Karaelmas Fen ve Mih. Derg. 7(1):320-324, 2017

Karaelmas Fen ve Mithendislik Dergisi

R h Articl
Journal home page: http://tbd.beun.edu.tr esearch Article

'The Neighbor Toughness of Wheels and Related Networks

Tekerlek ve Benzer Graflarin Komsu Dayaniklilik Degerleri

Ersin Aslan

Turgutlu Vocational Training School, Celal Bayar University, Turgutlu, Manisa, Turkey

Abstract

In a network (communication, computer, transportation), the vulnerability parameters measure the resistance of the network to
disruption of operation after the failure of certain stations or communication links. The neighbor toughness of a graph G is defined as
S|

NT(G) = min{w(G/S):w (G/S) = 1}, where S is any vertex subversion strategy of G and w(G/S) is the number of connected

components in the graph G/S. In this paper, the relations between neighbor toughness and other parameters are determined. Next, the

neighbor toughness of wheels and some related networks namely gear, helm, sunflower and friendshipgraph are calculated.
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Oz

Bir (iletisim, bilgisayar, tasgima) agda, bazi merkezlerin veya baglanti hatlarinin bozulmasiyla iletisim kesilene kadar agin gosterdigi
dayanma gliciniin 6l¢imine agin zedelenebilirlik degeri denir. Bir G grafi i¢in S, komgu kesim kiime ve w(G/S) S kiimesi ve komgsu
tepeleri graftan atildiktan sonra bilesen sayist olmak tGzere; komsu dayaniklilik degerinin tanimi

S|

NT(G) = min{:w (G/S) = 1}, seklindedir. Bu ¢aligmada komgu dayaniklilik sayisi ile diger graf parametreler arasinda

o (G/S)

baglanti incelenmistir. Ardindan, tekerlek ve benzer graflarin komsu dayaniklilik degerleri hesaplanmugtir.
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1. Introduction

Let G = (V/E) be a graph and « a vertex in G. We call Mu)
={v: v E V(G), uv € E(G)} the open neighborhood of #,
and Mu] = {u} U Mu) its closed neighborhood. We define
analogously the open neighborhood MN(S) = for any § C V'
(G) and the closed eighborhood N[ §] = for any SC V' (G). A
vertex # € V{(G) is subverted when the closed neighborhood
N[u] is deleted from G. A vertex subversion strategy § C
V (G) is a set of vertices whose closed neighborhood is
deleted from G. The survival subgraph G/S is the subgraph
obtained by the subversion strategy S applied to G, i.e., G/S
= G - N[S]. § is called a cut-strategy of G if the survival
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subgraph G/§ is disconnected, clique or an empty set. Let
deg(u) denote the degree of the vertex  in G.

Itis known that communication systems are often exposed to
failures and attacks. So robustness of the network topology
is a key aspect in the design of networks.

The stability of a communication network, composed of
processing nodes and communication links, is of prime
importance to network designers. As the network begins
losing links or nodes, eventually there is a loss in its
effectiveness. In the literature, various measures were defined
to measure the robustness of network and a variety of graph
theoretic parameters have been used to derive formulas to
calculate network vulnerability. Parameters used to measure
the vulnerability include connectivity, integrity

(Bagga et al, 1992), scattering number (Jung 1978),
and toughness (Chvatal 1973). Recent interest in the
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vulnerability and reliability of networks (communication,
computer, transportation) has given rise to a host of other
measures, some of which are more global in nature; see, for
example, (Kirlangic and Aytac 2004, Turact 2016, Turac
and Okten 2015, Aslan and Bacak-Turan 2016).

However, most of these parameters do not consider the
neighborhoods of the affected vertices. On the other hand,
in spy networks, if a spy or a station is captured, then adjacent
stations are unreliable. Therefore, neighborhoods should
be taken into consideration in spy networks. Nevertheless,
there are very few parameters concerning neighborhoods
such as neighbor connectivity (Gunther 1985), neighbor
integrity (Cozzens and Wu 1996), and neighbor scattering
number (Wei et al. 2011), neighbor rupture degree (Bacak-
Turan and Kirlangic 2013) and neighbor toughness (Kurkcu
and Aksan 2016).

The most common vulnerability parameters concerning to
spy networks are as follows.

'The neighbor connectivity of a graph G is

x(G) = minf| S}, 1)
where §is a cut-strategy of G (Gunther 1985).

