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Abstract

In this paper we investigate suborbital graphs of a special congruence subgroup of modular group. And this directed graphs is drawn

in Poincare disk.
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Oz

Bu ¢alismada, modiiler grubun 6zel bir kongriians alt grubunun alt yoriingesel ¢izgeleri aragtirildi ve bu yonlendirilmis ¢izgeler Poincare

dairesinde ¢izildi.

Anahtar Kelimeler: Devre, Imprimitif hareket, Yoriinge, Sabitleyen, Altyoriingesel ¢izgeler

1. Introduction
Let H:={z€ C:Imz > 1} be the complex upper half
plane.  SL(2,Z )= {(‘g Z):a,b,c,d € Zand ad—be = 1}

is sometimes denoted by I'(1). And also we recall that in
many papers authors use the projective special linear group

PSI(2,7Z) = SL(2,Z)/{+I} instead of SL(2,Z). The
group

_aztb.
PSL(27Z):=F={T(Z) = CZ+d.a,b,c,dEZand}
ad—bc=1

is known the modular group. We say SL(2,7) and its
subgroups of finite index modular groups.

. _aztb
Lemma 1. I" has an action on H defined by yz = ot d

for 7=<a b)er and z € H.
cd

Proof.1f z€ H and 7 €I, then

az+b ) _ det(y)Imz _

cz+d/) |CZ+d|2 o

Imz
lez+df > 0.

Im(yz) = Im(
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¢ b),ﬁ’:(e f)er and

Therefore yz € H.Let ¥ =<
c d g h

let z € H.Then

Bra)= Bl )= (a0 & T =By s

well, forall ze€ H, <(1) ?)z = (1)21(1) = 2. Hence the

identity element of I" fixes all z € H.

Theorem 1. SL(2,7) is generated by two elements

RIEIpLE
=g ) md@={; ./
Proof: Let A be the subgroup of SL(2,Z) generated by

rand @. Suppose A#SL(2,Z). Since wr™'w™ = <1 ?)

aO)
c d of

SL(2,7) are contained in A. Therefore if we put

U=min{|b|:<z Z)eSL(Q,Z)\/\}, then by # 0. Take

and @’=-—I all elements of the form (

b
an element y, = CCLO d“) of SL(2,Z)\ A,and an integer n
0 0 . _
so that | @y —nbo| < by. Since Y, 'z" :< bo a, nb0>’
—dy co—ndo

w get Yow 'T"€ A by the assumption on b,. Hence
Y0 € A, this is a contradiction.
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It is known that a discontinuous group is discrete. I" acts
properly discontinuously on [, that is, for any two distinct
points z,y € I, there exist open neighbourhoods U,V
containing z,y respectively such that the number of group
elements g€ ' with gUNV # ¢ is finite. For such an
action there is a notion of fundamental domain: a subset
IFof H such that (i) H = Uy, for all ¥ € I'. (ii) There is
an open set U so that ' = U . (iii) U and yU are either
identical or disjoint. We recall that a fundamental domain
for the action of I' on H is given by the definition;

Definition 1. The set [F = {z e H:|z|> 1and|Rez| < %}

shown in Figure 1.is a fundamental domain of I".

Figure 1. Fundamental domain for I.

Theorem 2. Any elliptic point of I' is equivaent to i
or §. The point ¢ is an elliptic point of order 2 and

1 O> <0 —1>} . . e
=1+ +
I {_<0 DEG o . The point § is an elliptic point

_ 1 O) (1 —1) <O —1)}
of order 3 and F;—{-i—(o l,i 10 , & 1 —1/]

Proof. It is obvious that interior points of a fundamental

domain are ordinary points. Thus any elliptic point must be

equivalent to a boundary point of the fundamental domain
0 —1)

1 o) the

boundary points of [F, other that the three points 4,§ and

I. Since I' contains TZ((l] 1) and a)=<

—C are also ordinary points. Observing that the interior
angle of I at ¢ is 7, we see the order of ¢ is at most
2. Since wi=1, and @’ =—1, the point 7 is indeed an
elliptic point of order 2. Since (=& )= ¢ and the interior
angles of F' at & and —¢ are both %,the order of ¢ is at

(1 —1> 2_(0 —1)
most 3. Now we note Z'Cz)—<1 0 , (tw) 1 -1 and

(rw) =—I.As tw fixes {, {isan elliptic point of order
3,and —& is equivalent to .
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Remark 1. The set of the cusps of I" is P:=

all cusps of I" are equivalent.

