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Abstract

In this paper, we introduce quadrapell quaternions. We give some combinatorial properties of these quaternions. In addition, we apply
the binomial transform to these quaternions and derive some algebraic properties.
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Oz

Bu makalede, quadrapell kuaterniyonlari tanitilmistir. Bu kuaterniyonlarin bazi kombinatorik 6zellikleri verilmistir. Tlave olarak, bu
kuaterniyonlara binomiyal doniisim uygulanmis ve bazi cebirsel 6zellikler tiretilmigtir.
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1. Introduction

There are several integer sequences studied by many math-
ematicians in the literature. An interesting one of them
(called the quadrapell sequence) was given by Tage1 [7] as
follows:

D,=D,,+2D,s+D,, (n=4)
where D, = D, = D, = 1 and D, = 2. The first few terms of
this sequence are 1,1,1,2,4,5,9,15,23,38,62.

'The characteristic equation of quadrapell recurrence relation
is

' —r’—2x—1=0.
Note that the roots of this equation are
a=(1+y5)/2,8=(1-y5)/2,y =(-1+y3i)/2, and
§=(-1—-y31)/2.
In [7], Tasc1 also gave generating function, a Binet-like

formula and some summation formulas for the quadrapell
numbers.
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In [6], given a sequence A =1{a,},_,, the binomial trans-
form B of a sequence 4 is denoted by B(4) ={b,} and
defined by

b,= z (?)a,

i=0

Recently, Kizilates et al. [4] have been investigated some
properties of binomial sums of quadrapell sequences and
quadrapell matrix sequences. At this point, we refer the
reader to [1, 2,5, 6] for more details and interesting proper-
ties of the binomial transformation and its generalizations.

A quaternion p with real components 4, 4,, a,, 4, and basis
1,i,j,k is a hypercomplex number of the form

p=actai+aj+ak, (al=ao)

where

7:2=j2=k:2=_].,

iy =k =—ji,jk =1 = —kj, ki = j = —ik.

Motivated by the above definition, A. F. Horadam [3] de-

fined the nth Fibonacci and nth Lucas quaternions as fol-
lows:

Qn :Fn+Fn+17:+Fn+2j+Fn+3k
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and
K.=L,+L,ai+ Ln+2j + L.k

where F, and L are the nth Fibonacci and #th Lucas num-
bers respectively.

Inspired by the above studies, in this paper, we introduce
quadrapell quaternions. We give some fundamental proper-
ties of these quaternions. In addition, we apply the binomial
transform to these quaternions and derive some algebraic
properties.

2. Fundamental Properties of Quadrapell

Quaternions

In this section, we give a definition, the generating function,
g g g

a Binet-like formula, and some summation formulas for the

quadrapell quaternion sequence.

Definition 2.1. For n = 0, nth quadrapell quaternion is de-
fined by

W, =D+ D18+ Dyisj + D,isk
where D, is the nth quadrapell number.

Proposition 2.1. For n =0, quadrapell quaternion se-
quence satisfies the following recurrence relation:

Wt = Wara + 2Wns1 + W,

where wo=1+2+j5+2k,w,=1+1¢+ 25+ 4k,
w; =1+ 24+ 45+ 5k, and w; =2+ 44+ 55+ 9.

Theorem 2.1. The generating function of the quadrapell

quaternion sequence is

) — = ) o~
1—2"—22°—2*

Z w,x". Then we have

n=0

wr — 2wo) x’

Proof. Let W(x) =

W) —x"W(x) —2x* W(x) —x*W(x) = wo+ wix
+(W2_W0)X2+(W3_ - 2W0).7C3
+Z (W'! —Wp-2— 2wn*3 - anzl)xn.

n=4

Since, for each n =>4, the coefficient of x” is zero in the
right-hand side of this equation, we easily get

wo +w,x + (w, — wo)x + (w; — w, — 2w,)
Wiz) = 1—2"— 22" — 2z
Theorem 2.2. For n = 0, we have
a _18 am! _Bﬂ+1 yr —5" 7L+1 — o
w, =AY T B e 6+D78
where
306

—1+2%+j+3k 244+ 3+ 4k
2 B = 2

1—j+k

A = 2 )

0=

_t=J
D_ 2 .

Proof. By using the partial fraction decomposition, we ob-

tain
2+i+3j+4k  [(—1+2i+j+3k
2 * 2 x
Wix) = l—x—x
i—j 1—j+k>
L2 +< 2 M
1 +x+x°
a ﬂ rl+1 ﬂrH—l ,}/ 5n
=21A +BZ +C
Z( a-p a=p Y-
,},n+1 5! .
+D7}’—5 x".
By the equality of the generating function we have
. an_Bn a,n-*—l_Bn-H 7/ _6 7n+1_8n+1
w"_Aa—B +B 7= +0o—5 1D v

Now we give some summation formulas for the quadrapell
quaternions. We only prove the first claim. The others could
be proven similarly.

