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Abstract

In this study, we have successfully found some travelling wave solu 18;1 of the variant Boussinesq system and fractional system of two-
dimensional Burgers’ equations of fractional order by using the (?3 -expansion method. These exact solutions contain hyperbolic,
trigonometric and rational function solutions. The fractional complex transform is generally used to convert a partial fractional
differential equation (FDEs) with modified Riemann-Liouville derivative into ordinary differential equation. We showed that the
considered transform and method are very reliable, efficient and powerful in solving wide classes of other nonlinear fractional order
equations and systems.

Keywords: The < %{2 -expansion method, exact solution, Fractional order system of variant Boussinesq equations, Fractional system

of two-dimensional Burgers’ equations.

Oz

Bu ¢aligmada, <i>—aglhm metodu kullanarak kesir mertebeli Boussinesq denklem sistemleri ve kesirli iki boyutlu Burgers’
denklemlerinin bazi hareketli dalga ¢éziimleri elde edilmistir. Bu tam ¢6ztimler hiperbolik, trigonometrik ve rasyonel fonksiyon
¢oziimlerini icermektedir. Kesirli karmagik donistim, genellikle, modifiye Riemann-Liouville tiirevi igeren kesirli kismi diferansiyel
denklemi adi diferensiyel denkleme donistiirmek i¢in kullanilir. Digtinilen déntsim ve metodun, diger lineer olmayan kesir mertebeli

denklemlerin ve sistemlerin ¢6ziimiinde giivenilir, verimli ve etkili bir yol oldugu gésterilmistir.

’

Anahtar Kelimeler: (

mertebeli Burger denklem sistemi.

1. Introduction

Fractional calculus is used successfully in the field of
mathematical physics, biology, engineering and the other
field of applied sciences. Many important events are well
described by differential equations of fractional order in
control theory, acoustics, electromagnetics, electrochemistry,
viscoelasticity, fluid flow, systems identification and signal
and image processing. Fractional calculus has been used
to described that are found to be best model by fractional
differential equations (FDEs). Therefore, FDEs have been
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Cg; )—agﬂlm metodu, Tam ¢6ziim, Kesir mertebeli variant Boussinesq denklem sistemi, ki boyutlu kesir

investigated by many researchers (1-3). For that reason, we
need a reliable and efficient technique for the solution of
fractional difterential equations. So far, many powerful and
efficient methods have been suggested to obtain numerical
solutions and exact solutions of them. For example, numerical
analytical methods for solving fractional problems are the
adomian decomposition method (ADM) (4), the variational
iteration method (VIM) (5), the homotopy perturbation
method (HPM) (6), the homotopy analysis method
(HAM) (7) and exact solution methods are the %
-expansion method (8,9), the first integral method (10,11),
the fractional sub-equation method (12,13), the modified
trial equation method (14,15), the exp-function method
(16,17) and the functional variable method (18).
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’

In this paper, we are going to use the (g
method (19-22) for solving nonlinear fractional partial

-expansion

differential equations with modified Riemann-Liouville
derivative, In Section 2, we describe the algorithm for using
the (-7 )-expansion method with fractional complex
transform to solve FDEs. In Section 3 and 4, we will apply
it to the fractional order system of variant Boussinesq and
two-dimensional Burgers’ equations. In the last section,
conclusions are given.

2. The (%’r) -Expansion Method and the Fractional

Complex Transform

Let us consider the general nonlinear FDE as follow,
H(u,Dfu,Dfw, D!, Di*u,D D?w, Df DY w,D*u,D!DYw,...) = 0,
0<aBy<1

(2.1)
where ©w=w(z,y,t) is an unknown function. H is a

polynomial of « and its partial fractional derivatives. By
using the traveling wave transform (23)

u(z,y,t)=f(0),

_ ax’ by” ct”
O=T+8) T+ " TU+a)y
where a # 0,b # 0 and ¢ # 0 are constants. If we use chain
rule, then we get

(2.2)

(2.3)

L_df

Diu = ot—deDtH
a — ! df a

Diu=0.45 D0 (2.4)
a — ' df o

Dju=0,5D;0

where 0,0, and 0, are named the sigma indexes (24). We
can take them 0, =0, = 0, = ¢ where ¢ is a constant.

