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Abstract

In this paper, we introduce the (@, k)-gamma function, («,k)-beta function, Pochhammer symbol (x), and Laplace transforms for con-

formable fractional integrals. We prove several properties generalizing those satisfied by the classical gamma function, beta function and
Pochhammer symbol. The results presented here would provide generalizations of those given in earlier works.
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1. Introduction
The classical Euler gamma function or Euler integral of the second kind is given by
I'x)= / e ldt, x>0
0

and the beta function or Eulerian integral of the first kind with two variables is defined by

1
B(x,y) :/ A (1 ft)y_ldt, x, y>0.
0
Therefore, the classical beta function in terms of gamma function is defined in [3] as

Cx)C ()

B(x,y): F(x+y) )

x,y>0.

The rising factorial x(”>, sometimes also denoted (x) L[5, p. 6]) or X" ([9, p. 48]), is defined by
A =x(x4+1)...(x+n—1).

This function is also known as the rising factorial power ([9, p. 48]) and frequently called the Pochhammer symbol in the theory of special
functions. The rising factorial is implemented in the Wolfram Language as Pochhammer [x,n]. In recently, Diaz and Pariguan give a new
definition for the function of variable x as follows

(O =x(x+k) (x+2k)... (x+ (n—1)k)

and they called the Pochhammer k-symbol. Setting k = 1 one obtains the usual Pochhammer symbol (x),,. Recently, in a series of research
publications, Diaz et al. ([6]-[8]) have introduced k-gamma and k-beta functions and proved a number of their properties. They have also
studied k-zeta function and k-hypergeometric functions based on Pochhammer k-symbols for factorial functions. The k-gamma function is
defined by

] 1
i (x) = lim e k),

oo (x)n.OC
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I
It has been shown that the Mellin transform of the exponential function e™ ¥ is the k-gamma function, explicitly given by
o ik
I (x)= / e .
Jo

Clearly, T'(x) = lllml Ty (x), T (x) = ki 7T (%) and T (x + k) = xTg (x) . This gives rise to k-beta function defined by
—

1 /1. ¥
Bk(x,y):z/ A=) ar

0

: ()T (y
so that By, (x,y) = %B(%%) and By (x,y) = %

The purpose of this paper is to introduce (¢, k)-gamma function and (o, k)-beta function for conformable fractional integrals and obtain
some of their properties. When (ot,k) — (1, 1), it turns out to be the usual gamma function and beta function.

2. Definitions and Properties of Conformable Fractional Derivative and Integral

The following definitions and theorems with respect to conformable fractional derivative and integral were referred in [1], [2], [10], [12]-[17].

Definition 2.1. (Conformable fractional derivative) Given a function f : [0,00) — R. Then the “conformable fractional derivative” of f of
order o is defined by

Da(f)(t)*yg}) e (2.1)
Sforallt >0, oo € (0,1). If f is ov—differentiable in some (0,a), o >0, 111(1)1+ Fle (t) exist, then define
—
F190) = 1im £® (7). 2.2

t—0+

We can write (%) (t) for Do (f) (¢) to denote the conformable fractional derivatives of f of order o. In addition, if the conformable fractional
derivative of f of order o exists, then we simply say f is o-differentiable. For 2 < n € N, we denote D}, () (t) = DD (£) (¢).

Theorem 2.2. Let o € (0,1] and f, g be a-differentiable at a point t > 0. Then
i.Dg(af+bg)=aDy (f)+bDy(g), forall a,b e R,

ii. Dy (A) = 0, for all constant functions f () = A,

iii. Do (f8) = fDa (g) +8&Da (f),

J:) _ 8Da (f) — fDa(8)

g g '
v. If f is differentiable, then

iv. Dy,

lfag
dt

Definition 2.3 (Conformable fractional integral). Let & € (0,1] and 0 < a < b. A function f : [a,b] — R is a-fractional integrable on |a, b]
if the integral

D (f)(t) =t (t). (2.3)

b b
/ f(x)dax::/ £ (x)x* dx 2.4)
exists and is finite.
Remark 2.4.
1
=1 () = [ F%ax

where the integral is the usual Riemann improper integral, and a € (0, 1].
Theorem 2.5. Let f : (a,b) — R be differentiable and 0 < o0 < 1. Then, for all t > a we have

IgDef (1) = f(t) = f(a). 2.5)
Theorem 2.6. (Integration by parts) Let f,g : [a,b] — R be two functions such that fg is differentiable. Then

b b
@D ) (e = fall [ 8% (1) () . 6)

Theorem 2.7. [17] (Inverse property) Assume that a > 0, and o € (0,1), and also let f be a continuous function such that I f exists. Then,
forallt > a we have

Delda f (1) = f(1).

