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the base space. Suppose that the base space M is covered 
by a system of coordinate neighbour-hoods ;U xh" , , 
where xh^ h  is a system of local coordinates defined in the 
neighbour-hood U of M. The open set ( ) ( )U T M1 1r-  is 
naturally differentiably homeomorphic to the direct product 

,U R Rn n#  being the n-dimensional vector space over the 
real field R, in such a way that a point P ( )( )T M p Up! !  
is represented by an ordered pair (P, X) of  the point p U!
, and a vector X Rn! , whose components are given by the 
cartesian coordinates (yh) of P  in the tangent space Tp(M) 
with respect to the natural base h2" , , where 

xh h2
2
2= . 

Denoting by (xh) the coordinates of p r=  P^ h  in U and 
establishing the correspondence , ( ),x y p Uh h 1" ! r-^ h  
we can introduce a system of local coordinates  ,x yh h^ h  in 
the open set ( ) ( )U T M1 1r- . Here we call  ,x yh h^ h  the 
coordinates in ( )U1r-  induced from xh^ h  or simply, the 
induced coordinates in ( )U1r- .

We denote by MIs
r ^ h  the set of all tensor fields of class 

C3  and of type (r, s) in M. We now put ( )M MI I
,

s
r

r s 0

=
3

=

^ h / , 
which is the set of all tensor fields in M. Similarly, we denote 
by ( ( ))T MIs

r  and ( ( ))T MI  respectively the corresponding 
sets of tensor fields in the tangent bundle T(M).

1. Introduction

The tangent bundles of differentiable manifolds are very 
important in many areas of mathematics and physics. The 
geometry of tangent bundles goes back to the fundamental 
paper (Sasaki 1958) of Sasaki published in 1958. Cotangent 
bundle is dual of the tangent bundle. Because of this duality, 
some of the geometric results are similar to each other. The 
most significant difference between them is construction of 
lifts (see Yano and Ishihara 1973 for more details).

Let M be an n-dimensional differentiable manifold of class 
C3  and Tp(M) be the tangent space of M at a point p of M. 
Then the set (Yano and Ishihara 1973)

( ) ( )T M U T M
p M

p=
!

  (1.1)

is called as the tangent bundle over the manifold M. For any 
point P of T(M), the correspondence P  determines the 
bundle projection : ( )T M M"r , thus P Pr =^ h  where 
: ( )T M M"r  defines the bundle projection of T(M) over 

M. The set ( )p1r-  is called the fibre over p M!  and M 
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1.1. Vertical Lifts

If f is a function in M, we write fv for the function in T(M) 
obtained by forming the composition of : ( )T M M"r  and 
:f M R" , so that

f fov r= .  (1.2)

Thus, if a point P ( )U1! r-  has induced coordinates then 
,x yh h^ h , then  

( , ) ( ) ( )P f x y fo P f p f xv v r= = = =^ ^h h  .   (1.3)

Thus, the value of fv  P is constant along each fibre Tp(M) 
and equal to the value f(p). We call fv the vertical lift of the 
function f (Yano  and Ishihara 1973).

Let ( ( ))X T MI01!  be such that fv = 0 for all ( )f MI00!

. Then we say that X is a vertical vector field. Let X
X

h

h
d nbe 

components of X  with respect to the induced coordinates. 
Then X is vertical if and only if its components in ( )U1r-  
satisfy

 X
X X

0h

h h=d cn m  (1.4)

Suppose that ( )X MI01!  so that is a vector field in M. We 
define a vector field Xv in T(M) by

Xv(ıw) = (wX)v  (1.5)

w being an arbitrary 1-form in M. We cal Xv the vertical lift 
of X (Yano and Ishihara 1973).

Let ( ( ))T MI10!~  be such that ~ ( )X 0v =  for all 
( )X MI01! . Then we say that v  is a vertical 1-form in 

T(M). We define the vertical lift wv  of the 1-form w by

( )dxv
i

v i v~ ~= ^ h   (1.6)

in each open set ( )U1r- , where ;U xh^ h  is coordinate 
neighbourhood in M and ~  is given by dxi

i~ ~=  in U. 
The vertical lift v~  of ~  with local expression dxi

i~ ~=
has components of the form

: ( , )0v i~ ~   (1.7)

with respect to the induced coordinates in T(M).

