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We present some auxiliary results of the rate of convergence 
using modulus of continuity. Also, we show the rate of 
convergence of these operators to a certain function by 
illustrative graphics using the Maple algorithms. We 
compare rate of convergence and eror bound of these 
operators  for some values of n.

Firstly we fix some notation. Let [ , ]C a b  denote the 
class of continuous real valued functions on the closed 
interval [a, b]. Ct denotes the subspace of all continuous 
functions satisfying and ( ) ( )f x M x1f

2# + and [ , )C 0p
k 3  

denotes the subspace of all functions [ , )f C 0 3! t  with 

( )
( )

lim
x

f x
K| ]x f 31

t
="3  where Kf is a constant depending 

only on f. 

2. Definitions and Construction of Operators
2.1.Classical Gadjiev-Ibragimov Operators

Recall that the construction of Gadjiev-Ibragimov operators, 
given in (Gadjiev and Ibragimov 1970) are based on Taylor 
expansion of functions ( , , )K x t un  of variables , ,x t u  which 
is an entire analytic function with respect to variable u for 
fixed , [ , ]x t A0! , where A 02 . 

1. Introduction
In recent years, the number of branches of mathematics 
related to approximation theory has been increasing 
steadly. Approximation theory belong to the common 
part of the theory of  functional analysis. During the last 
30 years, close relationship between approximation theory 
and numerical analysis, algebra, geometry and topology 
has been demonstrated. Gadjiev and Ibragimov defined 
a general sequence of positive operators in 1970. Several 
generalizations of well-known positive linear operators 
were introduced by several authors (Doğru 1997, Gadjiev 
and İspir 1999, Aral 2003, Ulusoy et.al. 2015).

In the present paper, we recall the construction of operators 
of Gadjiev and Ibragimov.  It is known that Gadjiev  
Ibragimov operators include some well-known classical 
linear positive operators such as Bernstein, Bernstein- 
Chlodowsky, Szász  and Baskakov operators.

The aim of this paper is to compare of approximation 
properties of some of the Gadjiev and Ibragimov operators. 
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Öz

Bu çalışmada amacımız bazı Gadjiev- İbragimov tipli operatörlerin yaklaşım durumlarını karşılaştırmaktır. Bu operatörlerin yakınsaklık 
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Let functions ( , , )K x t un  of variables , , [ , ]x t u A0!  satisfy 
the following conditions:

1) Each functions ( , , )K x t un  is entire analytic function 
with respect to variable u for fixed , [ , ]x t A0! ; 

2) For any natural number n and any 
[ , ], ( , , ) ;x A K x0 0 0 1n! =

3) ( ) ( , , )u K x t u1 0v
u

v

n u u
t 0

12
2

$- =
=

9 C' 1 , ,v n N! , for any 
[ , ]x A0! , fixed u u1=  ;

4) ( , , ) ( , , )u K x t u nx
u

K x t uv

v

n
u u
t v

v

n m u u
t

0 1

1

0

1

12
2

2
2= -=

= -

-

+ =
=

: D for 
any fixed u u1= ,

where (n + m) ise natural number and m is a constant 
independent of v

Moreover, let ( )tn n N{ !
^ h  and ( )tn n N} !^ h  be se-

quences of continuous functions on [0,A] such that 
( ) , ( )t0 0 0n n 2{ }= , for all ,t A0! 6 @  and let n n Na !^ h  be 

a sequence of positive numbers having the properties 

lim n 1n
na ="3  and 

( )
.lim

n 0
1 0n

n
2}

="3

In (Gadjiev and Ibragimov 1970), the authors write the 
Taylor expansion of entire function ( , , ( ))K x t tn n{  in the 
powers of ( ( ) ( ))t tn n n{ a }- and taking t = 0, the expansion 
in the powers of ( ( ))tn na }-  obtained since ( )0 0n{ = . 

Under these conditions, classical Gadjiev-Ibrahimov 
operators for n = 1,2,..., have the form

( , )
( )

( , , ( )) !
( )

L f x f
n
v

K x v0
0 0

0( )
n

nv

n
v

n n

n n
v

2
0 }

a }
a }

=
-3

=

c ^m h/
(1)

where the notation 

( , , ( ))
( , , )

K x u
K x t u

0 0( )

( ),
n
v

n n v

v
n

u t
t 0

n n2
2

a } =
a }=
=

is used. In Gadjiev and Ibragimov 1970 it has been 
shown that for different functions ( )tn} , the operators 
in  transformed to generalized Bernstein polynomials, 
Bernstein-Cholodowsky polynomials, Szasz operators, etc. 

