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Keywords: Chebyshev polynomial, Cir- In this study, we deal with an m banded circulant matrix, generally called circulant m-
culant matrix, Eigenvalue, Eigenvector  djagonal matrix. This special family of circulant matrices arise in many applications such
2010 AMS: 15Bxx, 15A18, I2E10 as prediction, time series analysis, spline approximation, difference solution of partial
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Accepted: 14 March 2021 eigenvectors of circulant m-diagonal matrix based on the Chebyshev polynomials of the
Available online: 15 March 2021 first and second kind. Then we present an efficient formula for the integer powers of this

matrix family depending on the polynomials mentioned above. Finally, some illustrative
examples are given by using maple software, one of computer algebra systems (CAS).

1. Introduction

Multiplying a vector by a circulant matrix is equivalent to a well-known operation called a circular convolution. Convolu-
tion operations, and so circulant matrices, arise in number of applications: digital signal processing, image compression,
physics/engineering simulations, number theory, coding theory, cryptography, etc. Numerical solutions of certain types of
elliptic and parabolic partial differential equations with periodic boundary conditions often involve linear systems associated
with circulant matrices [1]-[3].

A certain type of transformation of a set of numbers can be represented as the multiplication of a vector by a square matrix.
Repetition of the operation is equivalent to multiplying the original vector by a power of the matrix. Solving some difference
equations, differential and delay differential equations and boundary value problems, we need to compute the arbitrary integer
powers of a square matrix [4, 5]. The powers of matrices are thus of considerable importance.

Computing the integer powers of circulant matrices depending on Chebyshev polynomials recently has been a very attractive
problem [6]-[13]. For example, Rimas obtained a general expression for the entries of the " power (r € N) of the n x n real
symmetric circulant circ, (0,1,0,...,0,1) (see [6] or [7] for the odd case and [8] or [9] for the even case). In [10], Gutiérrez
obtained a general expression for the entries of the positive integer powers of complex symmetric circulant matrix given by

cire, bo,b],...,bu,bﬂ,...,bl) if nis odd,
7" (1.1)

circ, bo,bl,...,b%,l,bg bg,l,...,b1> if n is even.

by generalizing the results derived by Rimas in [6]-[9].

In [11], Koken et al. obtained a general expression for the entries of the 7 power (r € N) of odd order circulant matrices
of the type circ, (0,a,0,...,0,b). In [12], we presented a single expression for the integer powers of the circulant matrix
circ, (ap,a1,0,...,0,a_1) of odd and even order by generalizing the results derived by Koken et al. in [11].
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In the current study, we consider an n X n circulant m-diagonal matrix A,, that clearly is as,

A, = circy(aog,ai,...,am,0,...,0,a_p,...,a_y) (1.2)
ray  a o ay$ 0 - 0 a., - a-
a_y ay a - an O
a_y apg ap . alm
a_p, a_| ap 0
_ 0 a_, 0
0 S 0
0 am
T
0 a,, - a-1 a a
L a o @ 0 - 0 a_y, - a.; ap J

forall3<neN,wherel <m< L%J and

a_j=ap_i, i=1,...,m. (1.3)
We organize this paper as the following parts. In Section 2, we give some fundamental notations, definitions and important
properties that we will need for the next sections. In Section 3, we introduce Lemma 3.1 and Theorem 3.3 that respectively
give the statements of eigenvalues and eigenvectors of circulant m-diagonal matrix in (1.2) depending on the Chebyshev
polynomials of the first and second kind. In Section 4, we obtain an efficient expression for the integer power of this matrix by
means of the polynomials mentioned above. In Section 5, some illustrative examples are given. Finally, we will finish the
paper with two Maple procedures.

