space, “ <”
is an order on X and suppose there is an E-distance p on X
such that (X,p) is a p-Cauchy complete uniform space. Let
T: XXX —X bea t(0) continuous mapping having the
mixed monotone property on X . Assume that there exists

a ke[0,1) with
p(T(a,),T(.0)) < £ pla,u)+p(b,0)]

tor all comparable 4, # and all comparable 4, v. If there exist
ao,bo € X such that

Qo iT(CLn,bo) ve bn zT(bn,a/o),

then there exist a,b€X such that a=T(a,b) ve
b=T(b,a) (Turkoglu and Binbasioglu 2015).

Theorem 3.2 Let (X,0) be a Hausdorff uniform space, “ <
”is an order on X and suppose there is an E-distance p on
X such that (X,p) is a p-Cauchy complete uniform space.
Assume that X has the following property:
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a) If a non-decreasing sequence {a.} —a, then a, <a
for every n;

b) If a non-increasing sequence {b.} > b,then b < b, for
every 7.

Let T:X X X — X be amapping having the mixed monotone
property on X . Assume that there exists a k € [0,1) with

p(T(a,b),T(u,v))S%[p(a,u)+p(b,v)] for all
comparable a, # and 4, v. If there exist a,by € X such that
a, < T(ao,bo) and by > T(bo,ao) then there exist a,b € X
such that ¢ =T(a,b) and b=T(b,a).

Proof. Since ao < T(ao,bo)=a, and b, > T(bo,a0) = b,
letting a, = T(a.,b,) and b, =T(by,a,),we denote

TZ(CLQ, bo) = T(T( ao,b(l),T( bo,(lo)) = T(al,bl) = Q2
and
TQ(bo,CLO) = T(T(bo,ao),T(ao,bo)) = T(bl,al) =b..

With this notation, we now have, due to the mixed monotone

property of 7,

a>=T*(aobo) = T(a,b,) > T(aybi) = a
and

b, =T"(by,a0) = T(bi,a:) < T(bo,as) = b .
Further, for n=1,2,... we let

@it =T"" (a0,bo) = T(T" (@0, by ), T" (b, o))
and

b"+1 = T"Jrl (b(], a[]) = T( A (b(}, Qo ), s (a[], b())) .

We can easily verify that

ao < T(ao,bo) =a < T2(do,bu) =a <..< TnH((Lo,bo)
= An+1 i

and

bo > T( bo,ao) =b > T (bo, aO) =b, e = Ak (bﬂya[l)
= bn+1 i ’

Now, we claim that, for n € N,

p (T’n-H (CL()7 bU)an (aﬂv bU ))

= %[p (T( o, bo ),Clo) +p (T(b%aﬂ)’bo) ] ©)

p (Tﬂ+1 (bU7a/U)7Tn(bUyalU ))

< B (T (b, b) +p(T (a0 bi),a0) ] (©)

Indeed, for n =1 using T'(ao,bo) > ao and T (bs,a0) < bo
, we get
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P(T*(ao,b0), T(ao,b0)) = p(T (T (ao,bo), T (bo,a0)), T (@, o) )
< Ap(T(aob)as) + p(T (bo,a0),bi)].

Similarly,

P(T* (b, a0), T(bo, a0)) = p(T (T (b, a0), T (@o,bo)), T (b, a0) )
< Hp(T(anbi)a) +p(T (bo,ai)b) |

Now;, assume that (5) and (6) hold. Using

T (ao,bo) > T"(ao,bo) and T (by,a0) < T" (bo,a0) we
get

P (T"+2 (ao, b0)7 ™ (ao, bO)) =P (T(Tm (CLO, bO) ) Ak (bo, CLO))

ST (T (ao,bo), T" (bo,ao)))

< Ep(17 (@), T (anby))

+p (T (b0, a0), T (b)) ]

< B Ip(T(aubo)a) +p (T (br.an) )]
Similarly, one can show that

(T (01,0, T (br,a0))

< B (T (bran) b)) + p(T(an b))

This implies that {T"(ao,by)} and {T"(bs,a0)} are
p-Cauchy sequences in X .