In this paper, we firstly introduce the (o, k)-gamma function, (o, k)-beta function, Pochhammer symbol (x)%, and we prove several
properties generalizing those satisfied by the classical gamma function, beta function and Pochhammer symbol. Then, we give a new
definition of Laplace transform for conformable fractional integrals and we prove several properties of generalized Laplace transform. The
results presented here would provide generalizations of those given in earlier works.
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3. Gamma and Beta Functions for Conformable fractional integral

Definition 3.1. (Pochhammer symbol) Let p € (0,00), k>0, o € (0,1], and n € N* Pochhammer symbol (p)flik is given by

(Phax=p+a—1)(p+a—1+ak)(p+a—1+20k)...(p+o—1+(n—1)ak).
Proposition 3.2. Ler o € (0,1] and T'{ : (0,00) = R. For 0 < p < oo, Conformable gamma function T'{ is given by

10k
I%(p) =[5t e  @dgt = lim

pta—1 1
nlo"k™ (nak) —ox
n—soo
Proof. We will give two different proofs. Firstly, we take

(P

0o ,ﬂ . k) &k ok
Fl‘j‘(p) :fo tP—1e akdat:,,lgrelgf()(n)k (1_ t

"ol
nak) P dgt.
LetA,;(p), i=0,...,n, be given by A, ; (p)

_ f(nak)ﬁ 1— ﬁ
-0 notk
by parts
1 ak \
k) t _
Ani(p) = Jg"0 (l—m) P~ dgt

1 ak \ ¢
(nok) @k ! +o-2
= 1—— | ¢P dt
Jo ( nak)

i
> tP~1dyt. The following recursion formula is proven using integration

1
i B (nak) ok . i1
— I,ﬁ lﬂ + ! f(’w‘k)ﬁ lfﬁ l tp+0£+0£k—2d[
nak) p+o—1 0 n(p+oa—1)7° nok
i (nak) ok gk \
n &2 —
- 1— — tp+0£k ]d t
n(p+oc—1)f0 ( nak) ¢
i
mAn,Fl (p+ak).
Also,
(nak) @ (nak) e
A = [ g = :
n,0 (p) fo a p+0571
Therefore, integrating by parts
(notk) aF A"
A = 1—— | 7" dyt
o = [ ( nak) ’
1
(notk) ok 1 n—1
tak n tp+oc71 (nak) ak tock
= [1--—) = +L/ - prak=lg
nok) p+o—1 0 np+oa—1).Jo nak
ai n—1
- r / M PR R
n(p+a—1)Jo nok “

(nak) ok

n ok n—1 (pokta—1 n—1 ax
= 7 J(1-= -
n(p+o—1) ( nock) pt+ak+a—1

. @ n—1
e / N PP ot
0 n(p+ak+o—1).Jo nok
n n—1 (natk) % 1ok
= 1
n(p+o—1) n(p+ak+afl)/ (

n—1
20k—1
- P dyt
0 n(xk) o }

n(nf1)(!’1*2)...(}17(,1,1))(nak)%nkak—l

n(p+o—n(p+ak+o—1)n(p+2ak+o—1).n(p+(n—1)ak+a—1)(p+o+nak—1)

pro—1
B nn".a" K" (nak) o

() nek (14 258

p+a—1_l
_ nlo"k" (nok) ok

() (1+ et

nok
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and

P+
nlo* k" (nok) —ex

-1

o . .
Fk ([7) = nh_r)rc}oAn,n ([7) = r}g& (p)g,k
which completes the proof.
Secondly, for proof of proposition, we first prove that
1 n lo"k"
/ (l —t“k) P Vgt = 2 o
J0 (P)n+1,k
for p>0andn=0,1,2,.... In order to prove (3.1) by induction we first take n = 0 to
'l 1 1
Pyt = ——— = :
/0 Y pra-1 ()

Now we assume that (3.1) holds for n = m. Then we have

1 +1
/ (1 —z"‘")m PVt
0

mlomk™

(P)Zﬂ,k

m!a™ k™

(p+ok)p,y;

m!om k™
(P)Z+2,k
(m + 1)!am+1km+1

(P)Z+2,k

(p+a—

which shows that (3.1) holds for n = m + 1. This proves that (3.1) holds for alln =0,1,2,....

