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A Boundary Value Problem for an Integro-Differential Equation

Bir I ntegro-Diferensiyel Denklem Icin Bir Simir Deger Problemi
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Abstract

In this work, we consider a boundary value problem for an integro-differential equation. We prove the existence and uniqueness of the
solution of the problem by using a priori estimates and Galerkin method.
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Oz

Bu ¢alismada, bir integro-diferensiyel denklem igin bir sinir deger problemi ele alinmugtir. Problemin ¢éziiminiin varlig: ve tekligi 6n

degerlendirmeler ve Galerkin metodu kullanilarak ispatlanmugtir.

Anahtar Kelimeler: Sinir deger problemi, Varlik, 1ntegr0—diferensiy€l denklem, Teklik

1. Introduction

In this work, we consider the integro-differential equation

Lu = zAu +Icu.,+£ K(z,y,&m)u(&,n)dédy = zf (z,y)
oY)

in the domain D= {(z,y)|z>0yeR" G(xy) <0}
with the boundary condition

U(l“vy) | r = Uo (xay)a (2)
_du , d’u o’ 1 .
where Au = oz + ayf + ... 4+ ayi’k > 5 Isa constant,

the kernel function K(z,9,&,7) #0 and continuous on
the domain DxD, |K(z,y,&E7)|<M for MeER,
the boundary 9D is defined by G (,y) =0 and
I'=aD/{(0,y)}.

We deal with the problem of determination of the real
valued function u(z,y),z € R,y € R", from equation (1)
that satisfies condition (2) in the domain D. More clearly,
we have been given a domain D and a solution of equation
(1) on a part of boundary of D, and we need to investigate

the solvability of the problem in D.
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Equation (1) is an elliptic integro-differential equation
and associated with equilibrium or steady-state processes,
(Dennis et al. 2015, Mikhailov 1978). Solvability of various
direct and inverse problems for different type of equations
were studied in Amirov (2001), Goélgeleyen (2010),
Lavrentiev et al. (1986), Mikhailov (1978), Reddy (2013)
and Yildiz (1995).

We introduce some notations that will be used in the sequel.
For a bounded domain D,C"(D) is the Banach space of
the functions that are 7 times continuously differentiable in
D for all m > 0; L (D) is the space of measurable functions

that are square integrable in D; H*(D) is the Sobolev space,
(Adams and Fournier 2003, Reddy (2013)).

We first investigate the uniqueness of the solution of

Problem (1)-(2).

2. Uniqueness of the Solution of the Problem

Theorem 1. Let us assume that k> %(1-#8), where
B is a positive constant such that B > udiam (D),
)7 =[/;XDK2 (z,y,&,7)dedydEdy  and  diam(D) is the
diameter of the domain D. Then problem (1)-(2) has at
most one solution in the space F*(D).

Proof.

In order to prove uniqueness of the solution of the problem,
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it is sufficient to show that homogeneous problem

1
0= | Luu.dD > |Vl +k— 2)dD
xAu+/cuz+fD K(z,y,&,7)u(&,7)dédn =0, 3) f f< 2 ( 2> )
u(z,y) =0, (4) —%(,Bf dD+%/¢fu2(f,77)d§d77) (8)
has only trivial solution in the space /(D). Since C*(D) p b
is dense in H*(D), we will prove the theorem in C*(D). _ f(%| V,ul +(k —%)uf—%b’uf —ﬁﬂ'ﬁ)dD
Therefore, assuming that w(z,y) € C*(D), we multiply )
. . . . . 1 ; 1 1 . 1 .
equation (3) by u«,, then by using the identities _ /l; <§| Vol + (k —5- fﬁ >1Lf _ %/tuz >dD,
LU Uy = l(avui . — lui,
2 2
1. . 1. where
Ty = (U0, ), — 7( ulz), + Syt = 1,2,5m
K’ dxdyd&dy.
we obtain DX{ (Ly"fv”) Y Edn
%Z us, + (k - %)uf —(xu?), — —Z (xul), Here we choose S such that
& a
. tdiam(D) _ 1
+200 (), + “xf K(x,y.&,mu(&.n)dédn = 0. g <7
For the last term in equation (5), by the well-known  Then by using the hypothesis of the theorem and the
inequality 2ab < a’+b*, we have Poincare-Rellich inequality, from inequality (8),
u. [ Klz.y&mul&n)déip|< we see that
, ’ 0= Luu.dD= y D. 9
%[Buﬂ%(fu K(x,y,é,v)u(é,v)dédv)] f ik /< i=2 ©)
) By (9) we have wu, =0,(i=2,3,..,n), in the domain D.
for arbitrary £ > 0. Since u|r=0, we conclude that w =0 which implies
By the Schwarz inequality, we obtain that homogeneous problem (3)-(4) has zero solution in
, C* (D). Therefore the solution of problem (1)-(2) is unique
(/K(x,y,f,v)u(fﬂ)dfdv) < in C*(D).
i Next, we shall prove the existence of the solution of Problem
/KQ(x,y,f,v)dfdvfuz(é,ﬁ)dfdﬁ (1)-2). If wo,€C*(I") and ' € C?, then there exists a
D D function w & C*(D) such that w|r=w,, (Mikhailov
and so 1978).Thus, Problem (1)-(2) can be reduced to the following
problem for a new unknown function v:
uz_/l; K(x7y7é777)u(é77])déd7]‘s (6) L’U:F, (10)
%(BuH%fD KZ(wfm)déd??fD uz(éﬂ)dédn)- v]r=0, (11)
By using condition (4) and relations (5), (6), we have where
) ) F(z,y)=zf(z,y) —2Aw—kw, .
— —_ 2 R —
0= [ Luu.dp2 [(g1V,ul+(k=3Jut)aD — | K(z,y.&.7)uw(&n)dédy.
D D
_1 ) (7)
2 (5 fp u-dD 3. Existence of the Solution of the Problem
n T,Y,6,7 yagarn | u\g,% 7). eorem?2. et 5\ 1 —F5diam an e L,(D),
vyl K (ny.&n)dedyddn [ o (§.9)déd Theorem2.Let k> 5(1—4gdiam(D) ) and F € L,(D)