'The neighbor integrity of a graph G is defined to be

NI(G) = min{| S|+c(G/S)}, (2)

where § is any cut- strategy of G and «(G/S) is the order of
the largest connected component of G/S (Cozzens and Wu
1996).

The vertex neighbor scattering number of a graph G is

defined as

S(Q) = max{w (G/S) —|S S is acut — strategy of G, }(3)

o(G/S)=1
where w(G/S) denotes the number of connected components

in G/S (Wei et al. 2011). The neighbor rupture degree of a
noncomplete graph G is defined to be

(4)

Nr (@) = mw{m(G/S) —[S|-¢(G/S):ScG, }

o(G/S)>1

where § is any vertex subversion strategy of G, w(G/S) is the
number of connected

components in G/S and ¢(G/S) is the maximum order of the
components of G/S (Bacak-Turan and Kirlangic 2013 ).

'The neighbor toughness of a graph G is defined as
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NT(@) = min{ {50 (a)5) = 1] s
where § is a cut- strategy of G and w(G/S) is the number of
connected components in the graph G/ (Kurkcu and Aksan
2016). In particular, the neighbor toughness of a complete
graph K is defined to be 0. A cut-strategy § of G is called

an N7-set of G if

_ 1S
NT(G)—m.

Now, we give some lower and upper bounds for the neighbor
toughness in terms of well known graph parameters.

Theorem 1. (Kurkcu and Aksan 2016) Let G be a connected
graph of order n. Then,

NT(G) <K(G). (6)

Theorem 2. (Kurkcu and Aksan 2016) Let G be a connected
graph of order n. Then,

NT(G) <38(G). @)
Theorem 3. (Kurkcu and Aksan 2016) For any graph G,
NT(G) < NI(G). (8)

Next, the neighbor toughness of some graphs are listed.

Theorem 4. (Kurkcu and Aksan 2016) Let P be a path graph
of order n(23). Then,
1,if n = 3,4;

S.ifn=5. ©)

NT(P,) ={

Theorem 5. (Kurkcu and Aksan 2016) Lez C | be a cycle graph
of order n(24). Then,

2,ifn=16,7,
NT(C,) = { s (10)
1,if n=4,50rn = 8.
Theorem 6. (Kurkcu and Aksan 2016) Lez K| be a bipartite
graph. Then,
1 .
1y n<m;
NT(K,.)={™ ! (11)
1
n—1 if m=m.

Corollary 1. (Kurkcu and Aksan 2016) The neighbor toughness
of the star graph Kl’n is

NT(K.) =517, (12)

In Section 2, we give theorems related to neighbor toughness
and graph parameters. In Section 3, the neighbor toughness

321



Aslan / The Neighbor Toughness of Wheels and Related Networks

of wheel graphs, gear graphs, helm graphs, sunflower graphs
and friendship graphs are calculated.

2. Bounds

In this section, we will give lower bound about the neighbor
toughness.

Theorem 7. Let G be a connected graph of order n. Then,

1
NT(G) = n—9"

(13)

Proof: Let § be a cut-strategy of G. It is clear that for any §
of G, we have |§] 2 1, and w(G/S) < n-2.

Therefore,
|
o(G/S) =2 (9
By the definition of neighbor toughness, we have
1
NT(G) = B (15)

Theorem 8. If G is a noncomplete graph of order n, independence
number B(G) and neighbor connectvity K(G), then

K(G)
NT(G) =z 574
(=%
Proof: Let § be a cut-strategy of G. We have |§| 2K(G) and
w(G/S) < B(G) for any graph G. So

S| K(Q)

(16)

> . 17
o(G/S) ~ B(O) o
From the definition of neighbor toughness, we have
K(G)
NT(G) =z 574+ 18
D=8 (19

Theorem 9. Let G be a connected graph of order n and neighbor
connectvity K(G), then

K(G)

NT(G) > m

(19)

Proof: Let § be a cut-strategy of G. For any § of G, we have
|S| 2 x(G), and w(G/S) < n-x(G).

Therefore,

S| K(G)
o(G/S) = n—K(G) (20)
NT(G) > % 1)
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3.’ The Neighbor Toughness of Some Graphs

In this section, we calculate the neighbor toughness of
wheel graphs, gear graphs, helm graphs, friendship graphs,
and sunflower graphs.

Definition 1. (Harary 1994) 'The
spokes, W , is the graph that consists of an z-cycle and one

wheel graph with #

additional vertex, say #, that is adjacent to all the vertices of
the cycle. In Figure 1 we display /..

