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The 2-normed spaces and more general n-normed spaces 
were studied by (Kim, Cho and White 1992),  (Lewandowska 
1999), (Lewandowska 2001) and  many others. Recently, 
(Duyar et. al. 2016, Duyar et. al. 2017) studied on these 
spaces. 

Let λ and μ be two sequence spaces. Recall that 
a superposition operator :Pg "m n  is defined by 
( ) ( ( , ))P x g k xg k= , where  :g N R R"#  is a function 

such that ( , )g k 0 0= . The superposition operators were 
studied F. Dedagich (Dedagich 1987), S. Petrantuarat and 
Y. Kemprasit (Petrantuarat and Kemprasit 1997), E. Kolk 
(Kolk 2004), B. Sağır and N. Güngör (Sağır and Güngör 
2015), O. Oğur (2017) and others. 

In this paper, we study on superposition operator Pg acts 
from the spaces ,c ,

,
2 0

2, 3  and , p1,p2 3, 1# , to the space 
,2 1,  such that ( ) ( ( , ))P x g k xg k= , where g acts from XN#  

to X.

1.Introduction

Let N  and wX denote the set of all natural numbers and the 
set of all sequences defined on real vector space X, which 
has dimension greater than one, respectively. The definition 
2-normed space was introduced by Gahler (1964) as 
following;

Let X be a real vector space of dimension greater than one. 
If the real valued function ., .  on X X#  satisfying the 
following four conditions, then ., .  is called a 2-normed 
on X;

N1) ,x y 0=  if and only if the vectors x and y are linearly 
dependent;

N2) , ,x y y x= ;

N3) , ,x y x ya a=  for every R!a ;

N4) , , ,x z y x y z y#+ +  for every , ,x y z X! .

Let X be a 2-normed space. Define  2-normed sequence 
spaces as following;

( ) ,I x x w x z,p
k X k

k

p
2

1

| | 31!= =
3

=

/  for all z X! ,
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and
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2. Results
Throughout the results, we assume that the function ( , .)g k
is bounded on bounded subsets of X for every k N! . 

Theorem 1. :P , ,
g
2 2 1!, ,3  if and only if there exists 

c c ,
k

2 1,!= ^ h  such that for every 02a  and for each 
positive integer k

( , ), ,g k t y c yk#  whenever ,t y # a

for all y X! .

Proof. Let P , ,
g

2 2 1"| , ,3 . For arbitrary 02a  and k N!  
let define following sets;

( ) : ,A t X t y for every y X! # !a a= " ,  and

( , ) ( , ), : ( )supB k g k t y t A!a a= " , .

We need to show that ( ( , ))B k ,2 1,!a  for every 
02a . Suppose the contrary, i. e.  there exists 
01 2a  such that ( ( , ))B k ,2 1,ga . It means that 
( , )B k
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Take i N! . Then, we have ( , )B k0 1 31# a  for every 
natural numbers ,k n n1i i1! +-6 @ . By definition of 
( , ),B k 1a  there exists ( )x Ak 1! a  such that

, , ( , )g k x y B kk i12 a f-^ h .  (2.2)

Thus, using (2.1) and (2.2), we have 

( , ), ( , )g k x y B k 1k
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for every y X! , which shows that ( , )g k x ,

k
2 1,g . Also, 

since x Ak 1! a^ h  for all k N! , we write ,x yk 1# a  for 
every y X! , which implies that ( )x ,

k
2,! 3 . This contradicts  

with the assumption :P , ,
g
2 2 1", ,3 .

Conversely, assume that there exists ( )c c ,
k

2 1,!=  such 
that for every 02a  and for each positive integer k 

( , ), ,g k t y c yk#  whenever ,t y # a

for all y X! . Take ( )x ,
k

2,! 3 . Then, there exists a real 
number M > 0 such that ,x y Mk #  for every positive 
integer k and all  y X! . By assumption, we have 
c c ,

k
2 1,!= ^ h  such that , , ,g k x y c yk kG^ h  for every 

positive integer k. Thus, we have 

( , ), ,g k x y c yk

k

k
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31#
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/ /

which shows that :P , ,
g
2 2 1", ,3 .

Example 2. Let X R2=  and let define a 2-norm 
on X R2=  such that , ,x y x y x y1 2 2 1= -  where 

, , ,x x x y y y R1 2 1 2
2!= =^ ^h h . Also, let define a function 

:g N R R2 2"#  such that , ,g k t
t
4
0k

1=^ h , where 
,t t t R1 2

2!= ^ h . Given 02a  and t R2!  such that 
,t z G a  for all z R2! . Then, since it is true for 
( , )z 0 1 R2!=) , we write , . .t z t t t1 0*

1 2 1 # a= - =
. Thus, we have

( , ), . . . .g k t z
t

z z z z
4

0
4

0k k
1

2 1 2 1#
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for every z R2! . Choose ,c
4
0 Rk k

2!
a= a k  for every k and 

so ( )c ,
k

2 1,! . By theorem 1, we get :P , ,
g
2 2 1", ,3 .

Theorem 3. :P c ,
,

g 2 0
2 1" ,  if and only if there exist a real 

number 02a  and c ,
k

2 1,!^ h  such that

( , ), ,g k t y c yk#  whenever ,t y # a

for every positive number k and every y X! .