2. Preliminaries

In this part, we present some fundamental notations, definitions and necessary properties for the next parts.
An n x n circulant matrix is defined in [14] as

[ o cf4 ¢ ... Cp— Cn—1 ]
Cn—1 €0 C] T Cp—2
C, = Ch—2 Cp—1 €0
2
(6 .. .. - Cl
L C1 Cc2 .. Cp—2  Cp—1 c |

where ¢jj = ¢(j_i)(moa n)- It can be clearly seen from above that each row of C,, is a cyclic shift of the previous row. Since C,
has at most n distinct elements in each row, it is often represented by

C, = circ, (co,C1,--,Cn—1)-

Let n > 1 be a fixed integer and @ be the primitive nth root of unity; namely, @ = 7 = cos (27”) +isin (27”) ,i=+/—1.The
well-known eigenvalue decomposition of the matrix C,, = circ, (co,c1,...,cs—1) is that

C, = F'D,F, 2.1)

. . =T . . . .
where * denotes the conjugate transpose (i.e F,; = F,,), F;, called n x n Fourier matrix that contains the eigenvectors of C,, such
that

o D=1 < u,v<n
and D, = diag (A1, 42,...,4,) with

M=Y cr@® DD <k <n (2.2)
r=1
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are the eigenvalues of C,, [14].
It can be easily seen that the matrices F, and F, are symmetric:

F,=F, F;=(F) =F, 2.3)
where we can deduce [F,], , = [F], - Itis also one of fundamental property that the matrix F, is unitary: F,F, = F,/F, =1
[14]. '

In [15], we have the eigenvector /) of C,, corresponding to the eigenvalue A; in (2.2) as the following
1 T
® = L (1,041,020, @t 1EDY, 24
f \/]Tl Y ) ) ) ( )

Since the product of two circulant matrices is again a circulant matrix, the 7" power (r € N) of C, is also circulant and it is,
from the well-known expression (2.1), obtained as

C, =F,D,F, = F diag(A{,A],...,A)) Fy. (2.5)
If C, is nonsingular, then the expression (2.5) applies to negative integers.
Definition 2.1. The Chebyshev polynomial T,, (x) of the first kind is a polynomial in x of degree n, defined by the relation
T, (x) =cosn® whenx=cosH.
Definition 2.2. The Chebyshev polynomial U, (x) of the second kind is a polynomial of degree n in x defined by
Uy(x)=sin(n+1)0/sin@ when x = cosb.

One can reach the following result about Chebyshev polynomials in [16]:
Let 7; (x) and Uy (x) (k€ NU{0}) be the k' degree Chebyshev polynomials of the first and second kind, respectively. Then

sin ((k+ 1) arccosx
Ti (x) = cos (karccosx) and Uy (x) = (s(m (arc)cosx) ) (2.6)

for —1 < x < 1. Moreover, one can find more applications related this polynomials in [17]-[19].

3. Eigenvalues and eigenvectors of circulant m-diagonal matrix

In this part, we give the expressions of eigenvalues and eigenvectors of A, = circ, (ag, a1, ..,am,0,...,0,a_y,...,a_1)
depending on Chebyshev polynomials of the first and second kind.

Lemma 3.1. Consider3<neN,1<m< L%J anda; €R (i=0,%1,...+£m). Let A, =circ, (ag,ai,...,am,0,...,0,a_p,...,a_1)

be an n x n circulant matrix and 0y = cos w for every 1 < k < n. Then the eigenvalues of A, are

m . n .
h=ap+y ((alJra_l)Tl(Ock)Jrl(ala_l)sgn (§+lfk) 1a,§}_1g}(Ul_1(q,-)> 3.1)
=1

where A is the k™ eigenvalue of A, and sgn denotes the signum function.

Proof. Taking into account (2.2), (1.3) and @*~D+2=r=1) — =(=1)(=1) for a]] 2 < r < n (see [10]), we can write A; as

k—1)(n—m) k—1)(n—1)

A = at+ao® Nt ta,0Vm g ol +ota, 0
= a+a o V+.  +a,0 a0 4 14 0 *,

From the definition of @, we get

m

A =ao+ Z <(a1 +a_;)cos

=1

21 (k—1)1

+i(a;—a_;)sin

2717(k—1)l> . (3.2)
n

Observe that from (2.6), we have

2 —1 2 —1
T, (Cosﬂ’;)) _ cos ZEk=Dm

n

and

n
2r(k—1)

n

< o (k . 1) > sin 2n(k—1)m
Uyu—1 | cos
sin



52 Fundamental Journal of Mathematics and Applications

where there exists indeterminate form 0/0 for k =1 and k = % + 1. Then we can construct the expression (3.2) as
S 27 (k—1 21 (k—1 2m(ji—1
Mo=ao+ ), ((a’ +a)T] (COS H) +i(a—a-;)sin k1) limU;_, (Cos M)) .
= n n Jj—k n

=1

Consequently, we reach the desired result by transforming cos = o and then

VJ1—02 i 41—k >0,
27 (k—1) k z

sin=—— = 0 if24+1-k=0, 3.3)

n
—y/1-af if54+1-k<0.