3.1)

obtain for p > 0

1
/ <l—t°"‘> (l—z“k>mt1’"daz
0
-1 m 1 m
/ (1—1“") tpfldat—/ (1—1“") o=l
0 0

1+(m+1)ok—p—oa+1)

Now we sett = u (nak)fé into (3.1) to find

n!ok"

a1
ok (1+ s )

a-l_)

that
1 (nak)l/ak Ltak n B
e N R K
(nak) 0 (P)nyn
and then
/(mxk)l/ak <1 ak)" - ld n'oc"k”(nak)
S ol
0 nak ()i (1+

Since we have

we conclude that

nlok" (nok) e

pro—1
nok

3

pro—l_

wok
e ok doyu = lim
n—oo

o
I} o
n}

()= [ wr!

(p)

Proposition 3.3. The (o, k)-Gamma function T} (p) satisfies the following identities

(DT (p+k)=(p+a—1)I(p)
(2)T (p+nok) = ()nkF}i‘(m
(3)TE(p) = (@ ) (2%
(4)TE (p) = (@) "1 (et
(5)F°‘(ock+1— )71
(6)T% (p) =a"er L feles G dot.

k
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Proof. (1) Using the integration by parts, we have
ok
I (p+ak) = [gort e @ dot
oo 10k
=(pto—1)[7" e @ dat
=(p+a—1IE(p).
(2) Integrating the by parts for n-times we get

10tk

/ [p+mxkflefwdat
0

I¥ (p+nok)
= /imtp+oc72+nakef%dt
0
e 10k
= (pta-1+(n— 1)ak)/ a2+ (n-ak %
JO

bl ok
- (p+a71+(nf1)ak)(p+a71+(n72)(xk)/ o2+ (n=3k G gy
0

' o 10k
- (p+(xf1+(n71)ak)(p+(xf1+(n72)ak),..(p+(x71)/ P20 G gy
0
Pk TF ().

(3) By definition (o, k)-Gamma function I'¥ (p)

o ok
I (p) =/0 wle” @ dgu

ok

and by changing the variable t = ‘fTIw we obtain the result (3). The proof of the properties (4), (5) and (6) are obvious from the definition of
(o, k)-Gamma function I'}'. O

Definition 3.4. Let o € (0,1]. The (a,k)-Beta function BY (p,q) is given the by formula

1 1
B (p,q) = ﬂ/o ta (1—1)@dgt, p, g, k> 0.

Proposition 3.5. The (o, k)-Beta function BY (p,q) satisfies the following identities

I
1) BY (p 0k) = o gra=1)

o — =1
2)BY (ak(2—a),q) = ;.
Proof. From the definition of the (a,k)-Beta function BY (p,q) , we have

1

1 L,
BY (p, ak :—/ ta g = —
& (p,ak) ak Jo YT prak(a—1)

and similarly,

1 /1 1
B,‘(x(ak(Z—a),q):a/o H*“(l_t)%fldat:;

This completes the proof. O

Remark 3.6. From the Proposition 3.5, we have

1

Remark 3.7. By the Proposition 3.5 with o = 1, we have the following properties for k-Beta function
Be(p k)=, Bilka)=
k\P» = k\5q) = —.
p q

Proposition 3.8. The following property holds for (o, k)-Beta function By (p,q)

o _ ptroak(a—2) 4 B
B (p,q) = —p+q+ak(a—2)Bk (p—otk,q).
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Proof. Integrating the by parts, we have

1 L, q
B = —/W” 1—t)e Ldyt
k (p7q) ok ( ) o
1
_ L (Xk P P to— 2(1 l‘)%
ak q 0
1 (Xk P 1 L _9 9
_ (e a—z)/ 12 (1= 1) dgt
+ock q ( ok + 0 ( ) «
a p
_ ptok(@-2) 1 /1#2(1 (1 —0)E dgt
q
ak 1 1 P "
_ prok(e=?) [— T l—t)*‘]daz——/ T Yar L dgt
q k
p+ ok -
= % By (p— ak,q) — B (p,q)]-
That is,
p+ok(o—2
B (p.q) = PO g (k) B (p.g)
which completes the proof. O
Proposition 3.9. The following identity holds
1 q
B%(p,q) =B ok(a—1),q f—B<— o—1, )
k (q)=Be(ptoak(a—1),q)=_ B -+a-1—
where By, (x,y) is k-Beta function and B (x,y) is classical Beta function.
Proof. The proof is follows directly from the definitions of (¢, k)-Beta function and conformable integral. O

Proposition 3.10. The following property holds for (a., k)-Beta function in terms of (&, k)-gamma function
IE (p)T¢ (9)
B (p+ak(1—a),q) = - P2k D