Vertical lifts to a unique algebraic isomorphism of the 
tensor algebra ( )MI  into the tensor algebra ( ( ))T MI  
with respect to constant coefficients by the conditions

, ( )P Q P Q P R P RV V V V V V7 7= + = +^ h    (1.8)

P, Q and R being arbitrary elements of ( )MI . The vertical 
lifts FV of an element ( )F MI11!  with lokal components  
Fi

h  has components of the form (Yano and Ishihara 1973)

: .F
F
0 0
0

V

i
h

Vertical lift has the following formulas (Omran et al. 1984, 
Yano and Ishihara 1973):

, , ( )

, , ,

,

fX f X I X X

f f X Y X

X f X f

0 0

0 0

0 0

v v v v v v v

v v v v v v v

v v v v

h

h h {

= = =

= = =

= =

^
^ h
h

 (1.9)

hold good, where 
( ), , ( ), ( ), ( ), .f M X Y M M M I idI I I In n n n M0
0

0
1

1
0

1
1

n! ! ! !h { =

1.2. Complete Lifts

If f is a function in M, we write f c  for the function in T(M) 
defined by

fc = ı(df)  (1.10)

and call f c  the comple lift of the function f. The complete lift  
f c  of a function f has the local expression

f y f fc i
i2 2= =                                                            (1.11)

with respect to the induced coordinates in T(M), where f2  
denotes .y fi

i2

Suppose that ( )X MI01! . We define a vector field Xc in 
T(M) by

( )X f Xfc c c= ,  (1.12)

f being an arbitrary function in M and call Xc the complete 
lift of X in T(M) (Das Lovejoy 1993, Yano and Ishihara 
1973). The complete lift Xc of X with components xh in M 
has components

X
X
X

c
h

h2
=                                                                                     (1.13)

with respect to the induced coordinates in T(M). 

Suppose that ( )MI10!~ , then a 1-form c~  in T(M) 
deffined by

( )X Xc c c
~ ~= ^ h   (1.14)

X being an arbitrary vector field in M. We call c~  the 
complete lift of ~ . The complete lift c~  of ~  with 
components i~  in M has components of the form

: ( , )c
i i2~ ~ ~                                                                  (1.15)

with respect to the induced coordinates in T(M) (Das 
Lovejoy 1993).

The complete lifts to a unique algebra isomorphism of the 
tensor algebra ( )MI  into the tensor algebra ( ( ))T MI  with 
respect to constant coefficients, is given by the conditions
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( ) ,( ) ,P Q P Q P Q P R P RC C V V C C C C7 7 7= + + = +  (1.16)

where P, Q and R being arbitrary elements of ( )MI . The 
complete lifts FC  of an element ( )F MI11!  with local 
components Fi

h  has components of the form

: .F
F
F F
0C i

h

i
h

i
h2

In addition, we know that the complete lifts are deffined by 
(Omran et al. 1984, Yano and Ishihara 1973):

( ) ,

( ) , ( ) ( ( )) ,

( ) , ( ) ,

( ) ,( ) ,

( ) ( ( )) , ( ) ( ) ,

, , , , , , , .

fX f X f X Xf

X f Xf x x

X f Xf X X

X X X X

X X X X

X Y X Y I I I X X X Y X Y

c c v v c c

c c v v c v

v c v v c v

c v v c c c

v c c c v v

v c v c v c v c c c

h h

{ {

{ { { {

h h h h

= + =

= =

= =

= =

= =

= = = =

^

^

h

h
6 6@ @

  (1.17)

1.3. Horizontal Lifts

The horizontal lift fH  of ( )f MI00!  to the tangent bundle  
T(M) is given by

f f fH C d= - c ,  (1.18)

where

f fd dc=c .                                                                      (1.19)

Let ( )X MI01! . Then the horizontal lift XH  of X deffined 
by

X X XH C d= - c   (1.20)

in T(M), where

X Xd dc=c .                                                                 (1.21)

The horizontal lift XH  of X has the components

:X
X

X
H

h

i
h iC-

                                                                      (1.22)

with respect to the induced coordinates in T(M), where

.yi
h i

ji
hC C=   (1.23)

Let ( )MI10!~  with affine connection d . Then the 
horizontal lift H~  of ~  is deffined by

H C d~ ~ ~= - c   (1.24)

in T(M), where d d~ c ~=c . The horizontal lift H~  of  ~  
has component of the form

: ,H
i
h

h i~ ~ ~C^ h    (1.25)

with respect to the induced coordinates in T(M).

Suppose there is given a tensor field

... ...S S
x x

dx dx...
....

k j
i h

i h
k j7 7 7 7 7

2
2

2
2=   (1.26)

in M with affine connection d  and a tensor field Sdc  
defined by

... ...S y S
y y

dx dx...
...l

l k j
i h

i h
k j7 7 7 7 7d d

2
2

2
2=c              (1.27)

with respect to the induced coordinates ,x yh h^ h  in ( )U1r-  
in T(M). In addition, we define a tensor field SXc  in 
( )U1r-  by

... ...S X S
y y

dx dx...
....