QuU{c} and

Proof. It is clear that the point oo is a cusp of I'. Let = be
acusp of I', and z # oo. Because z is a double root of a
quadratic equation with rational coefficients, x is a rational
number. Coversely, let = be a rational number, and x = &

c
its reduced fractional expression. Then we can take integers

b, d so that ad —bc = 1. Put y=<ccl d),then yel and

yoo =z .’ Therefore z is I equivalent to oo.

Now we explain congruence modular groups. Because they
are very important number theory, algebraic graph theory
and combinatorial group theory.

Forapositive integer N ,we define subgroups 'y (N ), T, (IV)
and T'(N) of SL(2,7) by

W (N)= {( )eSL(?Z)c— (modN)},

[“ € SL(2.7)c=0 (modN),}

CE = 1(modN) 7
[(S )eSL(2 Z)b_c_O(modN),].
a=d=1(modN)

We note that SL(2,Z)=T,(1)=T,(1)=TI(1), and
I(N)cT,(N) cTo(N)c SL(2,7Z). Further if M|N,
then ['v(N) c Tw(M),I'\(M), and T(N)c I'(M). These
subgroups are modular groups since | T(1): (V)| < 0o . We
call I'(V) a principal congruence modular group, and also
I'o(N),I",(N) modular groups of Hecke type. We call N the
levelof T'o(N), T (N) and T'(N) . A modular group contain-

ing a principal congruence modular group is called a congru-

ence modular group. For an element 7 = CCL Z) e M,(7),
we define an element Ay(y)= (C:L g) ,  where
c

a = a(mod N),b=b(mod N),¢ = c(mod N),d = d(mod N).
Then Ay induces a homomorphism of SL(2,Z) into
SL(2,Z/N). It is easily seen that Ay is surjective and
Ker(Ax)=T(N), in particular I'(N) is a normal sub-
group of r(1).

Corollary 1. The mapping (CCL Z) — d(modN) induces an
isomorphism I’y (N)/T(N) =(Z/NZ) .

Now let N = Hp p° be the expression as a product

of prime numbers. Then Z/NZ is isomorphic to

H,, (Z/p°Z) by the correspondence a — H,, (@ mod p°),
so that M,(Z/N7Z) = Hp M, (Z/p7) through the

Karaelmas Fen Miih. Derg., 2018; 8(2):555-560



Begenk, K6roglu / Directed Suborbital Graphs on the Poincare Disk

g~ TL{(E gJmoar)

It is clear that if (a Z) € SL(2,7),then

c
( Z Z)modp“ € SL(2,Z/p°Z) is obtained. Conversely,

suppose (Z d)modp“ € SL(2,Z/p°Z) for all

prime factors p of N .Then ad —bc = 1(modp"),
so that ad — bc = 1 (modN) . Therefore
SL(2,Z/NZ) =], SL(2,Z/pZ) .

COI'I'CSpOIldCl’lCCZ <

Since the following lemma is well known, we only give the
statement;

Lemma 2. For a positive integer IV, we have
i. |GL(2,/NZ)|= ¢(N)|SL(2,Z/NZ) |
. |SL(2,Z/NZ)|:N3HW<1 —#). Here ¢(N) is the

Euler function.

2. Main Calculation and Results
'The group I'; (N):=T,(N)uT, (N)<_01 (1)> will

likewise be called the congruence group. That is

rion=|( 3 ol Sps-ev=21)

For all element of the set of p' can be represented as a

reduced fraction £ with z,y €Z and (z,y)=1. Since

% = _—z, this representation is not unique. We represent
— a

0o as % = Tl .The action of the matrix ( B) eTi(N)

1)
on Z is <a 8>:£—> a/x+,8y .'The actio?r; of a matrix on
Yy y 8/'Y  yz+dy

z —x . . )
< and on —- is identical.
Yy Y

We now explain imprimitivity of the action on I'i (V)
on p'. (I'5(N)P') is transitive permutation group,
comprising of a group I'G (N) actingonaset P' transitively.
9,0, € P! satisfy 0, =0, then y(0,)=7y(J.) for all
y€li(N). In this case equivalence relation =~ on P'
is invariant and equivalence classes form blocks. We say
([5(N),P'") imprimitive, if P' admits some invariant
equivalence relation different from the identity relation and
the universal relation. Otherwise (I'i (N),P") is primitive.
'These two relations are supposed to be trivial relations. Also
=~ relation of equivalence classes are called orbits of action.

Lemma 3. Let (G,Q) be a transitive permutation group.
(G,Q) is primitive if and only if G, is a maximal subgroup
of G foreach 0 € Q.
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Proof. It is clear that from book of Biggs and White 1979.