Setting (2.2) and (2.4) into (2.1), we get the following
nonlinear ODE;
¥(U,U,U",...)=0. (2.5)
where the primes denote the derivations with respect to 8.
Suppose that the solution of the equation (2.5) is expressed
by a polynomial of

U(0) = za(%) a. %0

where a,(i=0,1,2,..,z) are constants, while G(8)
satisfies the following second order LODE

o) s follows:

(2.6)
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G"(0)+AG'(0)+ pG(0) =0, (2.7)

where A and g are constants. The positive integer z can
be determined by taking the homogeneous balance in the
Eq.(2.5). We have collected all terms with the same order
of (-7 ) by putting the Eq.(2.6) into the Eq.(2.5) and
using the equation (2.7). By equalizing each coefficient of

the polynomial to zero, we have obtained a set of algebraic
equations system for a;(i = 0,1,2,...,z),a,b,c . Thus we can
get a variety of exact solutions of equation (2.1), by solving
the equations system.

3. (g)—Expansion Method for Fractional Order
System of Variant Boussinesq Equations

In this study, the fractional Erd,er system of variant Boussinesq

equations is proposed on xel -expansion method

fo+ D (uv)+D¥u =0

Diu+Div+Diu=0

where is the parameter of the order of the fractional derivative,
and 0 < @ <1. For a model of the water waves, u(z,t)
is the velocity, v(z,t) is the total depth and the subscripts
denote partial derivatives (25). Gepreel and Mohamed, have
found numerical solutions of Egs. (3.1) by using the HAM.
In (26), Yan studied the travelling wave solutions of these
equations and obtained three new types of travelling wave

(3.1)

solutions by using fractional sub-equation method. When
@ =1,Eqgs.(3.1) is called the variant Boussinesq equations.
Some researchers investigated exact and analytical solutions
of these equations. Wang (27) has obtained exact solutions
of them by homogeneous balance method. In (28), several
types of explicit and exact solutions contain Wang’s results.
The system of the Egs. (3.1) has been obtained by using an
improved Sine-cosine method and Wu elimination method.
Yomba (29) has found travelling wave solutions of classic
version by using the extended Fan’s sub-equation method.
In (30), Lu has obtained abundant Jacobi elliptic function
solutions of the variant Boussinesq equations. Soliman and
Abdo, by using modified extended direct algebraic (MEDA)
method obtained multiple exact complex solutions of
system of variant Boussinesq equations (31). Wu and He
(32) have obtained a solitary wave solutions by exp-functip
method. Recently, Zhao and his colleagues, used the ?5‘
-expansion method and obtained soliton solutions of these
equations (33).

If we use the following transformations

Karaelmas Fen Miih. Derg., 2018; 8(2):515-522
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ct’
w(z,t)=U(E), &= r(1+a) F(1+a) (3.2)
3 ct” ‘
o(zt)=V(E), &= F(1+Cl/) N1+a)

where ¢ # 0 and k # 0 are constants.

By using of Eq. (3.2) and (2.4), Eq. (3.1) can be turned into
an ODEs

V' + KUV + KU =0,
—cU' +kV' +kUU’ =0,

(3.3)
(3.4)

where 'U" = fli—g and V' = Z—‘g By once integrating, we
obtain

—cV+EUV+ KU + &= 0, (3.5)
—U+kV+ET £ =0, (3.6)

where &, and &, are integration constants.

If we consider the homogeneous balance between the terms

UV and U’ in (3.5), then we get
21tz =21+ 2,
Z9 = 2

(3.7)
(3.8)
Analogously, if we take the terms V' and U” in (3.6) we get,

(3.9)
(3.10)
According to the solutions of (3.8) and (3.10) the polynomial

of o) can be expressed as follows:

221 = 2.

22:2.

Uu(é)= ao+a1%,a1 #0 (3.11)
’ ’2
V(E)=bit b Gtb G b#0 (3.12)

where ao,a1,b0,0; and b, are constants. By using Egs.
(3.11), (3. 12) and (2.7) we obtain that

U (E)=2a % +3al/1G +(2a pH—a]A)G—i-alﬂﬂ,
(3.13)
Uz(é)_Ch G +2(MCL1%+CL%. (314)

If we substitute Eqs.(3.11)-(3.14) intZ

then we can get the coefficients of

Egs.(3.5) and (3.6),
Gq) and equalizing
them to zero we obtain the system as follow:

3 kboa,+ 24k a, =0,

2: —cby+kbsaot+kbia, + 3¢2k3011/1 = O,
1: kbgal—Cbl+¢2k3a1/12+2¢2k3a1/.£+/€b1a0:0,
0: kboao_Cbo+¢2k3(ll/1ﬂ+f§0=07
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2: kb ++kai =0,