27(k—1)

O
With the help of Lemma 3.1, we reach a nice result for the eigenvalues of A, = circ,, (ag, a1, - .- am,0,...,0,a_p,,...a_1). Since

2m(n+2—k—1 27 (k—1
Ccos n-(n+ ) 0S n( )

n n
and
2 2—k—1 27w (k—1
g 2P A2—k-1) . 2w(k—1)
n n

We obtain that Ay = A, (2 <k <n) from (3.2). Clearly, if we rewrite this eigenvalues in a diagonal matrix, then

D, — diag AMAL.“,xiﬂ,xﬂi“.qig) i n is odd,

2 2

. (3.4)
D, = diag M,)Lz,...,ln,?thrl,/l%,...,lz) if n is even.

If we take n = 8 and m = 2 for the matrix A, in (1.2), then, from Lemma 3.1, we get

T T
A3 = ao+ (o +a,|)cos§+i(a1 —a,])sina
+(ax+a_z)cosw+i(ap —a_p)sinm

= ao—az—a,2+i(a1 —a,1)

and

3 3
7L7 = ang(al +a,1)0037+i(a1 7(1,1)Sin7

+(ap+a—p)cos3m+i(ay —a_p)sin3xw

= dap—a —a_g—i(al —a_l).
As can be seen above, A7 = )Tg

Corollary 3.2. Consider3<n€N, 1 <m<|"|anda; €R (i=0,1,...m). Let B, =circ, (ag,ai,...,am,0,...,0,ap,...,a1)

be an n x n symmetric circulant matrix and 04 = cos w for every 1 <k < n. Then the eigenvalues of B, are

m
Hi =ao+ZZazT1(05k) (3.5)
=1
where Ly is the k' eigenvalue of B,,.
Proof. The proof can be straightforwardly obtained from Lemma 3.1. O
Since cos 2227kl o @, we can easily see that ty = U2 (2 <k <n) from Corollary 3.2. Clearly, if we

rewrite this eigenvalues in a diagonal matrix again, then

D, = diag MJQWWM%LM%b“WM) if n is odd,
D,,:diag “lau27'”7u’—2’7“%+17”%7°”7“2> if n is even.

If we take n = 8 and m = 2 for the matrix B, = circ, (ag,dy,-..am,0,...,0,am,...a;), then, from Corollary 3.2, we get

T
us :a0+2<a1 Cos§+azcos7r) =ayp—2a
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and
3
U7 =ag+2 a10057 +apcos3m | =ag—2a;.

As can be seen above, 7 = U3.
Now, from the expression (2.4), let us give the following result for the eigenvectors of A, = circ,, (ag, ai, . .. ,am,0,...,0,a_p, ...
depending on Chebyshev polynomials of the first and second kind

Theorem 3.3. Let3<neN, 1 <m< V;ZIJ anda; e R (i=0,%1,...£m) and oy = Coswforevery 1 <k<n. Then
the eigenvector Fy of the matrix A, = circ, (ap,ai,...,am,0,...,0,a_p,...,a_1) corresponding to the eigenvalue A given by
(3.1) is

To (ou) +isgn (5 +1—k) lf(x,?]inll(U,l (o)
J—

T (o) +isen (2 +1—k 1—alimUy (¢
. 1 (0q) +isgn (5 ) Climto () | (3.6)

To-1 (o) +isgn (5 +1—k) l—alglirrll(U,,,g (a))
1

Proof. From (2.4), (2.6) and (3.3), the result can be easily obtained. O

We must note that each one of all circulant matrices also have the eigenvectors generated by F;. given by (3.6)

4. Integer powers of circulant m-diagonal matrix

In this part, by using the symmetric relationship between the eigenvalues in (3.4), we give the efficient expression to compute
the integer power of the circulant m-diagonal matrix A, = circ, (ap,ai,...,am,0,...,0,a_p,...,a_1) based on Chebyshev
polynomials of the first and second kind such that the method is faster than any of the classical methods which find the powers
of A, with an amount of computations.