X
l

lk j
i h

i h
k j7 7 7 7

2
2

2
2

c = ^ h
and a tensor field Sc  in ( )U1r-  by

... ...S y S
y y

dx dx...
...l

lk j
i h

i h
k j7 7 7 7

2
2

2
2

c = ^ h
with respect to the induced coordinates ,x yh h^ h , U being 
an arbitrary coordinate neighborhood in Mn. Then we have

( )S SX X
Vc =

for any ( )X MI n0
1!  and ( )S MIs n

0!  or ( )MIs
l

n , where 
( )S MIX s n1

0! -  or ( )MIs n1
1
-  (Yano and Ishihara 1973).

The horizontal lift  of a tensor field  of arbitrary type in  to  
is defined by

.S S SH C d= - c   (1.28)

For any , ( )P Q T M! , we have

,

.

P Q P Q P Q

P Q P Q P Q

V V

H H V V H

7 7 7

7 7 7

d d d= +

= +

c c c

^
^ ^ ^
h
h h h

  (1.29)

Differantial transformation of algebra T(M), deffined by

: ( ) ( ), ( ),D T M T M X MIX n n
l

n0"d !=

is called as covarient derivation with respect to vector field  
X if

,

,

t f t g t

f Xf

fX gY X Y

X

d d d

d

= +

=

+                                                    (1.30)

where , , , , ( ) .f g M X Y M t MI I In n n0
0

0
16 6 6! ! !^ ^h h

On the other hand, a transformation deffined by

: ,M M MI I In n n0
1

0
1

0
1"#d ^ ^ ^h h h

is called as affin connection (Salimov 2013, Yano and 
Ishihara 1973). We also know that the horizontal lifts are 
deffined by (Omran et al. 1984, Yano and Ishihara 1973)

, , , ,

, , ( ) ,

( ) ( ) , ( ) ( ) ,

( ) , ( ) .

I I I X X I X X I X X

X f Xf fX f X X

X X X X

F X FX F X FX

0

H H v V v H v H H H

H v v H v H H H

v H v H v v

H v v H H H

~

~ ~ ~ ~

= = = =

= = =

= =

= =

^
^
^

^
h

h
h

h

                 (1.31)
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i) 

( ( ) )

( )

( )

.

J Y JY J Y

Y Y Y

Y Y Y

Y Y Y Y

Y

Y Y Y Y

Y Y

X
H v

X
H v

X
H v

X
H v H H v v H H

X
H v

X
H v

X
H H H v v H H

X
H v

X
v

X
H H H

X
v v

X
v v

H
X

v H

X
v

X
v

X
v

X
v H

X
v

X
v H

H H H

H H

H H H

H

7 7

7 7

d d d

d d

d d d

d d d d

d

d d d d

d d

{ h p { p h p h

{ h p { p h p h

{ h p { h p

h p

{ { { h p

{ h p

= -

= + - - +

= + - - +

= + - +

-

= + - -

= +

^

^
^

^
^^

^
^

^

^
^^

^

^
^
^
^

^

^

^

^
^

^ ^

h

h

h

h
h

h
h

h

h

h

h

h

h

h

h

h
h

hh

h

hh

h
h

ii) 

.

J Y JY J Y

Y Y Y

Y Y Y

Y Y Y Y

Y

Y Y Y Y

Y Y

X
H H

X
H H

X
H H

X
H H v H v v H H

X
H H

X
H

X
H v H v v H H

X
H H

X
H

X
H v

X
H v

X
H v

H
X

H H

X
H

X
H

X
H

X
v v

X
H

X
v v

H H H

H H

H H

H

7 7

7 7

d d d

d d

d d d

d d d d

d

d d d d

d d

{ h p { p h p h

{ h p { p h p h

{ h p { h p

h p

{ { { h p

{ h p

= -

= - - - +

= - - - +

= - - +

-

= + - +

= -

^

^

^
^

^
^
^
^

^

^ ^

^
^^

^
^
^
^
^

^

^

^
^

^

^

^ ^

^

h

h
h

h
h

h

h
h
h

h

h

h

h
h
h

h
h

h
h

h

h

h h

h

h

h

h
h

iii) 

.