1: kaoal +]€b1 —ca, = 0, (315)
0: —cau+ kb +kai + & =0,
If we solve this system by Maple, then we get
(a)
a="— ¢k A @ =2k, by=—28k s,
= —2¢ k? /1 =28 &0=0,
51:c+4¢k2k—¢k/1 P c—c
(3.16)
and
(b)
+ .
ar="< ¢k ’1 a1 =20k, by=—2¢k 4,
= —2¢ k? /1 b= 2Pk S =
él:c+4¢k2;];—¢k/1 =k c—c
(3.17)
By using Eq. (3.16), Egs. (3.11) and (3.12) can be written as
R L (318)
094272 ,, 94212 Q_ 2 zgz
V(E)=—2¢k* 2¢kﬂG 2¢°k a - (3.19)

(a): By substituting general solutions of Eq. (2.6) into Egs.
(3.18) and (3.19) we have three types of exact solutions of
the nonlinear fractional order variant Boussinesq equation
as follows:

If A*—

Ul(é):%

1 2 __ + (O, si € 2 __
b=y Clc-oshlz /12 4p& + Cysinh : \//12 4ué
Cisinh+y/A> = 4p4E + Cycosh 4/ A° — 4pé

(3.20)

4p >0,

Vl(é):wl

_( Cicosh+y A’ —4pE + Cysinh +y/ 1> — 4pé )

Cysinh+y/ 2> — 4pE + Cycosh+/ A2 — 4pé

(3.21)

. kx ot
where € =11 1 0) " T(1+a)
C,=0,C,#0,4>0,£=0,then U, and V, become

¢k/1tanh{’1<r(llmf:a) r(lctjra)>}’

(3.22)

. In particular, if

u,(z,t)=
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B ¢2k_2/12 , A kxnr _ Ctd
v, (z,t) = 9 sech {2<r(1+a) I“(1+oz)>}’
(3.23)
In particular, if C\ #0,C,=0,4> 0, =0, then U, and
V. become
A kx® ct”
ws (z,t) = ¢k/1coth{ (F(1+a) r(1+a)>}’
(3.24)
o ¢2k2/12 B s A kxaf _ Ctﬂ’
vy (z,t) = 2 csch {2(1“(1+a) 1“(1+a)>}'
(3.25)
If /12_4;1 < 07)
Uz(é):%
e —CisintyAu— VE + Cocos H/du— &
¢km CICOS%x/4,U_/125+CQSin%\/4ﬂ—/12$ ’
(3.26)
27,2 2_4

(—Clsm“/él/l A’E+Cycos+ydp — /15)

Cicostydp— A*E+ Cosinty/dpu— 1*E
(3.27)

£= kx® __ ct”

N1+a) T(A+a)”
C,=0,C,#0,A>0,£=0, then U, becomes wu,(z,t)
and V, becomes v,(z,t).

On the other hand, if C,#0,C,=0,4> 0, =0, then
U, becomes u,(x,t) and V, becomes v, (z,t).

where In particular, if

If AP —4p=0,
20kC,
us(z,t) =1 — kf S (328)
Cl+02<1“(1+a/)_ F(1+oz)>
/US (flf,t) = _2¢2k2 kxacz Cta .
Cl+02<r<1+a>‘ F(1+a/)>
(3.29)

(b): Analogously, by using Eq. (3.16) with Egs. (3.11) and
(3.12) can be expressed as

U(E) = c+¢k A

V(é>=—2¢2kw—2¢2k%%—

(3.30)

2 ZQZ
2¢°k a - (3.31)
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By writing general solutions of Eq. (2.7) into Egs. (3.30)

and (3.31) we have three kinds of exact solutions as follows:

If A°—4p >0,

U(&)=1

Fdky A= dp C, cosh ¥ m—kCzsmh m

Csinh+y/A* — 4pé + Cocosh+y/ A2 — 4pé’

(3.32)

Vi) PR ),

_(Cl cosh+y/ A* — 4p€ + C,sinh+y/ A — 4pé )2

Ci Sinh%vaCQcosh%\/m

(3.33)

where & = l"(llgsia/) - F(fia) .In particular, if

C,=0,0,#0,4> 0,1 =0 then U; becomes

_c A kx® ct®
wi(z,t) +¢k/1tanh{ (F(1+af) F(1+a)>}’
(3.34)
and V; becomes v, (z,t).

In particular, if C:#0,0:=0,A>0,£=0 then Us

becomes
A kx® ct”
w )=+ dracom | $( =55 Ty )
(3.35)
and V, becomes v,(z,t).
If A*— 4y < 0,
U4(§):%
r 3 —CisingyAp — A& + Cocos3ydpn— A*E
kYA =4 Cicosty/dp— AN E+ Cosinty/dpu— 1€
(3.36)
2p2( 2y
vi(g)=EHA ),
( Clsln2\/4ﬂ A +CZCOSQV4/1 /1 é)
Cicosty/dp— A*E+ Cosinty/dpu — 1*E
(3.37)
where & = F(llmj‘:a) - F(ftj- ) . In particular, if

C,=0,C,#0,4A>0,=0,then U, becomes us(z,t)
and V, becomes UQ(.Z‘,t).

