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Wolstenholme proved that if p > 3 is a prime, then

Hp-1 ≡ 0(mod p2)   (1.1)

(Wolstenholme 1862). For an odd prime p and an integer a, 
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Sun showed the congruences involving harmonic numbers 
and Lucas sequences (Sun 2012). For example, let p > 3 be a 
prime. For ,BA Z!  with p AA ,
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and for a prime p > 5, if p
15 1=` j , 
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1. Introduction
The second order sequences {Un(A,B)} and {Vn(A,B)} are 
defined for n>0 by

Un+1(A,B) = AUn(A,B) - BUn-1(A,B)

and 

Vn+1(A,B) = AVn(A,B) - BVn-1(A,B)

in which U0(A,B) = 0, U1(A,B) = 1 and V0(A,B) = 2, V1(A,B) = 
A, respectively, where A and B are arbitrary integers.

The Binet formulae of sequences {Un(A,B)} and {Vn(A,B)} 
are

,U A Bn

n n

a b
a b

= -
-^ h  and ,V A Bn

n na b= +^ h ,

respectively, where , /A A B4 22!a b = -^ h . If A = 1 and B 
= -1, then Un(1, -1) = Fn (nth Fibonacci number) and Vn(1, 
-1) = Ln (nth Lucas number).

For , , ...n 1 2N! = " ,, harmonic numbers are those rational 
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The author clearly gave that for any odd prime p and 
, , ...,k p1 2 1! -" ,

( )mod
p

k j
p

pH p1
1

1 1k

j

k

k
1

2/-
-

= - -
=

^ c ah m k% .  (1.4)

In this paper, we give the generalization of the congruences 
in (1.2) and (1.3). For example, for b 0Z =! " ,, 
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where p is a prime such that ,p b b1 4 2T TA = -  and 

/p1 2T
f = - ac km .

2. Some Congruences Involving Harmonic Numbers
In this section, we will give the congruences involving 
harmonic numbers and the terms of  the second order 
sequences {Un(A,B)} and {Vn(A,B)}. For this, we remember 
the following Lemma given by (Sun 2003).

Lemma1. Let ,A B Z!  and p be an odd prime with 

p
B 1=a k . For m Z!  with modm B p2 / ^ h,
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Firstly, we state the following theorem.

Theorem1. For b 0Z =! " ,, then 
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where p is a prime such that p bTA  and b1 4 2T = - .

Proof.

It is known that 

2
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1 T
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-

are the roots of the characteristic equation x2 - x + b2 = 0. 
Using Binet formula of the sequence {Un(1,b2)} and with 
help of the congruence ( )mod pp p p

/d c d c- -^ ^h h , we 
have
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Hence, for p TA , we write
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Similarly, we get

, ( )modV b p1 1p
p p p2 /d c d c= + + =^ ^h h .

It is clearly given that for any prime number p,
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For p 1T =a k  and p bA , using recurrence relation of the 
sequence {Un(1,b2)} and (2.2), we have
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and by the little Fermat Theorem, we get
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For p 1T =-a k , by (2.2), we have 

, , , ( )modU b U b V b p2 1 1 1 0p p p1
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and with the help of recurrence relation of the sequence 
{Un(1,b2)}, the little Fermat Theorem and (2.2), we get
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Combining (2.3) and (2.4), the proof is completed.

Secondly, we give theorem involving the generalization of 
the congruences in (1.2) and (1.3).

Theorem2. For /b 0Z! " ,,
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where p is a prime such that p bTA  and /p1 2T
f = - ac km .

Proof.

With the help of (1.4), we get

, ,
mod

b
U b

H
b

U b
p p

p
k1 1 1 1
1

k

k

k

p

k k

k

k

p
k

2

0

1 2

0

1

/
- -

-
f f+

=

-
+

=

-^ ^ ^ cc
^h h h mm

h/ / ,

where p bTA .

For ,0 1f = , it is enough to show Theorem 2 that
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Taking A = 1 and B = b2 in Lemma 1, we write
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For example, if we take b = 2 in Theorem 2, we get the 
congruences in (1.2) and (1.3).
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For p 1T =a k , from (2.1), we have 0f = , and (2.9) reduces 
to the congruence
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For p 1T =-a k , from (2.1), we have 1f = , and (2.9) can be 
rewritten as
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Thus, we have completed the proof of Theorem 2.