J Y JY J Y

Y Y Y

Y Y

Y

0

X
H v

X
H v

X
H v

X
H v H H v v H H

X
H v

X
H v

X
H H

X
H v

v v v

v v

v v

v

7 7

d d d

d d

d d

d

{ h p { p h p h

{ h p

{

= -

= + - - +

= +

=

=

^
^
^
^

^ ^
^ ^

^
h
h
h
h

h h
h h

h

iv) 

,

J Y JY J Y

Y Y Y

Y Y

Y

0

X
H H

X
H H

X
H H

X
H H v H v v H H

X
H H

X
H H

X
H v

X
H H

v v v

v v

v v

v

7 7

d d d

d d

d d

d

{ h p { p h p h

{ h p

{

= -

= - - - +

= -

=

=

^
^
^
^

^ ^
^ ^

^
h
h
h
h

h h
h h

h

where ( )Y Y YX X Xd d dh h h= - ^ h  and  Y MI n0
1!{ ^ h .

Corollary 2.1. If we put Y p= , i.e. 1h p =^ h  and p  has 
the conditions of (2.1), then we get different results

i) ( ,JX
H

X
H

X
v

X
vv H

Hd d d dp { p h pp p+ +=^ ^ ^^ ^^h h h h h h
ii) ( ,JX

H H
X

v
X

H
X

v v
Hd d d dp p { p h p p= - + -^ ^ ^^ ^^h h h h h h

iii) ,J 0X
H v

vd p =^ h
iv) .J 0X

H H
vd p =^ h

Let an n-dimensional diferentiable manifold Mn be endowed 
with a tensor field {  of type (1,1), a vector field p  and a 
1-form h , I the identity and let them satisfy

, , , .I 0 0 12 7{ h p { p hq{ h p= - = = =^ ^h h   (2.4)

In addition, the horizontal lift of an affine connection d  in  
Mn  to T(Mn), denoted by Hd , defined by

, ,

,

Y Y

Y Y Y Y

0 0X
H V

X
H H

X
H V

X
V

X
H H

X
H

V V

H H

d d

d d d d

= =

= =^ ^h h                               (1.32)

for any , ( ) .X Y MI n0
1!

2. Results
Let an n-dimensional diferentiable manifold Mn be endowed 
with a tensor field {  of type (1,1), a vector field p  and a 
1-form h , I the identity and let them satisfy

, , , .I 0 0 12 7{ h p { p hq{ h p= - + = = =^ ^h h       (2.1)

Then , ,{ p h^ h  define almost contact structure on M (Blair 
1976, Çayır and Köseoğolu 2016, Şahin and Akyol 2014, 
Yano and Ishihara 1973). From (2.1), we get on taking 
horizontal and vertical lifts

,

, , ,

, ( ) , ,

, .

I

0 0 0

0 0 1

1 0

H v H H v

H v H H v H

H H v v v H

H v H H

2 7 7{ h p h p

{ p { p h qp

h q{ h p h p

h p h p

= - + +

= = =

= = =

= =

^

^ ^
^

h

h h
h                                  (2.2)

We now define a (1,1) tensor field J on T(Mn) by

.J H v v H H7 7{ p h p h= - +   (2.3)

Then it is easy to show that J X Xv v2 = -  and ,J X XH H2 = -
which give that J is an almost contact structure on T(Mn). 
We get from (2.3)

( ) ,

( )

JX X X

JX X X

v v H

H H v

{ h p

{ h p

= +

= -^
^
^
^

h
h
h
h

for any ( )X MI n0
1!  (Omran et al. 1984).

Theorem 2.1. For the horizontal lift Hd  of an 
affine connection d  in Mn to T(Mn), Y 0h =^ h  and 

( ( ))J T MI n1
1!  defined by (2.3), we have

i) ,J Y Y YX
H v

X
v

X
v H

Hd d d{ h p= +^ ^^ ^^h h h h h
ii) ,J Y Y YX

H H
X

H
X

v v
Hd d d{ h p= -^ ^^ ^^h h h h h

iii) ,J Y 0X
H v

vd =^ h
iv) ,J Y 0X

H H
vd =^ h

where , ( )X Y MI n0
1! , a tensor field ( )MI n1

1!{ , a vector 
field ( )MI I n0

1!  and a 1-form ( )MI n1
0!h .

Proof. For J H v v H H7 7{ p h p h= - +  and Y 0h =^ h , we 
get 
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ii) 

.