K (p+ak(l-a).q) I (p+g+1-a)

Proof. By using definition of (¢t,k)-gamma function, we get

Sl sak oo sak
FI?(P)FI?(Q) = /Otpflefﬁdat/o 97 e™ @ dys

00 0 _,akﬂ.ak _ _
/ / e~ —at P s g tdys.
0 Jo

Now we apply the change of variables 1% = x®y and s = x%(1 —y) to this double integral. Note that r* 4 s — x® and that 0 < t < o
and 0 < s < e imply that 0 < x < co and 0 < y < 1. The Jacobian of this transformation (see [4]) is

9%f  9%f xl- adf l1-adf
Ix® dy® _ ax Y y
9% I - yl-edes  l-ads
Ix% dy% dx y dy
—a.. L _ 1
_ 51 Oy ] ﬁyl Oy ak 1 -
A=y @ — gy (1 —y) @
I 2o l-a L1
= ——X ok 1 —vy)ak
it Y (1-y)

dgxdyy. Hence we have

ox* Iy

°f  J*f
Since x, y, k > 0, we conclude that dytdys = ' < gﬁ; g%f;, )

_ =1 1 5 0 1 1
Iy (p)TY (q) / / Gyl (1 - y) @xz *yar =% (1 —y)er ! dgxdgy

© ™ g-a | 4
= /Oe ak x dox a/oyak (I—y)&" " dgy

= If(p+g+1-a)Bf (p+oak(l—a),q).

Remark 3.11. By the Proposition 3.10 with o = 1, we have the following properties

I (p) Tk (q)

Br(p.a) = Te(p+q)
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4. Laplace Transform for Conformable Fractional Integral

In Abbeljawad give the definition of the Laplace transform for conformable left fractional integral of order 0 < ¢ < 1. In this section, we
will generalize the definition of the Laplace transform for conformable fractional integral and use it to soleve prove some properties.

Definition 4.1. Let o € (0,1], k>0, and f : [0,00) — R be a function. Then the fractional Laplace transform of order & of f defined by

o

LEU0}6) =B () = [ f0)dat @

0
which is called (o.,k)-Laplace transform.

Some properties of the (¢, k)-Laplace Transform

D) LE {0} (s) =

2) L {1(0) + 8(1)} (5) = L& L£()} (5) + L& {g(0)} (5)
3) L {cf(1)} (s) = cLF{f(1)} (s), c is a constant.

Properties 2) and 3) together means that the Laplace transform is linear.

Theorem 4.2. Let o € (0,1], k> 0, and f : (0,00) — R be differentiable function. Then
LE{Daf (1)} (s) = sLE {74V f (1)} (5) = £ 0). “2)
Proof. By definition (¢, k)-Laplace transform and using the (2.6), we have (4.2). O

It is easy to see from definiton of the (a, k)-Laplace transform that we have rather unusual results given in the following theorem.

Theorem 4.3. Let a € (0,1], ¢ € R and k > 0. Then we have the following results
. _1

D LE{1}(s) =5 TE(D),

ii) LE {1} (s) =5~ @ TE(2),

uz)Lo‘{t/’} (s) = _Wl"o‘(p-i-l)

iV)L,‘(x{ } (s—¢) kl"]‘(x(l),
WL} 6) = £ 0) = L {705} () = Rt s ),
Vi) LE{F(0)} (5) = FE(s) = LE{f(en)} (5) = e F® ()

Example 4.4. Let us consider the function f(t) = sin w%., then by using the property Dy (cos w%) = —wsin W%, we can write

o < ok Jak 1%
Ly {sinw—} (s) = /ef‘ o smw dat =—_= / Sk Dy, ( —) dot.
o ] o

Therefore, using integration by part for conformable integral, we have

Lo t* 1 §1% o7 * L
—— Sak Do [ cosw— Jdgt = —— < e ¥ ak cosw— —/cosw—Da e Sk | dyt
w. o w oy . o
0 0
I a
/ '@ cosw dyt
a
1 s r ak—o 7sﬂ : ta
—— — e Vak Dy | sinw— | dgt.
w 2/ ¢ a) @
0
Similarly, we get
. t* 1 S(k—(X) k=20 - t% 52 k—a - *
LE¥sinw— 3 (s) = — + ———2LE L O sinw— 5 (s) — LIt Fsinw— 3 (s). 43
oS o= 4+ 2 -5 iy @3

If we take k =  in (4.3), we have

which is proved by Abdeljawad in [1].
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