Consequently we understand that if G, < H < G then Q
is imprimitive. So we use the transitivity, for all element of
Q has the form g(o) for some g € G . Therefore one of
the non trivial G invariant equivalence relation on Q is
given as follows:

g.(0)=g.(0) ifand onlyif g'g. € H.

The number of the blocks is the index ¥ =|G:H |. We can
apply these ideas to the case where G is the I'§ (N) and Q
is P'. We have the following lemmas:

Lemmad4. T':(N) acts transitively on P'.

Proof. We can show that the orbit containing oo is P'.
If %EP1 then as (a,b)=1 there exist 2,y € Z with

¢ x) of T:(N)

ay—bxr = 1. We can state the element ( by

a
sends oo to D

Lemma 5. The stabilizer of o in P' is the set of

{(i;)l ii)(iol ii):ﬂl,/bEZ} denoted by T'Z(N).

Proof. Because of the action is transitive, stabilizer of any two
points conjugate. Therefore we can only look at the stabilizer

of oo in TE(N). Let T1:=< b),ad—ch: 1.Thus

a
n=(2 0= ()"
N e a\o/ Vo
then a=1,c=0,d=1and b=A € Z.

a b _ 1 /11) . . .
Therefore (cN d>_<0 1) obtained. Again let

—a b
Tz.—<_CN d),ad beN =-1.So

= a6 )=00)

(= a0 )=

then a=1,c=0,d=-1and b= A, € Z.
—a b)_(l /12) . .

(-cN )"\ 21) 0 achieved.

Similarly we can prove other cases. That is,

s(N)= {(iol in ),(iol ii >:A1,Az IS Z}.Moreover it

is easily seen that IE(N) <To(N) <Ti(N)is satisfied.

Let =~ denote the 't (N) invariant equivalence relation on

P' by To(N), let @Z% and wZ% be elements of P' .

z Q
Then there are the elements ¢;:= (T 91) and ¢2= < 1)
S Yy Q

in T3 (N) such that v=g,(cc) and w=g,(o0). So we
have

gi(o0) = gs(c0) e gi'g. €TH(N)
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and so from the above we can calculate that
*
gi'g. = (ry—sx *> e I'y(N).Hence ry —sz = 0(modN)

is obtained. And also the number of block is
[T (N):Ty(N)|=2.These blocks are

[o0]= [%] = {% eP(zy)=1landy= O(modN)}
[0}=[F]=1{% € Pizy) = 1and 2 = 0(mod ) }
Definition 2. Let V be a nonempty set, the elements
of which are called vertices. A directed graph 3 is a pair
(V,E) where E is a subset of VX V .The elements of E
are called edges. The directed graph ¥ is said to be finite if
the vertex set V is finite. If (@,8) € F, this is indicated as

a—-f.

Definition 3. Let a sequence v1,vs,...,v; of different vertices.

Then the form

Vi = Vg — o0 = U — Oy,

where k€ N and k > 3, is called a directed circuit in 3.If
k = 2, then we will say the configuration v, — v, — v; aself
paired edge. If k=3 or k=4, then the circuit, directed or
not, is called a triangle or quadrilateral. In a graph is a finite
or infinite sequence of edges which connect a sequence of
vertices which are all distinct from one another are called a
path.

Let (G,V) be transitive permutation group. Then G acts
on VXV by

0:Gx(VxV)-VxV,0(g(a,B))=(g(a)g(B))

Figure 2. Poincare lines and points.
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where g€ G and «@,8 € V. The orbits of this action
are called suborbitals of G. The orbit containing («,3)
is denoted by 0(e,f). From 0(e,8) we can form a
suborbital graph . Its vertices are the elements of V', and
if (7,6)€0(a,B) there is a directed edge from 7 to &.
As T5(N) acts transitively on P', it permutes the blocks
transitively. Also there is a disjoint union of isomorphic
copies of suborbital graphs. We say that edges of these graphs
can be drawn as hyperbolic geodesic in the upper half-plane
H and Poincare disk model D:={z e C:|z| < 1}. Here
we will draw these graphs on the Poincare disk model that
points and lines are in Figure 2. Note that points on the
circle are not in the hyperbolic plane. However they play an
important role to determine our model. Euclidean points
on the circle are called ideal points, omega points, vanishing
points, or points at infinity. We recall that the area inside the
unit circle must represent the infinite hyperbolic plane. This
means that our standard distance formula will not work. We
introduce a distance metric by

2dr

dp = 1—72
where © represents the hyperbolic distance and 7 is the
Euclidean distance from the center of the circle. Note that
dp — oo as 7 — 1.This means that lines are going to have
infinite extend. The relationship between the Euclidean
distance of a point from the center of the circle and the
T 2du 2arctanh r. The
o 1—u’
hyperbolic distance from any point in the interior of D to

hyperbolic distance is o =

the circle itself is infinite.