Proof. Let :P c ,
,

g 2 0
2 1" , . Define the following sets; 

: ,A t X t y for every y X! # !a a=^ h " ,  and

, ( , ), :supB k g k t y t A!a a=^ ^h h" ,
for arbitrary 02a  and every k N! . By definition of these 
sets, we have ( , ), ,g k t y B k# a^ h  whenever ( )t A! a . 
Let suppose that ( ( , ))B k ,2 1,ga  for every 02a . Then, 
we write ( , )B k 2 i

k 1

3=
3

=

/  for every i N! . Thus, there exists 
a subsequence ... ...n n n n0 i0 1 21 1 1 1 1=  such that  
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Take i N! . Then, for every k N!  with n k n1i i1 # #+-  
we have ( , )B k0 2 i 31# - . By definition of ( , )B k 2 i- , 
there exists ( )x A 2k

i! -  such that 

( , ), ( , ) .g k x y B k 2k
i

i2 f-   (2.4) 

By (2.3) and (2.4), we get 
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which shows that ( , )g k x I ,k
2 1g^ h . Also, since ( ) ( )x A 2k

i! -  
for every ,k n ni i1! -6 @  we have ,x y 2k

i# -  and so 
( )x c ,k 2 0! . This contradicts the assumption that :P c ,

,
g 2 0

2 1" ,

. Thus, there exists 01 2a  such that ( ( , ))B k ,
1

2 1,!a . By 
choosing ( , )c B kk 1a= , the necessity is completed.
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Conversely, assume that there exist a real number 02a
and ( )c ,

k
2 1,!  such that ( , ), ,g k t y c yk#  whenever 

,t y # a  for every positive number k and every y X! . Let 
( )x x c ,k 2 0!= . Then, for this 02a , there exists n N0 !  

such that ,x yk # a  for every k n0$ . By assumption, 
there exists ( )c c ,

k
2 1,!=  such that ( , ), ,g k x y c yk k#  

for every k n0$ . Thus, we get 

( , ), , ,g k x y c y c yk
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which shows that ( ( , ))g k x ,
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2 1,! .

Example 4. Let X R2=  and let take a 2-norm on 
X R2=  such that ,x y x y x y1 2 2 1= - , where 
( , ), ( )x x x y y y R1 2 1 2

2!= = . Also, let define a function 
:g N R R2 2"#  such that ( , ) ( )

,g k t
t t
2
1
0k

1 1
=

- , where 
( , )t t t R1 2

2!= . Given arbitrary ,t t t R1 2
2!= ^ h  such that 

, ,t t y 11 2 #^ h . Here we chose 1a = . By definition of 
2-norm, last inequality is true for ,0 1 R2!^ h . Thus, we have 

, , ,t t t0 1 11 2 1 #=^ ^h h .
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where ,y y R1 2
2!^ h . If we choose c

2
1 0k k 1= - , then 

( ) .c ,
k

2 1,!  By theorem 3, we get :P c ,
,

g 2 0
2 1" , .

Theorem 5. :P , ,
g

p2 2 1", ,  if and only if there exist ,0 02 2a b  
and ( )c ,

k
2 1,!  such that ( , ), , ,g k t y c y t yk

p# a+
whenever ,t y # b

for every y X! .

Proof. Let assume that there exist ,0 02 2a b  and 
( )c ,

k
2 1,!  such that ( , ), , ,g k t y c y t yk

p# a+  
whenever ,t y # b  for every y X! . Take ( ) .x x ,
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p2,!=
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which shows that : .P , ,
g

p2 2 1", ,

Conversely, let :P , ,
g

p2 2 1", ,  and given arbitrary positive 
numbers ,0 02 2a b . Let define the following; for every 
k N!  and y X!

( , , ) : , , ( , ),minA k t X t y g k k yp 1! #a b b a= -" " ,,  
and

( , , ) ( , ), : ( , , )supB k g k t y t A k!a b a b= " , .

Then, we have ,t y # b  and ( , ), , ,g k t y B k# a b^ h  
whenever , ,t A k! a b^ h . Also, if ,t y # b  and 

( , , )t A kg a b , we have ( , ), ,g k t y t y p# a . Thus, 
we can write that ( , ), , , ,g k t y B k t y pG a b a+^ h  
whenever ,t y # b . We want to show that there exist 

,0 01 12 2a b  such that ( , , )B k ,2 1,!a b^ h . Assume that 
( , , )B k ,2 1,ga b^ h  for every , 02a b . By the assumption, 

we have  , ,B k 2 2i i

k 1

3=
3

-

=

^ h/  for all i N! . Then, there exist 
a subsequence ... ...n n n n0 i0 1 21 1 1 1 1=  such that  
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Thus, we have that ( , , )B k0 2 2i i 31# -  for all 
,k n n1i i1! +-6 @ . By definition of ( , , )B k 2 2i i- , there exists 

( , , )x A k 2 2k
i i! -  such that

( , ), ( , , )g k x y B k 2 2k
i i

i2 f--   (2.6) 

for all y X! . Using inequalities (2.5) and (2.6), we have
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for all i N! , which shows that ( , )g k x ,

k
2 1,g^ h  Also, since 

( , , )x A k 2 2k
i i! -  for all ,k n n1i i1! +-6 @ , we have 

,x y 2k
i#  and , ( , ),x y g k x y2k

p i
k# -
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which shows that ( )x ,
k

p2,! . This contradicts the 
assumption that :P , ,

g
p2 2 1", , . By choosing , , ,c B kk 1a b= ^ h

we complete the proof. 
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