Theorem 2.3. For k> 0, we have

3

) ZWJ = Wy — (i + 3j + 3k),
=0
3t

(11) Z W; = W3 —
j=0

3k+2

(iii) Z w; =

(iV) ZWZJ = Wek+1
j=0

3k+1

W) Z Wy = W — (I + 2k),
Jj=0

(2i + 2j + 3k),
Wars — (1 +1 + 2j + 4k),

—(+2k),

3k+

2
(Vl) Z Wij = Wek+s
j

=0

—(=1+i+j+k).

Proof. From the definition of quadrapell quaternions, we
have

3k 3k
ZW]. = Z(Dj+Dj+1i+Dj+2j+Dj+3k)

= 3k+1 '5k+2 3k+3

_ZD +<ZD—1> ( —2)1 (ZD,—3>k.
=0

If we use the Theorem 2.5 and Theorem 2.6 in [7], we get
3k 3k+1 3k+2 3k+3
Dow = ZD +<ZD —1>1+<ZD —2>]+<ZD —3)
j=0
= Disa + (D3k+3 1)1 + (D3k+4 3)] + (D31<+5 3)k
= W32 — (i + 3j + 3k)
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3. Binomial Transform of Quadrapell Quaternions

In this section, we give the binomial transform of quadrapell quaternion sequence and obtain some certain identities related
to this binomial transform.

Definition 3.1. Let w_be the nth quadrapell quaternions. Then the binomial transform of quadrapell quaternion is

b, = i(”)w,

i=0 \ 1

From the above definition, it is clear that

b = i(’?)(wi + W)

i=0
and

buo=b,+ Z(’:)w

Also, we carll::ee that for even #

by = wan.

Theorem 3.1. For n > 0, {4 } satisfies the following recurrence relation:

burs = 4byes — Bbyis + 4,y — b,

where by=1+14+j5+2k b, =2+2¢+3j+6k, b,=4+5i+ 95+ 15k, and b; =9+ 144 + 245 + 38k.
Proof. Firstly, consider the following recurrence relation:

bura = xbyis + ybus + 2b,1 T th,.

If we find the equivalents of the bi,bs,bs, and b; from the above equation and solve the system by Cramer rule, we get
r=4,y=-52z=4, and t=—1.
Theorem 3.2. The generating function of the sequence {b,} is

wo + (—3wo+ w1 )z + (ws — 2w, + 2wo )z + (wy — w2 — 2w )z
1—4z+ 52" — 42> + 2 )

Proof. If we use the transformation given by Gould in [1], we obtain

w(tis)

b(z)=

b(x)=ﬁ

1 ’w0+1,U1<ﬁ)+(wz_wO><ﬁ)2+(w3_WI_Qwo)( L >3

_ : t ’ 1—2
b 1_<ﬁ>_2<1£x)_<lfx>

_wo+ (—3wo + wy )z + (wy — 2w, + 2w )z’ + (ws — wy — 2w, )z
B 1 —4x +5z* — 4z* + &

as desired.
Lastly, we give a Binet-like formula for the sequence {b.}.

Theorem 3.3.For n > 0, we have

B _ . ,)/ZW,_ 62% _ . y2n,+2 _ 62w,+2 aZ'n_BZn aZ'n+2 _BZn+2
b, = E( 1)47—6 +F(—1) _— +G e +H =8
—i i—j ., —3+i—-2%—k _ 2+it+3j+4k
where E=-1 %+k,F222‘7,G= z2 J JH= : 2‘7 .

Proof. Recall that the generating function of the sequence {b,} is

b(z) = wo + (—3wo+ w: )z + (ws — 2w, + 2wo)z? + (wy — w2 — 2wy )z
L= 1—4z+ 52" — 42 + 2 )
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"Thus, we obtain

l—i+k i—j —3+i—2j—k> 2+i+3j+4k
b )_< LA +< 2 a 2
0= 1—x+x° 1—3x+x’
_ o ,)/ 52'1 B . ,y2rl+2 _ 52n+2 Zrl ﬂzrl 2n+2 ﬂ2n+2
—;E( 1" 7= =g +tFED = +Ga ﬁ+H a—pB X"
By the equality of the generating function we have
. . 82 B - 72n+2 _ 82n+2 a?n _ B?n 2w+2 BQW+Z
b, =E(— 1)—8 +F(-1) = +G =g +q4 =g
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