On the other hand, if C,#0,0.=0,4>0,£=0, then
U, becomes w.(x,t) and V, becomes v, (z,t).

Karaelmas Fen Miih. Derg., 2018; 8(2):515-522
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If *—4p=0,
uﬁ(x,t)=%+0+c kwaz T (3.38)
1 < o F(1+a)>
vi(z,t) =—2¢k* kxaCQ o7 2.
Cl+02<r(1+a)‘r<1+a>>
(3.39)

which are the exact solutions of the nonlinear fractional
order variant Boussinesq equations. We note that the exact
solutions established in (3.22) - (3.23), (3.24) - (3.25),
(3.28) - (3.29), (3.34), (3.35) and (3.38) - (3.39) are new

exact solutions to these equations.

4. (Cé >—Expansi0n Method for Fractional Space-
time System of 2D Burger’ Equations

In this case, we'll deal with the fractional system of two-
dimensional Burgers’ equations (34)

Diu+uDiu+vDju = %[Dﬁau +Dju]

Div+uDiv+ovDiv = %[Dﬁav +Div]

(4.1)

Where K is Reynolds number. @ is a parameter which
is the order of the fractional space-time derivative and
0 <a<=1. Elhanbaly and Abdou, have found exact
solutions of fractional order system of two dimensional
Burgers’ equations by using the sub-equation method.
When a =1 Egs. (4.1) is the classical system of Burgers’
equations. Burgers’ equation has been obtained to describe
various type of phenomena such as a mathematical model of
turbulence (35) and the approximate theory of flow through
a shock wave traveling in a viscous fluid (36). The numerical
solutions of this equation system have been investigated
by several authors. For example, the analytic solution of
Egs. (4.1) was given by Fletcher using the Hopf-Cole
transformation and he has discussed the comparison of a
number of different numerical approaches (37,38). In (39),
a fully implicit finite-difference method is used to solve two
dimensional Burgers’ equations. Wubs and Goede (40) have
applied an explicit-implicit method and Goyon (41) used
several multi-level schemes. El-Sayed and Kaya, obtained
the numerical and analytical solutions of these system by
using Adomian decomposition method (ADM) (42).
Recently; Biazar and Aminikhah (43), used the variational
iteration method (VIM) and obtained numerical solutions
of these equations then Zhu et al. (44), used the discrete

Karaelmas Fen Miih. Derg., 2018; 8(2):515-522

Adomian decomposition method (ADM) and obtained

numerical solutions.

If we use the following wave transformations

_ by t*
w0 =), €= o ) TO e
by t*
W)=V, &= w1l o v a) (1 vy
(42)

where a # 0,b # 0 and ¢ # 0 are constants.

With similar procedure in section 3, Eq. (4.1) can be turned
into an ODEs

~cU+alU" + VU’ = 4(a*$U” +b*6U"), (4.3)

OV UV VY = %ww R Y
n n — d_ n n —

where "U' dE ® and "V d:f

By homogeneous balance between the terms UU’ and U”
in (43a), then we get,

Zl+21+1221+2, (45)
1= 1

Similarly, between VV' and V" in Eq.(4.4) we get,
ZQ+ZQ+].:ZQ+2’ (46)

Zo = 1
From (4.5) and (4.6), we can express the polynomial of
( Cé ) as follows:

U(é) =aota %, a, # O; (47)

V(E)=bot b &b, #0. (48)

We can drive the equations by using Eqgs. (4.7), (4.8) and
(2.7) as follows:

’r9 ’
U’(E)=—a1% _Ch/.l%_a/lﬂ, (49)
3 ’2
U”($)=2alg +3G1AG
G G
o (4.10)
+(2a, ¢+ al/ii’)? +a.Ay,
vi(E)=-bS o ~b AG bift, (4.11)
vi(&)=26,C +30,1
G G
o (4.12)
H(2b1 b A°) G+ biAse,
By setting Eqs.(4.7)-(4.12) into Eqgs.(4.3) and (4.4),
collecting the coeflicients of (% (i=0,...,3) and
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equalizing them to zero we get the system as follows

