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Covarient Derivatives of Structures with Respect to Lifts on Tangent Bundle 7{M)

Tangent Demet T(M) Uzerinde Liftlere Gore Yapilarin Kovaryant Tiirevleri

Hagim Cayir' @

Giresun University, Department of Mathematics, Faculty of Arts and Sciences, Giresun, Turkey

Abstract

The differential geometry of tangent bundles was studied by several authors, for example: D. E. Blair (Blair 1976), V. Oproiu (Oproiu
1973), A. Salimov (Salimov 2013), Yano and Ishihara (1973) and among others. It is well known that differant structures defined on
a manifold M can be lifted to the same type of structures on its tangent bundle. Our goal is to study covariant derivatives of almost
contact structure and almost paracontact structure with respect to X", X¢ and X" on tangent bundle 7{M).
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Oz

Tanjant demetin diferensiyel geometrisi, D. E. Blair (Blair 1976), V. Oproiu (Oproiu 1973), A. Salimov (Salimov 2013), Yano ve
Ishihara (1973) ve diger birgok bilim adamlar: tarafindan ¢aligildi. Bir manifold tzerinde tanimlanan farkl yapilar, onun tanjant demeti
tizerindeki ayni tip yapilara taginabilindigi bilinmektedir. Bizim bu ¢alismadaki amacimiz tanjant demet tizerinde almost kontakt yap:
ve almost parakontakt yapilarin X% X" ve X" ye gore kovaryant tiirevlerini hesaplamaktir.

Anahtar Kelimeler: Almost kontakt yap1, Almost parakontakt yapi, Covariant tiirev, Horizontal lift

1. Introduction

'The tangent bundles of differentiable manifolds are very
important in many areas of mathematics and physics. The
geometry of tangent bundles goes back to the fundamental
paper (Sasaki 1958) of Sasaki published in 1958. Cotangent
bundle is dual of the tangent bundle. Because of this duality,
some of the geometric results are similar to each other. The
most significant difference between them is construction of
lifts (see Yano and Ishihara 1973 for more details).

Let M be an n-dimensional differentiable manifold of class
C™ and T,(M) be the tangent space of M at a point p of M.
"Then the set (Yano and Ishihara 1973)

T(M)= UT,(M) (1.1)

is called as the tangent bundle over the manifold M. For any
point P of T(M), the correspondence P determines the
bundle projection m:T(M) - M, thus 7(P)=P where
7:T(M) — M defines the bundle projection of 7{M) over
M. The set 7' (p) is called the fibre over p € M and M
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the base space. Suppose that the base space M is covered
by a system of coordinate neighbour-hoods {U;z"},
where (") is a system of local coordinates defined in the
neighbour-hood U of M. The open set 7' (U)cTM) is
naturally differentiably homeomorphic to the direct product
UXR"R" being the n-dimensional vector space over the
real field R, in such a way that a point PeT,(M)(pel)
is represented by an ordered pair (P, X) of the point p € U
,and a vector X € R", whose components are given by the
cartesian coordinates (y”) of P in the tangent space TP M)
with respect to the natural base {9,}, where 9,= Fro
Denoting by (x”) the coordinates of p =17 (P) in Uand
establishing the correspondence (z',y") - p e 7' (U),
we can introduce a system of local coordinates (;Eh,yh) in
the open set 7' (U) C T(M). Here we call (z'y") the
coordinates in 7' (U) induced from (z") or simply, the
induced coordinates in 77 (U).

We denote by I7(M) the set of all tensor fields of class
C> and of type (7, s) in M. We now put J(M) = D J(M),
which is the set of all tensor fields in M. Similarly,réx:fg: denote
by S(T(M)) and I(T(M)) respectively the corresponding
sets of tensor fields in the tangent bundle 7{M).
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1.1. Vertical Lifts

If #is a function in M, we write f for the function in 7{M)
obtained by forming the composition of 7:T (M) — M and
fi:M — R, so that

J'=for. (1.2)

Thus, if a point P € 77" (U) has induced coordinates then
(z',y"), then

(P)=f(z,y) = for(P)=f(p) =f(x) . (1.3)

Thus, the value of f* P is constant along each fibre Y;(JW)
and equal to the value f{p). We call f* the vertical lift of the
function f(Yano and Ishihara 1973).

Let X € 35(T(M)) be such that =0 for all fe I5(M)

Vi
. Then we say that X is a vertical vector field. Let YE)be

components of X with respect to the induced coordinates.
Then X is vertical if and only if its components in 7~ (U)

satisfy

(Yh> _ < 0 >
Yﬁ XF
Suppose that X € J; (M) so that is a vector field in M. We
define a vector field X* in 7{M) by

X(w) = (0X)*

o being an arbitrary 1-form in M. We cal X the vertical lift
of X (Yano and Ishihara 1973).