where B, and diam(D) are defined in the statement of
Theorem 1. Then there exists a solution v of problem (10)-
(11)in H'(D).

On the other hand, we can write
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Proof. Let {¢;(y)},j=
linearly independent L,([-1,1]"), then
(z—b)o;(y)i=1,.,N, is also a complete system in
L.(D=[a,b]x[-1,1]), (Kolmogorov and Fomin 2012).
Suppose that D'=[-1,1]" and ¢,(y) is zero on the
boundary of D'.

0,1,2,...

system in

be a complete and

We shall investigate the approximate solution of problem

(10)-(11) in the form

va(x,y) = Z[m]:l ci(x—b)'@;(y).
The unknown cy,(i,j=1,N) will be

determined from the following system of linear algebraic

coefficients

equations which consists of V2 equations:
))=(F(z=b)e,(y))ij=1N. (12)

In order to prove existence and uniqueness of the solution
of system (12), it is sufficient to show that homogeneous
version of the system has only zero solution.

<LUN, (x—0b)'e,(y

Let us consider homogeneous form of system (12), that is,
F = 0. We multiply the (i-1,) th equation of the system by

ic,and sum from 1 to IV with respect to i and /, then we find
<LUN, UN,> =0.

'Then similar to inequality (9), we can write

1

0= [ LvwvudD=5 [ 3 vi.aD. (13)
By (13), we have

VN(x,y) Z Clj(x b) (P/(y)

ij=1

Since the system (z—b)'¢g ](y) is linearly independent, we
conclude that c¢; = 0. This shows that system (12) has a
unique solution for arbitrary F' € L, (D).

We now estimate v, in terms of F. For this purpose, we
multiply the (i-1, /) th equation of the system by ic, and sum
from 1 to IV with respect to 7 and 7, then we obtain

<LUN,UN,> = <F,’UNI>.
By inequality (8), we see that

<F7 VNY> = /LVNVN,dD
D

= (130 +(a-4-J0) w
+<% _ pdiamiD) dl;g (D) )vﬁy.]dD

From the Cauchy-Bunyakovskii inequality we have
1 ‘ 1 f
(Fon)] <5 / F'dD+ e [ 3. dD. (15)

628

By (14) and (15), we get
f[l<i v%,) + (% _ HdiamD) dlggz D) )vw

(k ~ 5 —3B-5e)ild (16)
<3 fD FdD.

Here we choose € in (15) such that k—%—%ﬁ —%6 >0,

then by (16), we obtain

[(9,00F+3)dD < C [ F*dD.

D D

Here C' >0 is a constant which depends on €,8 and

diam(D) but independent of V.

Then {wvy} is bounded in H'(D).Since H'(D) is a Hilbert
space, {vy} has a subsequence that converges weakly in
H' (D). For simplicity, we again denote by {vy}, that is,
vy — v in H'(D).

We write system (12) as

<1'AUN+I€’UN,+ fK(x,y,Eﬂ)UN(EW)déd%(f_b)z¢7(y)>

=(F(z—b)e;(y)), i,j= LN. (17)

By using the identities,
(xAvy,(x —b) @,(y)) = fovV(x b)@;(y)dD
D

= [ x(n+ 2 v )(x =), ()b,

v (x =)' @;(y) = (xvi. (x = b)Y @, (),
= (x=b)@,;(y) —ixvy. (x —b) ' @;(y),

vaN (x=b)o,(y) = Z(xw x—b)'g,(),
—Z XV, (x —b)’ (D,V(y)

and the boundary condition vy| r = 0, we can easily see that

/ (Lox=F)(z—=b)g,(y)dD =

—f[vwx b)

+xvm, (x—=b)'¢yi—

(y) +izvy. (z—0) " @;(y)
ko, (z—b)'¢,(y)
+fK(x,y,§,7/)vN(é,77)(x—b)i¢_7-(y)d$d77 dD

Since vy — v in H'(D) for N — oo, we have

<’U;L*¢j> = <F7¢]>
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for N— oo in the generalized functions sense where

y;=(z—b)g,(y),or
(Lv—F¥,;)=0. (18)

Since {¥;} is a complete system in L, (D), we conclude
that

ILv—F=0,
which implies that @ is a solution of (10).

By the fact that vy — v in H' (D) and wy|r=0, we see
that v|r=0. Thus, existence of the solution of problem
(10)-(11) is proven.
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