Theorem 4.1. Consider3<neN,1<m< || anda; €R (i=0,+1,...+m). Let A, = circ, (ap,ai,...,am,0,...,0,a_p,...

. . . . 27( k 1
be an n X n nonsingular circulant m-diagonal matrix and o4 = cos ——=

that

for every 1 <k < n. Then the (u,v)th entry of A}, is

(AL, = 1 —(51452)

forallr € Z and 1 <u,v <n, where S1 and S, are respectively such that

[5]+1 ’
S = Z (a()-i-z ( aH—a i Tl(Otk)—i—l(a,—a l)sgn(n—l—l—k) l—Otlg'limUll(Otj)>>
k=1 2 j—k

n .
X | Tjy—y) (04) +isgn (u—v)sgn (f +1 —k) \/ 1—0ZlimUy,, (Otj))
2 j—k

and

Tjy—y) (0% —1sgn(u—v)sgn( +1-— )\/l—ockthh, V-1 Ocj)>

Here | x| and sgn denote the largest integer less than or equal to x and the signum function, respectively.

% r
_ il — nog_ —olli 4
Sy = ; <a0+2 < (aj+a_)T (o) —i(a—a- 1)sgn(2 +1 k) 1 Otkjll_{rll(U[_l (OC])>>

A

Proof. By using (2.5) and (2.3), we get

n

n
[:Ju,v = FDr ];1 ukDr Z uka’k kv’

= YR Bl = Y Aol e Dk
k=1 k=1

7a—1)
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and then
1 n
=- Z Aok
3

where Ay is already obtained as in (3.1). Since 4 = A2, 2 <k < n and

of the sum in (4.1) can be written as

n+l

i A'k kl(uv Zz{

k=141

n+2kl

4.1)

@ 2=k=1)(u=v) — =k=1)(v=1) the second half

.
Z}Lkwkl —v)

for the case n is odd. The same observations can be applied in the case n even and the result is that

NitE By

[A7]

u,v

Thus, from the expression above, we can write

1
Z M o® D) Z Ao (NI = (5 45).

[5]+1 Y (u— _
Y <cos 2x(k—1) (u—v) L isin 2w (k—1)(u v))
= n n
and
]
S ., _ _ _ _
5=y % < wk—1)(u—v) —lsinz (k—1)(u v)>
= n n
Since, from (2.6),
- (COSZE(k—1)> ~ o 2n(k—1)(u—v)
n n
and
. 2w(k—1)(u—v)
2w (k—1 sin =——————~
s (s 20 ) s
n sin

with indeterminate form 0/0 for k = 1 and k = % + 1, then

2w (k—1
71'()) +isgn (u —v)sin
n n

[5]+1
= Z AL (Tu_v (cos
k=1

and

i
2

; A <T|u_v <cos

The theorem follows by substituting A; in (3.1) and cos

2w (k—1 2
ﬂ:()> —isgn (u—v)sin 77:
n

n

(k D

= o into the above expressions.

n

)

th|u v|—1

27 (k—1 g0 (coszn(i_l)>),

2r(j—1)
T

j—k

()

O

From (2.5), we have the 7 power of any (symmetric) circulant matrix is also a (symmetric) circulant matrix.
Consider a; € R (i =0,+1) and let A4 = cirey (ag,a1,0,a_1) be circulant tridiagonal matrix. Then, by using Theorem 4.1, we

getAy = cirey (‘Co, 71, T2, T3) with

T = %[(ao+a1+a_1)r+(a0—(a1+a_
T = %[(ao+a1+a_1)r—(a0—(a1+a_
T = %[(a0+a1+a_1)r+(a0—(a1+a_
3 = %[(a0+a1+a_1)r—(a0—(a1+a_

where z=ap+1i(a; —a_1).

D) +77+77],
1)) —i +iz'],
1>)r _in _in]’

1)) +iz" —i7']

If we take m = 1 in Theorem 4.1, the expression given in [12, Theorem 2.1] can be easily seen.
Theorem 4.1 allows us to significantly reduce the computing process while finding the integer powers of the circulant

m-diagonal matrix A, = circ, (ag,a1,...,am,0,...,0,a_p,...,a_y)
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Theorem 4.2. Consider3<n€N, 1 <m<|"|anda; R (i=0,1,...m). LetB,,—circn(ao,al7 e, 0,...,0,ay, ..., ar)

be an n x n nonsingular symmetric circulant m-diagonal matrix and oy = cos =——— 2n for every 1 <k < n. Then the (u v)th
entry of B, is that

| g :
By = Z ln—2k+2 <d0+22611T1 ak)) Ty (%)

where | x| denotes the largest integer less than or equal to x and

/ { 1 ifse{0,n}

2 in other cases.