Letw € 3(T(M)) be such that @ (X)"=0 for all
X € 35(M). Then we say that v is a vertical 1-form in
T(M). We define the vertical lift w" of the 1-form w by

o' =(w:) (dz)" (1.6)

(1.4)

(1.5)

in each open set 7' (U), where (U;z") is coordinate
neighbourhood in M and @ is given by = w:dz’ in U.
The vertical lift @" of @ with local expression @ = w:dx’
has components of the form

" (@',0) 1.7)

with respect to the induced coordinates in 7{M).

Vertical lifts to a unique algebraic isomorphism of the
tensor algebra 3 (M) into the tensor algebra I (T(M))

with respect to constant coeflicients by the conditions
(P®Q) =P"®Q",(P+R)"=P"+R" (1.8)

B Q and R being arbitrary elements of J (M) . The vertical
lifts 77 of an element F € J1(M) with lokal components
F! has components of the form (Yano and Ishihara 1973)
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0 0
v,
Ppo
Vertical lift has the following formulas (Omran et al. 1984,

Yano and Ishihara 1973):

(FX) =7 X TX =07 (X) =0
(f2) =2 XY =0,¢°X =0
Xf=0X7r=0

hold good, where

(1.9)

fe3INM,),X,YeINM,),npeINM,),p eI (M,),I=idy,.

1.2. Complete Lifts

If fis a function in M, we write /* for the function in 7(M)
defined by

f=4d)
and call /* the comple lift of the function £ The complete lift

/* of a function fhas the local expression
f=yof=9of

with respect to the induced coordinates in 7(M), where 9f
denotes 7°9;f.

Suppose that X € I5(M). We define a vector field X* in
M) by
Xf=(Xxp,

fbeing an arbitrary function in M and call X* the complete
lift of X in 7(M) (Das Lovejoy 1993, Yano and Ishihara

1973). The complete lift X of X with components x* in M
has components

Xh
- aXh
with respect to the induced coordinates in 7{M).

Suppose that w € J1(M), then a 1-form @° in T(M)
deffined by

@ (X) = (wX)

(1.10)

(1.11)

(1.12)

X° (1.13)

(1.14)

X being an arbitrary vector field in M. We call @° the
complete lift of @. The complete lift w* of @ with
components @; in M has components of the form

" (Ba)i, (1)1) (1.15)

with respect to the induced coordinates in 7(M) (Das
Lovejoy 1993).

The complete lifts to a unique algebra isomorphism of the
tensor algebra J (M) into the tensor algebra 3 (T'(M)) with
respect to constant coeficients, is given by the conditions
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(PRQ)=P'®Q"+P"®Q°,(P+R)°=P°+R° (1.16)

where B Q and R being arbitrary elements of J(M). The
complete lifts F“ of an element F € 31(M) with local
components F! has components of the form

F: 0
C,
£ OF; FY
In addition, we know that the complete lifts are defhined by
(Omran et al. 1984, Yano and Ishihara 1973):

(P =FX X = (Xf)"

Xf = (Xf) (@) = (7 (2)),

XF = (%)X = (gX)"

X" = (¢X)",(pX)* = p°X",

7' (X) = (X)) 7 (X") =(7(X)),
XY =[X,Y]\F =L['X=X"XY°
1.3. Horizontal Lifts

The horizontal lift f* of f € J5(M) to the tangent bundle
T(M) is given by

(1.17)

=[X,Y].

1 =r=v.f, (1.18)
where
Vif=rVf. (1.19)

Let X € 35(M) . Then the horizontal lift X7 of X deffined
by

X'=X-V,X (1.20)
in T(M), where

V,X = yVX. (1.21)
The horizontal lift X of X has the components
XH:_é;i (1.22)
with respect to the induced coordinates in 7{M), where
=y (1.23)

Let we3Y(M) with affine connection V. Then the
horizontal lift @” of w is deffined by

(1.24)

in 7T(M), where V,@ = YV .The horizontal lift ®” of w
has component of the form

" =w-V,w

with respect to the induced coordinates in 7{M).
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Suppose there is given a tensor field
S =87 8 T ®..O0F 7 8 r®de'® ... ®dr’ (1.26)

in M with affine connection V and a tensor field V,S
defined by

V.S =19y'V.S;

..h a

k.jg a i

with respect to the induced coordinates («"y") in 77 (D)

in 7(M). In addition, we define a tensor field yxS in
7 (U) by

YXS (XZS;k}JL a h

and a tensor ﬁeld 75 in 77" (U) by

with respect to the induced coordinates (z",y"), U being

®.. ®ah®dxk® .®da’ (1.27)

®dr'®...®dr’

an arbitrary coordinate neighborhood in M. Then we have
?’XS = <SX) v

for any X € J3(M,) and S € I!(M,) or I\ (M,), where
Sy € 3I%,(M,) or I (M,) (Yano and Ishihara 1973).