Remark 2.1.1 By choosing, ( , , )K x t un" ,  as follows, we 
obtain some known sequences of linear positive operators. 
Some of them follows:

By choosing

( , , ) , , ( ) ,K x t u t
ux a n m n1 1 1 0 1

n

n

n }= - + = = - =m8 B
we have the operators defined by (1) are transformed into 

Bernstein polynomials.

For

, ( )n nb0 1
n n

n
a }= =  and ,lim limb n

b
0

n
n

n

n3= =
" "3 3

we obtain Bernstein-Chlodowsky polynomials.

By choosing

( , , ) ), , ( ) ,(K x t u e t ux a n m n0 0 1
n

n
n n}= + = = =-  we 

get Szasz operators.

Theorem 2.1.2. Let {Ln} be sequence of linear positive 
operators defined by (1) and f satisfy ( ) )(f x M x1f

2# +
. Then for every function ,f C A0! 6 @ ,

( , ) ( )lim L f x f x 0[ , ]n n C A0- =
"3

 (Gadjiev and Ibragimov 
1970).

For interpretation of the next figures  with colours, the 
reader is invited to the web version of this article.

Example 2.1.3

We give the graphics of approximation of functions 

( )
( )nl

f x
e
x 1
( )x 4

3

2=
+
-  by classical Gadjiev-Ibragimov 

operators by choosing next sequences. (n = 2(green), n = 
4(red), n = 6(black), n = 8(cyan), n = 10(magenta) and f (blue) 

For ( , , ) , , ( ) ,K x t u t
ux a n n1 1 0 1

n

n

n n}= - + = =8 B  (see 
Figure 1).        

For ( , , ) , , ( )K x t u t
ux n nb1 1 0 1

n

n

n n
n

a }= - + = =8 B  and 
b nn

5=  we get following graphics. (see Figure 2).

By choosing ( , , ) , , ( )K x t u e a n n0 1( )
n

n t ux
n n}= = =- + , we 

have following graphics. (see Figure 3).

 Figure 1. Approximation of f (x) by Ln(f, x). 
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We consider the following three modified form of these 
operators defined by (Doğru 1997, Gönül and Coşkun 2012, 
İspir et. al. 2008). Then we give the illustration of Ln(f, x) for 

some sequences which aproximate to ( ) ( )nl
f x

e
x 1
( )x 4

3

2=
+
-  

for every modification. So we compare these Ln(f, x) for a 
certain function f. 

2.2. Generalized Linear Positive Operators

Let λ and A be positive real numbers, ( )t{m" , and 
( )tn}" ,  be the family of functions in C[0, A] such that 
( ) , ( )t0 0 02{ }=m m , for each ,t A0! 6 @ . Let also am" ,  

be a family of positive numbers such that

lim 1
m
am =

"3m
 and 

( )
lim

0
1 02m }

=
"3m m

.  

Assume that a family of functions of three variables 
( , , )K x t um" , ; where , , , ,x t A u0 03 31 1! $m-6 @

satisfies the following conditions:

1) Each function of this family is an entire analytic function 
with respect to u for fixed x and t of the interval [0, A].

2) ( , , )K x 0 0 1=m  for any ,x A0! 6 @  and for any 0$m .

3) ( ) ( , , )u K x t u1 0v
v

v

u u
t 0

12
2

$- m =
=

9 C' 1 , for any 

, , , , , ...x A v0 0 0 1! $m =6 @  .

4) ( , , ) ( , , )u K x t u x
u

K x t u( )v

v

u u
t

v

v

h u u
t0

1

1

0
1 12

2
2
2

m= -m m=
=

-

-

=
=

: D

for any , , , , , ...x A v0 1 2R! !m =+6 @  where ( )h m  
is a nonnegative function satisfying the condition 

( )
lim

h
1

m
m
="3m .

Consider the family of linear operators ;

( ; )

( )
( , , ) !