Proof. By using Theorem 4.1, we get

[4+1 n r i
si= Y <ao+zzam<ak>> Ty (00) +isgn (=) sgn (5 +1=k) \/1=02Uju 1 (o)

k=1 =1
and

% r

. n

Z (ao +2 ZalTl Ol ) T|u7v\ (ak) —1sgn (u _v) sgn (5 +1 _k) \/ l_a]gU\ukal (ak)'

Since
|| =" and [4|+1=" ifnisodd,
|“|=%and |2|+1=%+1 ifniseven.
Then
Biluy = —(S1+5%)
m r % m "
% <ao + 212 a;) + Zk);,Z (ao + 212 aT; (Otk)> Ty (Ock)] if nis odd,
o m r % m r
= . (ao+2lZlaz> +2k22 <ao+2lZIazT1(06k)) Ty (04) +
N B if n is even.
<a0+2 Y aT ( 241 )) T\ufv\ (ag+l>:|
Therefore,
gl '
AP = Z ln—2k42 a0+2zasz ) | Ty (%)
=1

which is desired. O

Consider a; € R (i =0,1,2) and let Bs = circs (ap,a1,a2,a2,a1) be a symmetric circulant pentadiagonal matrix. Then, from
Theorem 4.2, we get B; = circ4 (7o, 71, T2, T2, T1) With

T = é (ao+2ay +2ay)" +2 <a0+ %al - ¢az> +2 (ao —¢a; + ;az) } }
T = % _(a0+2a1 +2a2)r+ % <ao + %al - ¢a2) -0 (‘10 —¢ar + q1)a2) } )
T = % _(ao +2a1+2a2) — ¢ (ao + %al - ¢az) + % (ao —9ar+ ;“2) }

where ¢ denotes the golden ratio.
Now, if we consider

_ | n=1 _n i
m= | +1=1% forniseven,

{ m= L%J :% for n is odd,
in the symmetric circulant m-diagonal matrix B, = circ, (ag, a1, . .,am,0, -+ ,0,am,- -+ ,a1) and as # 0, then we get the sym-
metric circulant matrix in (1.1) discussed by Gutiérrez in [10]. And so, with the help of Theorem 4.2, we can straightforwardly

reach the expression obtained by Gutiérrez in [10, Theorem 1] for positive integer powers of the matrix B, in (1.1).
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5. Ilustrative examples

In this part, we give some illustrative examples. We will utilize Maple software in our calculations.

Example 5.1. Let Ag = circg (5,4,9,0,8,—2) be a circulant pentadiagonal matrix. we find the eigenvalues of Ag by using

(3.1) as

M
A
A3
A4

As =
Ao =

and from Theorem 4.1, the entries ong as

A3
A

24,
—2,5000+ 6,0621i,
—4,5000 44,3301,
20,

—4,5000 — 4,3301i,
~2,5000 — 6,0621i

A3 = circg (3778,1008,3483,938,3651,966) .

Example 5.2. Ler Ag = circg (—2,3,—4,9,0,0,6,5,—1) be a circulant heptadiagonal matrix.

by using (3.1) as

M =
2 -
As =
Ay =
As =
2,6 = k =
M=7y =
=l =
Ao =2

and from Theorem 4.1, the entries of Ag as

we find the eigenvalues of Ao

16,

—7,7942 — 3, 69404,
—10,0923 — 1,73701i,
11,5000 4 11,2583i,
—10,6133+9,7512i,
—10,6133 —9,7512i,
11,5000 — 11,2583i,
—10,0923 + 1,73701i,
—7,7942 +3,6940i

Ag = circg (—15410,26041,7866,—5401,16331, 13209, —2024,3458,21466) .

Example 5.3. Let B; = circy (1,—3,2,0,0,2,—3) be a symmetric circulant pentadiagonal matrix. we find the eigenvalues of

B7 by using (3.5) as

and from Theorem 4.2, the entries of B; as

:}1,4
A = A
A =L

= -1,
—3,6310,
—1,2687,
8,8987,

8,8987,

—1,2687,
= -3,6310

BS = circs (15771, —14485,9987, —3388, —3388,9987, —14485).