Indeed, let m > n, then

P (Tm (ao, bo), ™ (an, bn)) < P (Tm (ao, bn), qu (an, bn))

..t P (Tn+1 ((Lo, bu)7 T (au, bo))

< W[p(T( ao,bo),ag) +p(T(bo,a0)7bﬂ> ]
< ﬁ[ﬁ(T( @o,bo),a0) + p(T (bo,a),bo) |.

Similarly, we can verify that {T"(bo,as) } isalsoa p-Cauchy
sequence.

Since X is a p-Cauchy complete uniform space, there exist
a,b € X such that

lim T"(@o,bo) = a and lim T (bo,a0) = b.
Let 8,>0,6,>0 and &, > 0. Since {T"(aubo)} —a
and {T"(bo,a0) } — b there exist n,,n, € N

such that, for all n > n, and m = n,,we have

p(T"(ao,bo),a) < &,and

p(a,T"(ao,by)) < 6, p(b,T" (bo,a0)) < 6
.Taking n € N, n > max{n,,n.} and using
T"(ao,bo) <a, T”(bo,ao)} > b, we get
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p(T(a,b),a) <p(T(a,b), T (asbo)) +p(T"" (asbo),a
=P (T(U/, b)7 T (TW (a’07 b0)7 T (bO, ao))) + D (T’HJrl (CL07 b0)7a/)

= %[p (a, T (ao, b)) + p (b, s (bo, ) ] +p (T (ao, bo),a)
< p(a,T"(ao,b0)) +p(b,T"(bs,a0)) + p (T (as,bo),a)

< 61+6,+6,

Soifwetake € = 8+ 0>+ 61, thisimplies that T'(a,b) = a.
Similarly, we can show that p(T'(b,a),b) < &, implying
that T(b,a) =b.

Theorem 3.3 Let (X,0) be a Hausdorff uniform space,
<”is an order on X and suppose there is an E-distance
p on Xsuch that (X,p) is a p-Cauchy complete uniform
space. Assume that there is a function ¢:[0,00) — [0,00)
with ¢(t) <t and lim@(r) < ¢ for each ¢t > 0 and also

suppose that 7:X X X5 X and g:X — X are defined such
that 7"has the mixed g-monotone property and

(g(a),g(u)) ;p(g(b),g(v))

p(T(a,b),T(u0)) < L (7)

forall a,b,u,v € X forwhich g(a),g(u) are comparable and
g(b),g(v) are comparable. Suppose that T'(X x X) € g(X),
gis 7(1U)-continuous and commutes with 7' and also
suppose either

a) Tis t(1)-continuous
or
b) X has the following property:

If a non-decreasing sequence {a.} — a,then a, < a for
every 7, (8)

If a non-increasing sequence {b,} — b, then b < b, for
every n. 9)

If there exist ao,by € X such that g(ag) jT( @o,by) and
g(by) > T(bo,a0), then there exist a,b€X such that
g(a)=T(a,b) and g(b)=T(b,a), that is, T and & have
a coupled coincidence. Furthermore, suppose that for every
(a,b),(b",a") € X XX there exists a (u,v) € XXX such
that (7' (u,v), T (v,u)) iscomparableto (T (a,b), T'(b,a)) and
(T'(a",b"),T(b",a")). Then T'and g have a unique coupled
fixed point, that is, there exists a unique (a,b) € X X X such
that a = g(a) = T(a,b) and b=g(b) =T (b,a).

Proof- Since gla)=T(a,b) and g¢(b)=T(b,a) in
(Turkoglu and Binbasioglu (2015), Theorem 2), by

commutativity of 7"and ¢g we have

9(9(a)) = g(T(a,b)) = T(g(a),g(b))

and
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g9(g(0))=g(T(b,a)) = T(g(b),g(a)).

Denote g(a)=c,g(b) =d . Then from the above equality,
glc)= T(c,d) and g(d) =T(d,c).

Thus (c,d) is a coupled coincidence point.

Now, we shall show that if (a,b) and (a",b") are coupled
coincidence points, that is if g(a)=T(a,b),g(b) =T(b,a)
and g(a”)=T(a",b"),g(b")=T(b",a") ,then g(a)=g(a")
and g(b)=g(b").