( ( ))
L f x

f
v

u K x t u v0

0
( )v

v

u t

t

v

v
2

00
2
2

m }
a }

=
-3

m

m
m a }

m m

=

==
m mc m 9 C' 1/     (2)

where ,f C A0! 6 @ .
Note that for nm =  and ( ) ( , , , ...),h m n m n 0 1 2m = + + =  
the operators defined by (2) are reduced to the operators 
defined by (1).

Remark 2.2.1. By choosing, ( , , ...)n n 1 2m = =  in 
( , , ) ,K x t um" ,  Doğru 1997 obtained some known sequences 

of linear positive operators. Some of them as follows:

By choosing

( , , ) , , ( ) ,K x t u t
ux a n n1 1 0 1

n

n

n n}= - + = =8 B
take ( )h n n 1= -  and the operators defined by (2) are 
transformed into Bernstein polynomials.

For ( ) ,( , )lim limn nb b n
b

0 1 0n n
n

n n n

n3a }= = = ="
"

3
3

, we 
obtain Bernstein-Chlodowsky polynomials.

By choosing ( , , ) , , ( )K x t u e a n n0 1( )
n

n t ux
n n}= = =- + , we 

have ( )h n n=  and we get Szasz operators (Doğru 1997).

Let ( , , )K x t un  is an entire analytic function and 
( , , ) ( ),K x t u K t uxn n= +  , ( )a n n0 1

n n}= =  then we get 
(Baskakov 1957 ) operators, and for , ( )a n a0 1

n n
n

}= =  
and a

n
n

n

2

b= , we get (Baskakov 1961 ) operators.

Figure 2. Approximation of f (x) by Ln(f, x).

Figure 3. Approximation of f (x) by Ln(f, x). 
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function depending on the parameters v and n to get the 
following conditions:

1) For any natural number n, any v = 0,1,2,... and for any 

[ , )x 0 3! ( ) ( )K x1 0,
V

n v $-

2) For any [ , )x 0 3!

( ) !
( )

;K x v
a

1,n v
n
v

v 0

-
=

3

=

/
3) ( ) ( )K x nxK x, ,n v n m v 1= - + -

for any [ , )x 0 3!  where n + m is natural number and m is 
a constant independent of v.

Theorem 2.2.2 Let Lm" ,  be sequence of linear positive 
operators defined by (2) and f satisfy ( ) ( ) .f x M x1f

2# +  
Then for every function ,f C A0! 6 @ ,

( , ) ( )lim L f x f x 0,C A0- =
"3m

m 6 @  (Doğru 1997)

Example 2.2.3

We give the graphics of approximation of the function 

( )
( )nl

f x
e
x 1
( )x 4

3

2=
+
-  by classical Gadjiev-Ibragimov opera-

tors by choosing next sequences. (n = 2(green), n = 4(red), n 
= 6(black), n = 8(cyan), n = 10(magenta),  f  (blue))

For ( ), ( , , ) , ,n n K x t u t
ux a n1 1 1N n

n

n!m = = - + = -8 B
( ) ,n0 1

n} =  (see Figure 4).

For ( ), ( , , ) , ,n n K x t u t
ux n1 1 1N n

n

n!m a= = - + = -8 B
( ) nb0 1

n
n

} =  and b nn
3=  we get the following graphics. 

(see Figure 5).     

By choosing , ( , , ) , ,n K x t u e a n 1( )
n

n t ux
nm = = = -- +  

( ) ,n0 1
n} =  we have following graphics. (see Figure 6). 

2.3. A Modified Gadjiev-Ibragimov Operators 

We recall a sequence of linear positive operators defined in 
(Gönül and Coşkun 2012).

( , ) ( ) !
( )

L f x f
v
K x v

a
,n

nv

n v
n
v

0 b
=

-3

=

c m/   (3)

Here ( ),( ); ,liman n n n 3b b ="3 lim
a

0n
n

n

b
="3  and 

lim n
a

1n
n

n

b
="3  are two real sequence and ( )K x,n v  is the 

Figure 4. Approximation of f(x) by Ln(f, x).

 Figure 5. Approximation of f(x) by Ln(f, x).

Figure 6. Approximation of f(x) by Ln(f, x). 
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Choosing a 1n =  and , ,b
n a nn

n
n

5b = =  then we get next 
graphics. (see Figure 8).     