J Y JY J Y

Y Y Y

Y Y Y

Y Y Y

Y Y

Y Y Y Y

Y Y

X
H H

X
H H

X
H H

X
H H v H v v H H

X
H H

X
H

X
H v H v v H H

X
H H

X
H

X
H v

X
H

v
X

H v H
X

H H

X
H

X
H

X
H

X
v v

X
H

X
v v

H H H

H H

H H

H

7 7

7 7

d d d

d d

d d d

d d d

d d

d d d d

d d

{ h p { p h p h

{ h p { p h p h

{ h p {

h p h p

{ { { h p

{ h p

= -

= - - - -

= - - - -

= - -

+ +

= + - +

= -

^

^

^
^

^
^
^
^

^

^ ^

^
^^

^
^
^
^

^
^
^

^

^

^
^

^ ^ ^

h

h
h

h
h

h

h
h
h

h

h

h

h
h
h

h
h

h
h
h h

h

h

h h

h

h

h

iii) 

.

J Y JY J Y

Y Y Y

Y Y

Y

0

X
H v

X
H v

X
H v

X
H v H H v v H H

X
H v

X
H v

X
H H

X
H v

v v v

v v

v v

v

7 7

d d d

d d

d d

d

{ h p { p h p h

{ h p

{

= -

= - - - -

= -

=

=

^
^
^
^

^ ^
^ ^

^
h
h
h
h

h h
h h

h

iv)

,

J Y JY J Y

Y Y Y

Y Y

Y

0

X
H H

X
H H

X
H H

X
H H v H v v H H

X
H H

X
H H

X
H v

X
H H

v v v

v v

v v

v

7 7

d d d

d d

d d

d

{ h p { p h p h

{ h p

{

= -

= - - - -

= -

=

=

^
^
^
^

^ ^
^ ^

^
h
h
h
h

h h
h h

h

where ), .Y Y Y Y MIX X X n0
1d d d !h h h {= -^ ^ ^h h h

Corollary 2.2. If we put Y p= , i.e. 1h p =^ h  and p  has 
the conditions of (2.4), then we have

i) ( ( ) ,JX
H v

X
H

X
v

X
v H

Hd d d dp p { p h p p= - + -^ ^ ^ ^^h h h h h
ii) ( ,JX

H H
X

v
X

H
X

v v
Hd d d dp p { p h p p= - + -^ ^ ^^ ^^h h h h h h

iii) ,J 0X
H v

vd p =^ h
iv) J 0X

H H
vd p =^ h .

3. Discussion
In this paper, we get the covarient derivatives of almost 
contact structure and almost paracontact structure with 
respect to ,X XV C and XH on tangent bundle T(M). In 
addition, this covarient derivatives which obtained shall be 
studied for some special values in almost contact structure 
and almost paracontact structure.

Then , ,{ p h^ h  define almost paracontact structure on Mn 
(Çayır 2016a, 2016b, 2016c, Salimov and Çayır 2013, Şahin 
and Akyol 2014, Yano and Ishihara 1973). From (2.4), we 
get on taking complete and vertical lifts (Çayır 2015, Omran 
et al. 1984)

,

, , ,

, , ,

, .

I

0 0 0

0 0 1

1 0

H v H H v

H v H H v H

H H v v v H

H v H H

2 7 7{ h p h p

{ p { p h qp

h q{ h p h p

h p h p

= - -

= = =

= = =

= =

^

^
^
^

^

h

h
h
h

h   (2.5)

We now define a (1,1) tensor field J on T(Mn) by

J H v v H H7 7{ p h p h= - - .  (2.6) 

Then it is easy to show that J X Xv v2 =  and J X Xc c2 = , 
which give that J is an almost product structure on T(Mn). 
We get from (2.6)

JX X Xv v H{ h p= -^ ^ ^h h h ,

JX X XH H v{ h p= -^ ^ ^h h h
for any X MI n0

1! ^ h .
Theorem 2.2. For horizontal lift Hd  of an affine connection  
d  in Mn  to T(Mn), Y 0h =^ h  and J T MI n1

1! ^ ^ hh , 
defined by (2.6), we have

i) ,J Y Y YX
H v

X
v

X
v H

Hd d d{ h p= -^ ^^ ^^h h h h h
ii) ,J Y Y YX

H H
X

H
X

v v
Hd d d{ h p= -^ ^^ ^^h h h h h

iii) J Y 0X
H v

vd =^ h ,

iv) ,J Y 0X
H H

vd =^ h
where ,X Y MI n0

1! ^ h , a tensor field MI n1
1!{ ^ h , a vector 

field p  and a 1-form 

MI n1
0!h ^ h .

Proof. For J H v H H H7 7{ p h p h= - -  and Y 0h =^ h , we 
get

i) 

.
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