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On the Quadra Lucas-Jacobsthal Numbers
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Abstract

In this paper, we define the Quadra Lucas-Jacobsthal numbers and then, we give some properties of this sequences. Moreover, we
obtain spectral norms of circulant matrices with Quadra Lucas-Jacobsthal numbers.
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Oz

Bu makalede, Quadra Lucas-Jacobsthal sayilar1 tanimlanmig ve bu dizilerin gesitli 6zellikleri verilmigtir. Dahasi elamanlar1 Quadra
Lucas-Jacobsthal sayilar: olan sirkiilant matrislerin spektral normlar elde edilmistir.
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1. Introduction

Let p and ¢ be non-zero integers. The second order linear
recurrences of the Fibonacci and Lucas types are defined as

follows:
U,=pU,-1+qU.-», (1)
Vn = an*l + an*Z (2)

where U, =0,U,=1and V=2, V, = p.

Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-
Lucas numbers can be derived from (1) and (2). For p = ¢ =
1, U = F where F is the n-th Fibonacci number. For p = 2,
g=1,U =P where P is the n-th Pell number. Similarly, p
=land ¢=2,U =] where] is the n-th Jacobsthal number.
On the other hand, for p=¢=1,V = L where L _is the n-th
Lucas number. For p =2 and ¢ =1,V = Q where Q is the
n-th Pell-Lucas number. Similarly, for p=1and ¢ =2,V =
J,where j is the #-th Jacobsthal-Lucas number.

The characteristic equation of U and ¥ is &’ - px - ¢ = 0 and
the roots are
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p—vp't4q

2

p+yVp'+4q
T = 9 y L2 =

The generating functions of U and V are

2—px

Ulz)= T-po—gz”

Q,V(x):

Z
1—pr—qx (3)

Some authors have studied certain integer sequences. For
example in [5], Tasct defined Quadrapell numbers by the
following recurrence relation for 7 > 4,

Dn = Dn—Z + 2Dn-3 + Dn-4

with the initial values D, = D, = D, = 1 and D, = 2.'Then
the author gave some algebraic identities for the Quadrapell
numbers. In [4], Ozko¢ defined a Quadra Fibona-Pell
numbers by the following recurrence relation for 7 > 4,

W,=3W,_-3W, -W,_,

with the initial values W, = W, = 0, W, = 1, W, = 3. Then
the author gave some properties of Quadra Fibona-Pell
sequences. In [6], the authors studied the integer sequence

Tr/ = _5 Tnfl - STr/fZ + 2Tn73 + 2Tr/74
with the initial values 7} = 7, = 0, 7, = -3and T}, = 12.
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In this paper, we define a similar sequence related to Lucas
and Jacobsthal numbers. Then we give some properties for
these numbers.

2. Quadra Lucas-Jacobsthal Numbers

Definition 2.1. The Quadra Lucas-Jacobsthal numbers §
are defined by the following recurrence relation for 7 > 4,

§ =28 +28 -3 -28 )

3 n-4

with the initial values §, = §, =2,§,=4and §,=7.

WEe note that the characteristic equation (4) is x* - 2x° - 22
+ 3x + 2 = 0 and thus the roots of it are

1+45 1—v5
o= 2\/7,[3: 2\/7

,2Y=2and d=—1

where a, B are the roots of the characteristic equation of
Lucas numbers and vy, d are the roots of the characteristic
equation of Jacobsthal numbers. Now we give the generating
function of § .

Theorem 2.1. The generating function for 8 is

' =42’ —2x+2

S(z)= 20'+30°— 22— 22+ 1"

Proof. The generating function S(x) has the form

S(z)=>.8.2"=8So+ Sz + Sz’ +---.
n=0

Since the characteristic equation of (4) is x*-2x’-2x*+3x+2=0,
we have

(2x*+ 3o’ - 207 - 20+ 1)8(x) = (2x* + 3 - 20 - 20 + 1)(S, +
Sx+ St +.+ 8 x"+...)

(2x*+ 30’ - 267 - 2+ 1)8(x) = S, + (8- 28 s +..+ (S -
28 =28 +38 . +28 )x"+..