We take a 2n =  and b n2 1n = -  and 
( ) ( ) ( )K x nx e1,n v

v v nx= - -  

In next section; approximation properties of operators given 
in (İspir et. al. 2008) are recalled for integrable functions. 

2.4.Integral Form of Gadjiev Ibragimov Operators

Let ( , , )K x t un  be sequence of entire analytic function 
with respect to variable u R!  for fixed , [ , )x t 0 3!  and 
( , , )K x t un  satisfy the following conditions:

Remark 2.3.1.Taking

( )
( )

( ) !
! ( ) , [ , ],

,
K x n v

n x x x v n

otherwise

1 1 0 1

0
,n v

v v n v ! #
=
-

-
- -*

and choosing and a 1n =  and nnb = ; operators in (3) 
became the classical Bernstein polynomials.

If we take b
n

n
n

b =  where nb  is the increasing sequences of 
positive number such that lim bn n 3="3  and lim n

b
0n

n ="3

, then substituting x to be b
x

n
 in Kn,v(x) in (3) we obtain 

for x b0 n# # , the well-known Bernstein-Chlodowsky 
polynominals. In both cases m = -1. Choosing an = 1 and bn 
= n and ( ) ( ) ( )K x nx e1,n v

v v nx= - -  we obtain Szasz operators   
m = 0 in (3).

Theorem 2.3.2 Let Ln" ,  be sequence of linear positive 
operators defined by (3). Then for every function 

[ , )f C 0k 3! t ,

( , ) ( )lim L f x f x 0n n - ="3 t  (Gönül and Coşkun 2012).

Example 2.3.3

We give the graphics of approximation of functions 

( )
( )nl

f x
e
x 1
( )x 4

3

2=
+
-  by classical Gadjiev-Ibragimov 

operators by choosing  next sequences. (n = 2(green), n 
= 4(red), n = 6(black), n = 8(cyan), n=10(magenta) and f 
(blue))

For , ,a n1n nb= = (see Figure 7).

( )
( )

( ) !
! ( ) , [ , ],

,
K x n v

n x x x v n

otherwise

1 1 0 1

0
,n v

v v n v ! #
=
-

-
- -*

Figure 7. Approximation of f (x) by Ln(f, x).

Figure 8. Approximation of f (x) by Ln(f, x). 

Figure 9. Approximation of f (x) by Ln(f, x). 
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We denote by ( )L R,p ~ , the linear space of measurable, 
p-absolutely integrable functions on R  with respect to the 
weight function w, i.e,

( ) : : ( ) ( ) .L f f f t t dtR R R, ,p p

p p
1

R
" 31~= =

4

~ ~ b l( 2#
Theorem 2.4.2. Let Ln" ,  be sequence of linear positive 
operators defined by (4). Then for every function 

( )f L R,p! ~ +

( , ) ( )lim L f x f x 0,n n p- ="3 ~  (İspir et. al. 2008).

Example 2.4.3

We give the graphics of approximation of functions 

( )
( )nl

f x
e
x 1
( )x 4

3

2=
+
-  by Integral form of Gadjiev Ibragimov 

Operators by choosing next sequences. (n = 2(green), n = 
4(red), n = 6(black), n = 8(cyan), n = 10(magenta) and f 
(blue))

( , , ) , , ( ) ,K x t u t
ux a n n1 1 0 1

n

n

n n}= - + = =8 B  (see Figure 
10).

Choosing and a nn =  and ( ) , ,nb b n0 1
n

n
n} = = then we 

get next graphics. (see Figure 11).

choosing ( , , ) ,K x t u e a n( )
n

n t ux
n= =- +  and ( ) n0 1

n} = , then 
we get next graphics. (see Figure 11).

3. Rates of Convergence and Numerical Examples
In this section we want to find the rate of convergence of the 
sequence of operators Ln" ,  defined by (Altın and Doğru 
2004) and equality (1)-(3).

1) For any natural number n and any 
[ , ), ( , , ) ;x K x0 0 0 1n3! =

2) ( , , ) , ,u K x t u v1 0 N( )
v

v

v

n u t
t 0

0n n2
2

$ !- a }=
=

^ h 9 C' 1

3) ( , , ) ( , , ) ,

,

u K x t u nx
u

K x t u

v N

( ) ( )v

v

n u t
t

v

v

n m u t
t0

1

1

0
n n n n2

2
2
2

!