2 2
3: 2¢?{al + 2¢}b{a1 +ba, b, +aa’ =0,
2
—aalao-i-cal—M—bboal—balbl/1
2: 9
—73¢bKa1A —aaid=0,
9 2 2
_mTaw—bblalﬂ‘f‘Cdl/i_%
1: 2 2 2
_M)Taw—aafﬂ—%—aaoalﬂ—bboalﬂ =0,
9 2
0: _w_aaoalﬂ_W‘Fcalﬂ_bboalﬂ =0,
2 2
3: 2(]5}1){ b + 2¢;{ b +aba,+bb? =0,
2
—bbf/l—bblbn—aaobl"‘(?bl_%
2: 2
—ablalﬂ—wz 07
9 2 2
LUK TH YRR T L TL Ay R
1: : 2y 3
2¢a’bip  $b’b A’
—abia pt— K - K =0,
9 2
0: _W— bbb, ¢ _W‘*‘Cbl# —aaob £ =0.

(4.13)

By solving the algebraic equations above given, we get

2¢a’ + 2¢b* + bb K

Ao = Ao, Q1= — oK y

b b, blzbl,

a“_a° b—b (4.14)
_aaoK+bb K+ @b’ A+ da’ A
- % )

where A and g are arbitrary constants.
If we put Eq. (4.14) into Eq. (4.7) and (4.8), it yields

_ 2¢a’ +2¢b* + bb. K
aK G’

U(g)= (4.15)

By writing general solutions of Eq. (2.7) into (4.15) and
(4.16), we get three kinds of solutions as follows:

When A2—4u > 0,

(4.16)

_ 2)¢at+ 2Agb}+ Abb K
U, (5) =a,+ 2aK

_ (24¢a’ +2A¢b" + Abb. K )y A* —
2aK
Cicosh+y A*—4pé + Cysinh 5y A* — 4ué

Csinh+y/A* — 4pu& + Cycosh+y/ A — 4pé’

(4.17)
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bi Y A*—4
V(&)= by bd 4 DYVA = u
Cy COSh7m + Cysinh 4y 22— 4pé (4.18)
Cisinh+y ' —4p€ + Crcosh +y/A* — 4pé

___ az" by*®
e ST v ) T T v a)

_ aaoK +bb K + ¢b’ /1+¢a2/1

KI'(1+a)

In particular, if C, #0,C,=
and V(&) become

() = an + 2200 F 22/15;? + Abb K
_ (2280’ +22¢b" + AbbK)A { /1( az’
(1+a)

0,A>0,£=0 then U, (&)

2aK

by* aa, K +bb K+ ¢pb* A+ da’A , )
F(1+a) KT(1+a)

o (2,y,t) =by— b2/1 coth{/l<%

by CLCLoK“F bbK + ¢b A+¢a A )
F(1+a) KT(1+a)

7

b/i

(4.19)

When A*—4p <0,

 2gat+ 20 + ABbK
Uz(é) =ao+ 20K

_(2A¢a’ +2A¢b" + Abb. K )y 4p — A°
2aK

Cicosty4p—A°E —Cysinyyap— A&

Csinsy/4p — /1<§'+Czcosm/4;z AET
V(&) =by— b”4” A
010087\/4#—A —Czsm7\/4/1—/12$

Cisinty/dp — A*E + Cocos+/dpu— 1*E

(4.20)

(4.21)

a by"’
here & = — 92
where &= T ) T T+ @)

G,CLUK+ bbK + ¢b A+ gbazﬂ
KT(1+a)

In particular, if C,#0,C,=0,4 > 0,£=0 then U.(&)
becomes u, (z,y,t) and Vz(é) becomes v, (z,y,t).

When A*—4p¢ =0,

2Ada’ + 2A¢b*> + Abb K
2aK
(2A¢a*+ 2A¢b*+ Abb, K )C,
by“ aaoK + bb K + ¢b A+ (]SU,ZA
F(l+a) KT(l+a)

wo (x,y,t) = ay+

CitC F(1+a)+

(4.22)
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v;(x,y,t) =b,— b12/1

) b,C,
' azr® by aaK+bboK+ ¢’ A+ $a’d
CrCTra+a) TT(+a) KT(1+a) t

(4.23)

which are the exact solutions of the system of two-
dimensional Burger’s equations. We see that the exact
solutions established in (4.19), (4.22) and (4.23) are new
exact solutions to these equations.

5. Conclusion

’

In this paper, the <Cé

-expansion method is used for
finding exact solutions of the fractional order system of
Variant Boussinesq equations and fractional system of two-
dimensional Burgers’ equations with modified Riemann-
Liouville derivative. The obtained results show that the

¢ ) ~expansion method and fractional complex transform
are reliable, efficient and powerful method for solving
nonlinear FDEs and systems. As we know that these new
solutions have not been studied in literature, they can be
important for some special physical phenomena.
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