From the (4), we get

QQx*+ 35 - 202 - 2x + 1)S(x) = o - 4a®- 2x + 2.

So

2= A’ =2 +2

S@)= g3 — 2 2 1

which is desired result.

Theorem 2.2. Let § be n-th Quadra Lucas-Jacobsthal

numbers. For 7 > 0, the Binet formula for § is

g [ O
S, =(a +B)+< 7=5 )

Proof. We can write S(x) as

620

2—z I T )

1l—2z—2" 1—z—22*"

S(z)=

From (3), the generating function of Lucas and Jacobsthal
numbers are

1—2;Ex2"](x): l—acx—2x2 (6)

respectively. From (5) and (6), we have
S(x) = L(z)+J(x).

L(z)=

Hence we have

SnI(a"+B")+<

Y"—B’")
Y=90 J

Theorem 2.3. Let § denote the #-th numbers. Then the
sum of first non-zero terms of § is

o — Sn + 3S'n71 + 5Sn*2 + 2Sn*3 — 7
D>.Si= 5 .

i=1

Proof. From the recurrence relation of § , we get

28 +28 =38 +2§ ,+S. (7)
Applying (7), we deduce that

28, +28,=38 +2§ +8,

28,+28,=38,+28 + 8,

28, +28,=38,+28,+8, (8)

2§ +28 =38 +28 +8.
If we sum both sides of (8), then we have

Qi& = S»,L+ 3S"71 + 5Sn72 + 2S7L75_ QSU_ 3S1 _Sz"‘SL;

Thus we get
251 — Sn + 3S'n71 + 55%72 + 2S7173 — 7 )

i=1

9)

3. An Application of Quadra Lucas-Jacobsthal

Numbers in Matrices

In this section, we will give some applications on matrix

norms of Quadra Lucas-Jacobsthal numbers. Let 4 = (az.j.) be
any m x n complex matrix. The spectral norm of the matrix

A are

H A Hz = '{Q%‘ )\z(AHA) |,

where A(A47A) is an eigenvalue of 4”4 and A" is the
conjugate transpose of the matrix 4.
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By a circulant matrix of order # is meant a square matrix of
the form

Co Ci1 C2 "+ Cn1
. Cp-1 Co C1 *** Cp-2

C = Circ(co,c1,CaycsCar) =| - . . .
Ci Cy C3g *°* Co

'The eigenvalues of C are

n—1
A =2
k=0

0<j=n—1

2xi .
where w=¢» and1=y—1.

(10)

Lemma 3.1. ([1]) Let A4 be an 7 x » matrix with eigenvalues
Ay Ay oy A 'Then, 4 is a normal matrix if and only if the
2

eigenvalues of 474 are |\, [\| N [,....| N [

Theorem 3.1. The spectral norm of C = Circ (S, S, S,,...
S ,)is

— Sn—l + 3Sn—2 + 5S7L—3 + 2571—4 - 3
Ich= 2 |

Proof. Since C is circulant matrix, from (10), for all t =

0,1,2,...,n-1,
(@) Z;Si(w")’ﬂ
Then for £=0,

n—1

i=0
Hence, for 1 < m < n-1, we have
n—l n—1 n—1
A =2 Si(w™) [ <28 (w208, (12)
=0 =0 i=0

By using the Lemma 3.1 and the fact that the matrix Cis a
normal matrix, we have

[Cl,= maz |\ |=maz(|Nol, maz [N ]). (13)
From (11), (12) and (13), we have

_ 'S _ Snﬂ + 3S,rz + 5Sn—3 + 2Sn—.1 -3
= ;Si = D) :

ICl,
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Definition 3.1. The companion matrix of the Quadra
Lucas-Jacobsthal recurrence relation is defined by

22 -3 =2
100 0
A_0100
00 1 0

We note that det(4) = 2 and the eigenvalues of 4 are
A=0,h=B,A=8and A, =7.

Definition 3.2. ([1]) Let A ,A,,...,A_be the eigenvalues of a
matrix 4. Then its spectral radius p(4) is defined as follows:

p(4) = maz(|\:).

Corollory 3.1. Let 4 be the matrix of the Quadra Lucas-
Jacobsthal recurrence relation. Then p(4) = 2.
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