By assumption there is a (u,v) EXXX such that
(T (u,v),T(v,u)) is comparable with (T(a,b),T(b,a))
and  (T(a",b"),T(b",a")). Put w=u,vo=v and
w,v €Xso  that  g(u,)=T(usve) and
g(v1) = T(v,10). Then we can inductively define sequences
{g(u.)} and {g(v.)} such that g¢(w,)=T(w,v,)
and  ¢(v,.1)=T(v,u,). Moreover, set ai=a,
bo=b,ac=a",bo=>b" and on the same way, define the
sequences {g(a.)},1g(b.)} and {g(a.)},{g(b,)} . Then it
is easy to show that g(a,)=T(a,b),g(b,)=T(b,a) and

g(a)=T(a",b"),g(b;)=T(b",a") forall n>1.

Since  (T'(a,b),T(b,a))=(g(a.),g(b:))=(g(a),g(b))
and  (T(u,v),T(v,u))=(g(u),g(v)) are comparable,
then g(a)<g(w,) and g(b)>g(v,). It is easy to show

that (g(a),g(b)) and (g(u"),g(vn)) are comparable, that
is, g(a) < g(u,) and g(b)=>g(v,) forall n>1.

So,

p(g(a),g(u...))=p(T(a,b),T(u.,v.))
<4 plgla),g(u.)) ;‘p(g(b)7g(m>>

choose

p(g(b),9(v.1)) =p(T(b,a),T (v,,v,))
<4 p(g(b),g(v.)) ;p(g (a).g(u)

Adding we get
p(g(a),g(unﬂ));‘P(Q(b)ﬂ(UnH))

- ¢p(g(a),g(un));p(g(b),g(vn)).

Hence it follows

p(g(a).g(u...)+p(g(b)g(v.))

2
< g 2lola)g(w) +p(g(b).g(v.))
— 2 .
for each m>1. It is known that ¢@(t)<t and

l{g}¢(r)<t imply lﬂi_Iggb”’(t):O for each t>0.
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Thus from above inequality lnig.}p(g(a),g(unﬂ)) =0 and
limp(g(b),9(v.:1)) = 0.

Similarly one can prove that Li_rgp(g(a* ),9(1,:1)) =0 and
limp(g(b),g(v.:1))=0.

By the triangle inequality,

p(g(a)g(a’)) <p(g(a)g(w.))+p(g(u.)gla))—0
as n— oo,

p(g(b),9(b7)) < p(g(b),9(v.:1)) + p(g(v,11),9(b)) - 0
as m — oo,

Hence g(a)=g(a") and ¢g(b)=g(b").

gla)=T(a,b) and g¢(b)=T(b,a), by the

commutativity of 7"and ¢g we have

g(g(a))=g(T(a,b))=T(g(a),g(b)) and
g(g(b))=g(T(b,a))=T(g(b),g(a)).

Denote g(a)=c,g(b)=d.Then we obtain that
g(c)ZT(qd) and g(d)ZT(d,c).

Since

Thus (c,d) is a coupled coincidence point. Then from
gla)=g(a’) and ¢(b)=¢g(b") with a =c¢ and
b"=d it follows g(c)=g(a) and g(d)=g(b), that is,
g(c)=c and ¢(d)=d .Therefore c =g(c)=T(c,d) and
d=g(d)=T(d,c).So (c,d) is a coupled common fixed
pointof 7" and g¢.

(pq) s
another coupled common fixed point. Then we have
p=g(p)=glc)=cand ¢=g(qg)=g(d)=d.

Corollary 3.4.Let (X,9) be a Hausdorffuniform space, “ <
”is an order on X and suppose there is an E-distance p on

To prove the wuniqueness, assume that

X such that (X,p) is a p-Cauchy complete uniform space.
Suppose that T:X X X — X and ¢:X — X are defined, such

that 7"has the mixed g-monotone property and assume that
there exists a k € [0,1) with

p(T(a.b).T(w,0)) < 5[ p(g(a)g(u)) + plg(b)g(0))]

for all abuveX for which g¢(a)g(u) are
comparable and g(b),g(v) are comparable. Suppose that
T(XxX)Cg(X), g is v(J)-continuous and commutes
with 7"and also either

a) Tis 7(9)-continuous
or
b) X has the following properties:

If a non-decreasing sequence {a,} — a then a, < a for

all », (10)
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If a non-increasing sequence {b,} - b then b < b, forall
. (11)

If there exist ao,by € X such that g(a,) jT(ao,bo) and
g(bo)iT(bo,ao), then there exists a,b € X such that
g(a)=T(a,b) and g(b)=T(b,a),thatis, T'and ¢ have

a coupled coincidence.