= -
a } a }=

=

-

-

+ =
=

: D

where (n + m) is a natural number or zero and m is a constant 
independent of v.

Moreover, let )(tn n N{ !
^ h  and  be sequences of continuous 

functions on , )0 36  such that 

( ) , ( )t0 0 0n n 2{ }= , for all [ , )t 0 3!  and let ( )n n Na !  be 
a sequence of positive numbers having the properties

( )
.n n

1
0

1n

n
2

a
v

}
= + c m

Under these conditions, integral form of operators in (1) is 
given as follows (İspir et. al. 2008). 

( , ) ( ) ( , ; ) ( )L f x n P K f t dt0n n v n n n
Iv

2

0 ,n v

} a }=
3

=

/ #   (4)

where :
( )
,

( )
( )

, , ,I
n

v
n

v
n v

0 0
1

N N,n v
n

2 2 0! !
} }

=
+
m

< F  

( , ; ) ( , , ) !
( ( ))

P K u K x t u v
0

( )v n n n v

v

n u t
t

n
v

0
n2

2
a }

a }
=

-
a }

m

=
=

m
d n  

and f is a member of the class of all measurable functions 
on [ , )0 3  and bounded on every compact subinterval of 
[ , )0 3 . 
Remark 2.4.1. By some special choosing of

( , , ) , , ( ) ,K x t u t
ux a n n1 1 0 1

n

n

n n}= - + = =8 B
the operators defined by (4) are transformed into Bernstein 
Kantorovich operators.

Taking 

( , , ) , , ( ) ,K x t u t
ux a n nb1 1 0 1

n

n

n n
n

}= - + = =8 B
the operators defined by (4) are transformed into 
Kantorovich type Bernstein Chlodowsky operators.

By choosing 

( , , ) , , ( ) ,K x t u e a n n0 1( )
n

n t ux
n n}= = =- +

the operators defined by (4) are transformed into Szasz-
Kantorovich operators.

Let w be a positive continuous function on the real axis 
satisfying the condition

( ) .t t dtp2

R

31~

4

#

Figure 10. Approximation of f (x) by Ln(f, x). 
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Example 3.2 The error bound of the function 
( ) , ( )

( ) ( )
f x

e
x g x

x x9 3
3

2 3 2 1
1

4

2

3 2=
+
- =

+ + + +
,                     

for ,x 0 2! 6 @  and ,n m1 1na = - =^ h  is given below.

Table 1. The error bound of function 
( ) , ( )

( ) ( )
f x

e
x g x

x x9 3
3

2 3 2 1
1

4

2

3 2=
+
- =

+ + + +
, 

Theorem 3.3

Let f  be continuous in [ , )0 3 , satisfies ( ) ( )f x M x1f
2# +  

and ( , )fA2~ d  be its modulus of continuity on the finite 
interval , A0 26 @  Then for the family of linear positive 
operators Ln" ,  given by (2), the inequality 

( , ) ( ) ( ) ( , )L f x f x C M
A

f5 2 2,n C A f f A0 2 2# ~ d- + + m:6 D@      (5)

holds for all sufficiently large n where Mf is a positive 
constant which depends on ƒ, Cf is as in the property of 
modulus of continuity and dm  is defined as follows (Doğru 
1997).

( )
( )

h
x

x
2 1

0
1

,C A
2

2
2

2
0

2
1

d
m
a

m
m

m
a

m
a
m }

= - + +m
m m me c m o

6 @

Example 3.4 The error bound of the function 
( ) ,f x

e
x
4 4

4
2

2

=
+
-  ( )

( ) ( )
g x

x x2 3 2 1
1

3 2=
+ + + +

, for 

,x 0 2! 6 @  and ,( )n h n2 1n na = - = +^ h  is given below.

Theorem 3.1 Let , , ,f C A f0! ~ d^ h6 @  be its weighted 
modulus of continuity. Then for a sufficiently large n, we get 
the inequality 

( , ) ( ) ( , ( ))L f x f x f x2 ,n n 2# ~ n-

where

( ) ( )
( )

x n
a

n
n m

n
a

x n
a

n
x2 1

0
1

,n
n n n

n
2

2 2
2n
}

= + - + +a k

(Altın and Doğru 2004).

