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In [6], given a sequence A an n 0= 3

=" , , the binomial trans-
form B of a sequence A is denoted by ( )B A bn= " ,  and 
defined by
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Recently, Kızılateş et al. [4] have been investigated some 
properties of binomial sums of quadrapell sequences and 
quadrapell matrix sequences. At this point, we refer the 
reader to [1, 2, 5, 6] for more details and interesting proper-
ties of the binomial transformation and its generalizations. 

A quaternion p with real components a0, a1, a2, a3 and basis 
1,i,j,k is a hypercomplex number of the form

, ( )i j kp a a a a a a10 1 2 3 0 0= + + + =

where 
,

, , .
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Motivated by the above definition, A. F. Horadam [3] de-
fined the nth Fibonacci and nth Lucas quaternions as fol-
lows:

i j kQ F F F Fn n n n n1 2 3= + + ++ + +

1. Introduction
There are several integer sequences studied by many math-
ematicians in the literature. An interesting one of them 
(called the quadrapell sequence) was given by Taşçı [7] as 
follows: 

D D D D2n n n n2 3 4= + +- - -   n 4$^ h
where D0 = D1 = D2 = 1 and D3 = 2. The first few terms of 
this sequence are 1,1,1,2,4,5,9,15,23,38,62.  

The characteristic equation of quadrapell recurrence relation 
is

.x x x2 1 04 2- - - =

Note that the roots of this equation are 
/ , / , /i1 5 2 1 5 2 1 3 2a b c= + = - = - +^ ^ ^h h h , and 
/i1 3 2d = - -^ h .

In [7], Taşçı also gave generating function, a Binet-like 
formula and some summation formulas for the quadrapell 
numbers. 
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and

i j kK L L L Ln n n n n1 2 3= + + ++ + +

where Fn and Ln are the nth Fibonacci and nth Lucas num-
bers respectively.

Inspired by the above studies, in this paper, we introduce 
quadrapell quaternions. We give some fundamental proper-
ties of these quaternions. In addition, we apply the binomial 
transform to these quaternions and derive some algebraic 
properties.

2. Fundamental Properties of Quadrapell 
Quaternions
In this section, we give a definition, the generating function, 
a Binet-like formula, and some summation formulas for the 
quadrapell quaternion sequence.

Definition 2.1. For n 0$ , nth quadrapell quaternion is de-
fined by 

i j kw D D D Dn n n n n1 2 3= + + ++ + +

where Dn  is the nth quadrapell number.

Proposition 2.1. For n 0$ , quadrapell quaternion se-
quence satisfies the following recurrence relation:

w w w w2n n n n4 2 1= + ++ + +

where , ,i j k i j kw w1 2 1 2 40 1= + + + = + + +  
,i j kw 1 2 4 52 = + + +  and i j kw 2 4 5 93 = + + + .

Theorem 2.1. The generating function of the quadrapell 
quaternion sequence is 
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Since, for each n 4$ , the coefficient of xn is zero in the 
right-hand side of this equation, we easily get
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Theorem 2.2. For n 0$ , we have 

w A B C Dn

n n n n n n n n1 1 1 1

a b
a b

a b
a b

c d
c d

c d
c d

=
-
-

+
-
-

+
-
-

-
-

+
+ + + +

where 

, , ,

.

i j k i j k j k

i j

A B C

D

2
1 2 3

2
2 3 4

2
1

2

=
- + + +

=
+ + +

=
- +

=
-

Proof. By using the partial fraction decomposition, we ob-
tain

( )

.

i j k i j k

i j j k

W x
x x

x

x x

x

A B C

D x

1
2

2 3 4
2

1 2 3

1
2 2

1

n n

n

n n n n

n n

n

2

2

0

1 1

1 1

a b
a b

a b
a b

c d
c d

c d
c d

=
- -

+ + +
+
- + + +

+
+ +

-
+

- +

=
-
-

+
-
-

+
-
-

+
-
-

3

=

+ +

+ +

f

c

c

p

m

m

/

By the equality of the generating function we have
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Now we give some summation formulas for the quadrapell 
quaternions. We only prove the first claim. The others could 
be proven similarly.

Theorem 2.3. For k 0$ , we have
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Proof. From the definition of quadrapell quaternions, we 
have
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If we use the Theorem 2.5 and Theorem 2.6 in [7], we get
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3. Binomial Transform of Quadrapell Quaternions
In this section, we give the binomial transform of quadrapell quaternion sequence and obtain some certain identities related 
to this binomial transform.

Definition 3.1. Let wn be the nth quadrapell quaternions. Then the binomial transform of quadrapell quaternion is
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From the above definition, it is clear that
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Also, we can see that for even n

.b wn n2=

Theorem 3.1. For n 0$ , {bn} satisfies the following recurrence relation:

b b b b b4 5 4n n n n n4 3 2 1= - + -+ + + +

where , ,i j k i j kb b1 2 2 2 3 60 1= + + + = + + + ,i j kb 4 5 9 152 = + + +  and .i j kb 9 14 24 383 = + + +

Proof. Firstly, consider the following recurrence relation:

.b xb yb zb tbn n n n n4 3 2 1= + + ++ + + +

If we find the equivalents of the , , ,b b b4 5 6  and b7  from the above equation and solve the system by Cramer rule, we get 
, , ,x y z4 5 4= = - = and t 1= - .

Theorem 3.2. The generating function of the sequence bn" ,  is 
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Proof. If we use the transformation given by Gould in [1], we obtain
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as desired.

Lastly, we give a Binet-like formula for the sequence bn" , .

Theorem 3.3. For n 0$ , we have 
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Proof. Recall that the generating function of the sequence  bn" ,  is
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By the equality of the generating function we have
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