Let F.x:= F( %,%) and Z.x:= Z(%,%) denote the

subgraphs in Y, whose vertices are in the blocks [00] and
[0] respectively. Similarly, we may write subgraphs for
other blocks.

Theorem 3. Let % and %be in the block [oo].

7—i . % in F,y if and only

if @, = iual(modN), Y= iuyl(modN) and
alyz_ylaQZiN.
a, a

Then there is an edge

“1 Y2 :
Proof. Leb;c TS € F,v, then there exists some
(¢ + 1\_a_a
T.—(y 5>€F°(N) such that T(0>— Y =7 and
au+ BN a.
T<%>:7u+7§]\7:7_j' Hence a=a,y=7:. Then

these equations @, = ua, (modN) and 7, =uy (modN)
are satisfied. So we have the matrix equation

(5800 w)=(55)
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If we take determinant, it is eas1ly seen that
@\7,—7:@:=N. Again let S:= ( )eFO(N)
ly_—e_a (&) TN _ 0
Then S(O)—_y—ylandS’ N = T uTON 7
Hence a=—a,7=-y,. So a@,=—ua,(modN) and
are obtained. Also
5 5o w)-G: 5
=y 0/\O N/ \y: 7,

and then a1 Y= Y102 = —-N .

Conversely, we suppose that @, = ua, (modN),,

7. =uy:(modN) and @,7,— 7@, = N . Then there
exist integers ¢, and 6, such that @, =ua,+6,N and
v, =wuy,+0,N .In this case

(5 oo x)=( o) =0 o)

is held. Since @,7:—7.1a, =N from determinants we get

0,

alﬁz—%ﬁl =1. Consequently, ( ' 0. eTi(N) and
2
% 7— € F.v . Similarly we may show other cases.

Theorem 4. The graph F.yx contains directed triangles if
and only if v*+u+1=0(modN).

suppose that F.y has a
ko 'I?'Lo Zo

N . It can be easily shown that [',(N)
lo Yo l
permutes the vertices and edges of F.x transitively. So we

Proof. Firstly triangle

assume that the above trlangle is transformed under 'y (V)

u l'n

to the 0N~ 0 . Without loss of generality, from

the edge of % - yo—N the equation of x) = —u*(modN)

and from the wuy,N— Nzx,= uyo+ 1
is achieved. For yo—l case, N N and zo=u+1

and eventually N u]—i\_fl is found. And also

uw+1=-u’(modN) then v’ +u+1=0(modN). Again

)

—N equatlon Zo =

% there is not

- x“ holds

an edge condition. Similarly if we take W -

then we conclude that ©*—u+ 1= 0(modN ) is sat1sﬁed.
Consequently we have w’u+1=0 (modN). On the

other hand suppose that w’+u+1=0 (modN). Then,

using Theorem 3, we see that %—» % - u]i\}l - (1) is a

= 2 can not be true because for IN L

triangle in Fy.

Now we will give examples for to understand the theorem.
Hence, there are the hyperbolic triangles the following
shape.

Example 1. For (u,N)=(2,7) and (u,N)=(—2,7)

Karaelmas Fen Miih. Derg., 2018; 8(2):555-560

hyperbolic directed triangles in Fy; and F-»; on the
Poincare disk model are given in Figure 3.

. .01 2 1 11 2 3 1
Triangle circuits: 5 < Z <~ = <, 5~ 7 <7< and
1l =2 -1 11 -2 -3 1
07 7777007 T7T T 770

Corollary 2. Actually F.y contains hyperbolic triangle

if and only if the group [s(IN) contains elliptic element
—u v+ut+1l

§01:( N
—-N uwt+1 41 +1
that gol(oo):%,(/h(%): uN and ¢1(uN ):oo.

) of order 3 in I'o( V). It is obvious

Figure 4. Hyperbolic directed triangles in Z57 .
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‘Therefore by the mapping the ¢, transform vertices to each
other.

Example 2. Similarly hyperbolic triangles in subgraph Z,-
whose vertices form the block [0] is given in Figure 4.

Trianele cireits: 9w L o1 00 7T 7 0
r1angec1rcu1ts.1«»261«»171929361‘

Corollary 3. Again we may easily seen that Z,» contains
hyperbolic triangle if and only if the group I'¢(N)

v+l =N
contains elliptic element ¢, =|u’+u+1 —u of
N

order 3 in ['o(N). That is ¢3=—I. It is obvious that
N N N
0:(0) =10 () =24

by the mapping the ¢, transform vertices to each other.

and ¢, (%) =0.Hence
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