Examples 5.1, 5.2 and 5.3 can be also confirmed by means of Maple procedures given by Appendix A and B.
Appendix A. Following Maple procedure firstly generates a n x n circulant heptadiagonal matrix A,, = circ,(ag, a1, az,a3,0,...,0,
a_3,a_y,a_1) and then compute eigenvalues and the k" power (r € Z) of it.

restart:
with(LinearAlgebra):
m:=’3":

n:="n:

r:="r’:

a[0]:="a[0]’:
a[l]:=’a[1]’:
a[-1]:="a[-1]’:
a[2]:=’a[2]:
a[-2]:=’a[-2]:
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a[3]:="a[3]’:

a[-3]:=’a[-3]:

f:=(,j)— piecewise(i=j,a[0],j>1 and j-i<m+1,a[j-i],i>] and i-j<m+1,a[j-i],n-j+i<m+1,a[j-i-n],n-i+j<m+1,a[j-i+n]):
A[n]:=Matrix(n,n,f);

alpha:=k — evalf(cos(2*Pi*(k-1)/n)):

lambda:=k— evalf((a[0]+sum((a[l]+a[-1])*ChebyshevT(l,alpha(k))+I*(a[l]-a[-1]) *signum((n/2)+1-k)*sqrt(1-(alpha(k))"2)*limit
(ChebyshevU(I-1,alpha(j)),j=k),I=1..m))):

g:=(1,j)— piecewise(i=j,lambda(i),0):
p:=(u,v)—evalf((1/n)*(sum((lambda(k)"r)*(ChebyshevT(abs(u-v),alpha(k))+I*signum(u-v)*signum((n/2)+1-k)*
sqrt(1-(alpha(k))™2)*limit(ChebyshevU(abs(u-v)-1,alpha(j)),j=k)).,k=1..floor(n/2)+1)+sum(conjugate(lambda(k))"r*
(ChebyshevT(abs(u-v),alpha(k))-I*signum(u-v)*signum((n/2)+1-k)*sqrt(1-(alpha(k))"2)*ChebyshevU(abs(u-v)-1,alpha(k))),
k=2..floor((n+1)/2)))):

eigenvalues_of_A[n]:=Matrix(n,n,g);

the_rth_power_of_A[n]:=Matrix(n,n,p);

Appendix B. Following Maple procedure firstly generates a n X n symmetric circulant heptadiagonal matrix B, = circ, (ao, a1, a2,
a3,0,...,0,a3,as,a;) and then compute eigenvalues and the k'* power (r € Z) of it.

restart:
with(LinearAlgebra):
m:="3":

n:="n:

a[0]:=’a[0]’:
a[l]:="a[1]:
a[2]:=’a[2]’:
a[3]:=’a[3]’:

r="r’:

f:=(1,j)— piecewise(i=j,a[0],i>j and i-j<m+1,a[i-j],i<j and j-i<m+1,

a[j-i],i<j and j-i>n-m-1,a[n-(j-i)],i>j and i-j>n-m-1,a[n-(i-j)],0):

B[n]:=Matrix(n,n,f);

alpha:=k— evalf(cos(2*Pi*(k-1)/n)):

mu:=k — evalf(a[0]+2*sum(a[l]*ChebyshevT(l,alpha(k)),l=1..m)):

g:=(1,j)— piecewise(i=j,1(i),0):

l:=(s) — piecewise(s=0,1,s=n,1,2):

p:=(u,v)— evalf((1/n)*((sum(((I(n-2*k+2)*(u(k))"r)*(ChebyshevT(abs(u-v),alpha(k))),k=1..floor(n/2)+1))))):
eigenvalues_of_B[n]:=Matrix(n,n,g);

the_rt_power_of_B[n]:=Matrix(n,n,p);

6. Conclusion

There has been recently increasing research interest in circulant matrices in several areas, such as digital signal processing,
image compression, physics/engineering simulations, number theory, coding theory, cryptography, and, naturally, linear algebra.
This paper present eigenvalues, eigenvectors, powers of circulant m-diagonal matrix which is one type of circulant matrices by
using some famous relations on chebyshev polynomials.
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