Proof. Taking #(t)=kt with k€[0,1) in the above

theorem, we obtain this corollary.

Now, we shall prove the existence and uniqueness theorem
of a coupled common fixed point. Note that if (X,p) is a
partially ordered uniform space, then we endow the product
X X X with the following partial order:

for (a,b),(u,v) € XXX, (a,b) <(u,v) & a <u,v<b.

Corollary 3.5. Let (X,0) be a Hausdorff uniform space,
<”1is an order on X and suppose there is an E-distance p
on X such that (X,p) isa p-Cauchy complete uniform
space. Assume that there is a function ¢:[0,00) — [0,00)
with ¢(t) <t and hmgé(r) <t for each t>0 and let
T:XXX—X bea mappmg having the mixed monotone
property on X and

p(T(a,b),T(uw)) < pL

for each comparable a,u and each comparable b,v.

p(a,u) +p(b v)

Also suppose that

¢) Tis t(1)-continuous

or

d) X has the following properties:

If a non-decreasing sequence {a,} — a then a, < a for

all n, (12)

If a non-increasing sequence {b,} — b then b < b, forall
n. (13)

If there exist ao,by€X such that ao < T(aobo) and
bo > T(bo,a0) then there exist a,b €X such that
a=T(a,b) and b=T(b,a).

Furthermore, if ¢ is a non-increasing function and as,b,

are comparable, then a = b, thatis, a = T(a,a).

Proof- Following the proof of above theorem with g =1 (I
is denote the identity mapping), we only have to show that
a=T(a,a).

Since ¢ is a non-increasing function by the triangle

inequality
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p(a,b) < p(a,an+l ) +p(an+1, b+t ) +p(bn+1, b)
= p(T(an,bn), T(bn,dn)) +p(a,an+1) +p(bn+1,b)

n,bn + bn7 n
< ¢p(a )210( a )+p(a,an+1)+p(bn+1,b)
p(a.,a.)

< ¢T+p(a,an+1)+p(bn+17b)

Taking the limit as 7 — oo we get, as lima,=a and
limb. = b,

pla,b) < p(pla,a.)) < dle) < e.
Hence p(a,b)=0.Therefore a =b,thatis, a =T(a,a).

Corollary 3.6. Let (X,9) be a Hausdorff uniform space, “ <
”is an order on X and suppose that there is an E-distance
pon X such that (X,p) is a p-Cauchy complete uniform
space. Suppose that 7:X X X — X is a mapping having the
mixed monotone property on X . Assume that there exists

a ke [0,1) with
p(T(a,b).T(u,) < [ plau)+p(bo)]  for

comparable a,u and each comparable b,v. Also suppose
that

each

¢) Tis t(1)-continuous
or
f) X has the following properties:

It a non-decreasing sequence {a.} - a then a., < a forall

n, (14)

If a non-increasing sequence {b,} = b then b < b, for all
n. (15)

If there exist aoby€X such that ao < T(aobo) and
by > T'(bo,a0), then there exist a,b€X such that
a=T(a,b) and b=T(b,a).

Proof. Taking ¢ (t) = kt with k € [0,1) in Corollary 3.5 we
obtain Corollary 3.6.

4. Results

In this study, firstly we gave some basic definitions and
theorems related to the concept of E-distance in uniform
spaces. Using the order relation defined by Altun and
Imdad (2009), we have shown that a T-mapping with
mixed monotonicity and a nonlinear contraction condition
has a fixed point under some conditions. Then we showed
when a mapping T with mixed g-monotonicity would have
a coupled fixed point. Finally, we proved three important
corollaries related to this fixed point and coupled fixed point
theorems.
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