The horizontal lift of a tensor field of arbitrary type in to
is defined by

S*=8°-V,S. (1.28)
For any P,Q € T'(M),we have
V,(P®Q)=(V,P)®Q"+P'®(V,Q), (1.29)

(PRQ)'=P"®Q"+P'®Q".

Differantial transformation of algebra 7(M), deffined by
D=V«T(M, — T(Mn),X S SE(M,L),

is called as covarient derivation with respect to vector field
Xif

Vit = fVxt +gVyt,

Vif =Xf,

where Vf,g € I0(M,),VX,Y € Ji(M,), vVt € I (M,).

(1.30)

On the other hand, a transformation deffined by

is called as affin connection (Salimov 2013, Yano and
Ishihara 1973). We also know that the horizontal lifts are
deffined by (Omran et al. 1984, Yano and Ishihara 1973)

=I1"X' =X',I'X" = X" . I"X" = X", (1.31)
X' =(Xf),(fX) =rx"o"(X") =0,
o' X") =(0X)),0"(X") =(w (X)),
FHX@ — (FX) v’FHXH — (FX) H'
275
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In addition, the horizontal lift of an affine connection V in
M, to T(M ), denoted by V", defined by

VALY =0,V5Y" =0,

1.32
LY =(VY) VYT =(V,Y) (132

forany X,Y € J35(M,).

2. Results

Let an #-dimensional diferentiable manifold M/ be endowed
with a tensor field ¢ of type (1,1), a vector field & and a
1-form 7, I the identity and let them satisfy

'=-I+7®&, @(£)=0, n0p=0, 7(£)=1. (2.1)

Then (¢,&,7) define almost contact structure on M (Blair
1976, Cayir and Késeogolu 2016, Sahin and Akyol 2014,
Yano and Ishihara 1973). From (2.1), we get on taking
horizontal and vertical lifts

(" =—I+7'®E"+7"®&,
P& =0,90"E"=0,7"0" =0,

u o . (2.2)
7"09" =0,7'(§) =0,7"(£") =1,
7"(&)=1,7"(&")=0.

We now define a (1,1) tensor field / on 7{M ) by
J=¢"-&@p'+E&"®@p". (2.3)

Then it is easy to show that J°X'=—X" and J'X" =—X"
which give that / is an almost contact structure on 7(M).

We get from (2.3)

JX' = (¢X)" +(n(X)E),
JX"=(eX)' = (n(X)&)"

for any X € J5(M,) (Omran et al. 1984).

Theorem 2.1. For the horizontal lift V7 of an
affine connection V in M to T(M), 7(Y)=0 and
J € 31(T(M,)) defined by (2.3), we have

i) (Vi)Y' =((Vx)Y ) +((Vxn)Y ) EY,
i) (Vi )Y" =((Vx@)Y)" = (Vi)Y )&,
iii) (VE&J)Y' =0,
iv) (VEJ)Y" =0,

where X,Y € Ji(M,), a tensor field ¢ € J1(M,), a vector
field I € I35(M,) and a 1-form 7 € I (M,).

Proof. For J=¢"— &' @9+ E"® 7" and 7(Y)=0,we
get
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i)
(Vi)Y' = VY = Vi Y"
=Vi(eY)+(7(Y)E)' = ("= &'@n' + 5" @ 9" )VuY"

=Vi(eY) +Vi(7(Y)E) = (9" = &'®@7 +&"®7")VuY"

=(Vy@Y )+ Vi (n(Y)E) — " (VY ) + (7" (VY)") €
—(9"(VxY)")E"

=((Vx@)Y) +(oVyY ) —(@(VyY)) = (n(ViY))E"
=((Vx@)Y ) +((Vxn)Y ) E",

ii)

(VET)YT = V5 Jy! — Vi Y"

=Vi(eY)' =(n(Y)E) = (9" =& @y +&£"@7") Vi Y

= (VoY) =V (p(Y)E) —(¢" =& @n +&£"®@ 9" )ViY"

=(Vx@Y )" = Vi (9(Y)E) — (VY ) + (7" (ViY ))&
—(p"(VyY)")E"

=((Vx@)Y)" +(oV:Y ) = (@(ViY))' +(7(VsY))E
=((Vx@)Y)' =((Vin)Y)'E".

iii)

(VED)Y =ViJY = JViY"
=Vi(eY)+(n(Y)E) — (9" =& @' +E"@7")ViY
=Vi(eY)+Vi(n(Y)E)

= V(oY)

=0.

iv)

(VET)Y" = ViEJY" = JViLY"

=Vi(eY)' =(n(Y)E) — (9" =& @7y +&£"®@7")ViY"
=Vi(eY)' = Vi(n(Y)EY

=Vi(pYy)'

= 07

where 2V Y =Vip(Y)—(Vin)Y and @Y €3I (M,).