 Figure 11. Approximation of f(x) by Ln(f,x).  

Figure 12. Approximation of f(x) by Ln(f,x).
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Theorem 3.7 Let f C0! t  be given and let ,f~ d^ h  be its 
weighted modulus of continuity. Then for a sufficiently large 
n, the inequality 

( )( )
( , ) ( )

,
( )

sup
x x

L f x f x
K f

n1 1 0
1

x
h

n

n0
2 3 2

# ~
}+ +

-
$

#d

d n

holds where K is a constant indepent on n , 

,
( )( )
( ) ( )

supf
x h

f x h f x
1 1

x
h
0

2 2~ d =
+ +
+ -

$

#d
^ h  (Coşkun 2012). 

Example 3.8 The error bound of the function 

( ) , ( )
( )( )

,, ,f x
e

x g x
x x

x
9 3

3
10

1 2 1
0 14

2 2

!=
+
- =

+ + 6 @  and 
nna =^ h .

Table 4. The error bound of function 

( ) , ( )
( )( )

f x
e

x g x
x x

9 3
3

10
1 2 1

2

2 2

=
+
- =

+ +  

4. Conclusion
We approached to the same function for each operator 
sequence ( i.e. ( , ) ( ))L f x f xn "  we used. So readers can 
compare the rates of approximation of operators with the 
help of graphics. For a good approach, besides the used 
operators, the selection of the kernel function and the 
sequences is as important as the chosen function. This study 
will guide the comparison of other operators.

5. Appendix
We give algorithm of operators in (1) using Maple 13. First 
we choose ,f na and nb . Then we define ( , , )K x t un  and 
( , )L f xn . So we plot , ( , )f L f xn  for n = 2,4,6,8,10.

Theorem 3.5 If ,f C A0! 6 @  then the inequality 

( , ) ( ) ,L f x f x K f n
A

1 1
,n C A

n

n

n

n

n
0

2

# ~
b
a

b
a

b
- - + +c b l m6 @

holds for sufficiently large n, where K is a constant 
independent of n (Gönül and Coşkun 2012).

Example 3.6 The error bound of the function 
( ) ,f x

e
x
9 3

3
4

2

=
+
- ( )

( ) ( )
,g x

x x
x

2 3 2 1
1 0 13 2 !=

+ + + +
6 @

, and , n1n na b= =^ ^h h  is given below.

Table 3. The error bound of function 

( ) , ( )
( ) ( )

f x
e

x g x
x x9 3

3
2 3 2 1

1
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2

3 2=
+
- =

+ + + +
 

Table 2. The error bound of function 

( ) , ( )
( ) ( )

f x
e

x g x
x x4 4
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> restart;

> with(plots):

> f:=x->ln((x^3)+1)/exp((x^2)-4);

> printf(`Please enter the number of operator.\n`);m := 
scanf(`%d`)[1];

> 10 

> printf(`Please enter the sum of the number of terms.\n`);r := 
scanf(`%d`)[1];

> 5

> for n from 1 to m do 

> alpha(n):=n:

> psi(n):=1/n:

> K[n](x,t,u):=(1-((u*x)/(1+t)))^n:

> d(v):=diff(K[n](x,t,u),u$v):

> X[n](f,x):=sum(f(v/((n^2)*psi(n)))*d(v)*((alpha(n)*psi(n)))
^v/v!,v=0..r):

>L[n](f,x):=subs(u=0,t=0,X[n](f,x)):

> end do:

> p1:=plot(f(x),x=0..0.1,y=0..0.4,color=blue):

>p2:=plot(L[2](f,x),x=0..0.1,y=0..0.4,color=green):

> p3:=plot(L[4](f,x),x=0..0.1,y=0..0.4,color=red):

> p4:=plot(L[6](f,x),x=0..0.1,y=0..0.4,color=black):

> p5:=plot(L[8](f,x),x=0..0.1,y=0..0.4,color=cyan):

> p6:=plot(L[10](f,x),x=0..0.1,y=0..0.4,color=magenta):

> display([p1,p2,p3,p4,p5,p6]);