Figure 1. /¥ wheel graph.

Theorem 10. Lez W, be a wheel graph of order n(24). Then,
NT(W) =1. (22)

Proof: We assume 7 > 4. A wheel graph /¥ is the join of a
cycle and the complete graph K, W = K+ C , Let Sbea
cut-strategy of /¥ .Then, the set of § contains only some of
the vertices belonging to the cycle, otherwise it contradicts
to w(W /8) 21.1f v€EV(C, ) and S={v}, then we get W /§
=P .If SCWC ) and |8|=r+1,then we have

w(W /8)< r+1. Hence,

S| ~r+tl _
o(W./s) ~ rtl

So we have, NT(IW ) 21

1. (23)

(24)

It is obvious that there is a cut strategy of /¥ such that |§|=2
then we have w(/¥ /§)=2. From the definition of neighbor
toughness we have,

NT(W) =1. (25)
Thus by (23) and (24),
NT(W) =1. (26)

Definition 2. (Gallian 2007) The gear graph is a wheel
graph with a vertex added between each pair adjacent graph
vertices of the outer cycle. The gear graph G has 2n+1
vertices and 37 edges. In Figure 2 we display G..
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Figure 2. G, gear graph.

‘Theorem 11. Let G be a gear graph of order n(23). Then,

1

NT(G,) =~ . (27)

Proof: Let Sbe a cut-strategy of G , | S|= 7. Let u€V(G ) and
deg(u) = n.If r 2 1, then we have w(G, /S) < n. So,

1S r
w(G./S) S

. T . . .
'The function f{r) = -~ is an increasing function and it takes

(28)

its minimum value at = 1 and we have

1
NT(G.) = . (29)

It is obvious that there is a cut strategy § of G, such that
S={u}, then we have
w(G, /8) = n. Hence NT(G,) = W (30)

Definition 3. ( Javaid and Shokat 2008) The helm graph A
is the graph obtained from an n#-wheel graph by adjoining a

1

pendant edge at each node of the cycle. The helm graph H,
has 27+1 vertices and 37 edges. In Figure 3 we display A P

Figure 3. H, helm graph.

Theorem 12. Let H  be a helm graph of order n(24). Then,
NT(H,) =+, (31)

Proof: The proof is similar to Theorem 11.

Definition 4. (Javaid and Shokat 2008) The sunflower graph

SF is defined as follows: consider a wheel with central
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vertex ¢ and an #n-cycle v, v, v,, ..., v _, and additional 7

vertices wy, w,, w,, ..., w , Where w, is joined by edges to
v,,v,  fori=0,1,2,...,n-1 where i+ 1 is taken modulo 7.

SF, has order 27 + 1 and size 47. In Figure 4 we display SF,.

Figure 4. SF, sunflower graph.

Theorem 13. Let SE, be a sunflower graph of order n(>4).
Then,

NT(SF,) =2

_%.

(32)
Proof: The proof is similar to Theorem 11.

Definition 5. (Gallian 2007) 'The friendship graph F is a
planar graph with 27+1 vertices and 37 edges. In Figure 5
we display F,.

Figure 5. F, friendship graph.

Theorem 14. Ler SF, be a sunflower graph of order n(=4).
Then,

33)

Proof: Let Sbe a cut-strategy of ' and | §|= rbe the number
of removing vertices from F. Let u € V(F ) and deg(u) = 2.
If 7> 1, then we have w( F, /) < n-1. So,

sl o,
o(F,/S) ~n—1
'The function fir) = - r 1 is an increasing function and it
takes its minimum value at » = 1 and we have

34)

NT (Fn) > (35)

n—1"

It is obvious that there is a cut strategy S of G, such that
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S={u}, then we have

w(F /8) = n-1. Hence 1

NT(F,) = prgn o

(36)

4. Conclusion

Reliability and efficiency are important criteria in the
network design. When we design a network, we want it to
be as stable as possible. In this study, it was shown that the
neighbor toughness of whell graphs is always a constant
value. On the other hand, it was proven that the neighbor
toughness of gear graphs, helm graphs, friendship graphs
and sunflower graphs are not constant, they depend on the
vertex number.

NT(W.) = 1,but NT(G,) = NT(H,) = NT(SF,) = 2 and

__1

NT(F) =—>=1-

Therefore if we want to choose the most stable graph among
these graphs, we need to choose wheel graphs. That is to

choose the graph with maximum neighbor toughness.
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