Corollary 2.1. If we put Y=&,ie. 7(£)=1 and & has
the conditions of (2.1), then we get different results

D) (VE)E = (Vx&)' +((Vxp)E) +((Vin)E) EY,
i) (VinJ)E" = —=((VxE) +((Vx@) &) = ((Vin)E) &,
iii) (V¥J)E =0,

) (VET)E"=0.

Let an #-dimensional diferentiable manifold M be endowed
with a tensor field ¢ of type (1,1), a vector field & and a
1-form 7, I the identity and let them satisfy

*=I-7®&¢(E)=0,7090=0, (&)= 1. (2.4)
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Then (¢,&,7) define almost paracontact structure on M,
(Cayir 2016a,2016b, 2016c, Salimov and Cayir 2013, Sahin
and Akyol 2014, Yano and Ishihara 1973). From (2.4), we
get on taking complete and vertical lifts (Cayir 2015, Omran
et al. 1984)

(p"V=I-97"®&"—7"®&",
@& =0,0"8"=0,7"0&" =0,

H H ) 3 3 H (25)
n"09"=0,7"(£)=0,7"(&")=1,
7"(&)=1,2"(&")=0.

We now define a (1,1) tensor field J on 7{M ) by
J=¢"-&@p —-&"®@p". (2.6)

Then it is easy to show that J°X'=X' and J°X*=X",
which give that ] is an almost product structure on 7(M).
We get from (2.6)

JX = (X ) —(9(X)€),

JX"=(pX)' = (n(X)E)

for any X € J5(M,).

Theorem 2.2. For horizontal lift V" of an affine connection
Vin M, to TM), »(Y)=0 and JeIN(T(M,)),
defined by (2.6), we have

D) (Vi)Y' =((Vx@)Y) = (Vi)Y ) E",

i) (Vi)Y' =((Vx)Y)' = (Vi)Y )&,

iii) (VE&J)Y'=0,

iv) (V)Y =0,

where X,Y € J4(M,),a tensor field ¢ € J1(M,), a vector
field £ and a 1-form

7€3INM,).

Proof. For J=¢"—&'®@7"—&£"®@ 7" and 7(Y)=0,we
get

i)

(Vi)Y' = VY — VY’

=Vi(eY ) =(7(Y)E)' —(¢" =& @y = E"®@7")VinY"
=Vi(pY) =V ((Y)E) —(¢" - &' @7 = E"®@n")ViuY"
=(Vx@Y) = Vi (n(Y)E)' — " (ViY)

Hp (VLY ))E+ (9" (VY ))E"

=((Vx@)Y) +(@VyY) = (@(ViY)) +(7(VyY))E"
=((Vx@)Y) = (Vi)Y ) E".
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ii)
(Vi )Y = ViuJY" — Vi Y"
=Vi(eY ) =(p(Y)E) — (9" =& @79 = E"@7p")VinY"

=(Vx@Y)' =Vi(p(Y)E) —(¢" =& @7 —&"® 7" )VinY"

= (V@Y )' = Vi (n(Y)E) —(¢ViY)"

Hp (VY ))E+ (9" (VY ))ET
=((Vx)Y)" +(oVy V)" = (@(ViY))" +(7(VyY))E"
=((Vx@)Y)" =((Vin)Y)&".

iii)

(VEJ)Y' = ViJY — VLY

=Vi(eY ) =(n(Y)E) —(¢" =& @p =" @ 7" )ViY"
= Vi(pY) = Vi(n(Y)E)

=Vi(eY)

=0.

iv)

(VEJ)Y" =VEJY" = JVEY"

=Vi(eY)' =(n(Y)E) —(¢" =& @9y —E"®@79")ViY"
= V(oY ) =Vi(n(Y)E)

= Vi (pY)

:0,

where VY =V 7(Y)—(Vy7)Y), Y € 3L (M,).

Corollary 2.2. If we put Y =&, ie. 7(£)=1 and & has
the conditions of (2.4), then we have

D) (ViJ)E ==((Vx&) + (Vxp)E) = ((Vsn)E) EY,
i) (Vi )E"==((VxE) +((Vx)E) = ((Vxn)E) E,
iii) (V¥J)E" =0,
v) (VEJ)ET=0.

3. Discussion

In this paper, we get the covarient derivatives of almost
contact structure and almost paracontact structure with
respect to X' X“and X"on tangent bundle 7(M). In
addition, this covarient derivatives which obtained shall be
studied for some special values in almost contact structure
and almost paracontact structure.
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