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Ogretim programlarinda matematiksel ispatlara verilen degerin vurgulanmasi, her smif diizeyinde
Ogrencilerin akil yiiriitme, sorgulama ve neden sonug iliskisi kurabilme becerilerinin gelistirilmesine
yonelik dnerilerin artisina neden olmaktadir. Ogretim programlarinda yer alan matematiksel ispatlara
yonelik bu 6neriler matematik 6gretmenlerinden beklentileri arttirmaktadir. Oysaki mevcut calismalar,
Ogretmen ve dgretmen adaylarinin ispat yapma siireci ile ilgili yasadiklari zorluklar1 belgelemektedir.
Bu calismada 6gretmen ve 6gretmen adaylarimin argiiman olusturma ve degerlendirme siireclerinin
incelenmesi hedeflenmistir. Belirtilen hedef dogrultusunda ii¢ matematik 6gretmeni ve {i¢ 6gretmen
adaymdan olusan katilimci grubuyla yari yapilandirilmis goriismeler gerceklestirilmistir. Yapilan
goriismelerde katilimcilara dort matematiksel ifade sunulmus, katilimcilarin bu ifadelerin
dogrulugunu/yanligligini analiz etmeleri ve sonrasinda verdikleri cevaplart kanitlamalari istenmistir.
Bunun yani sira, her matematiksel ifade icin aragtirmacilar tarafindan gelistirilen ti¢ farkli argiiman
sunularak katilimcilarin bu argiimanlar1 ispat olusturma olgiitleri dogrultusunda degerlendirmeleri
beklenmistir. Video kaydina alinan bireysel goriismeler betimsel analiz yontemi kullanilarak analiz
edilmistir. Katilimcilarin  genel olarak matematiksel ifadelerin dogrulugunu kolaylikla
degerlendirebildikleri ve yanitlarin1 matematiksel bir argiiman olusturarak kanitlayabildikleri tespit
edilmistir. Katilimcilarin bazi ifadeler i¢in argiiman olusturmakta zorlanmalari ve deneysel argiiman
olusturma egiliminde olmalar1 da ¢aligmanin bulgular1 arasinda yer almaktadir. Sunulan argiimanlari
degerlendirme siirecinde ise katilimcilarin, digsal faktorlerden etkilendikleri goriilmiistiir. Ayrica,
katilmeilarin deneysel diizeydeki arglimanlar yeterli bulmadiklari; ancak, bu arglimanlari ispati
olusturan adimlar olarak gordiikleri ortaya ¢gikmistir.

Anahtar sézciikler: argiiman olusturma, argiiman degerlendirme, ispat, ispat semalari,
ogretmen egitimi.
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Giris

Matematiksel ifadelerin neden dogru veya yanlis oldugunun mantiksal olarak
gerekcelendirilmesi, yani muhakeme yeteneginin kullanilmasi, matematik egitiminin énemli
hedeflerinden biri olarak goriilmektedir (Milli Egitim Bakanligi [MEB], 2018; Ulusal
Matematik Ogretmenleri Konseyi (National Council of Teachers of Mathematics-[NCTM],
2000). Bu oOnem ispat kavraminin, matematigin temelini olusturmasimnin yani sira
matematiksel bilginin yapisinin anlagilmas1 ve iletisimin gerceklesmesinde bir arag
olmasindan kaynaklanmaktadir (Knuth, 2002b). Okul matematiginde ispat kavramina yonelik
yapilan vurgu, ispat kavramini ilkokuldan liseye kadar biitiin sinif seviyelerinde matematik
siiflariin 6nemli bir bileseni olmasi yoniindeki tartigmalar glindeme getirmektedir (CCSSI,

2010; NCTM, 2000).

Matematik Ogretim programlarinda muhakeme etme, ¢ikarimda bulunma, elestirel
diisiinme, analiz etme, argiiman gelistirme gibi iist diizey becerilerin gelistirilmesinin 6nemi
vurgulanmaktadir (CCSSI, 2010; MEB, 2018; NCTM, 2000). Amerika Birlesik
Devletleri’nde yaygin olarak kabul géren matematik standartlarinda —Devlet Ortak Cekirdek
Standartlar1 (The Common Core State Standards for Mathematics [CCSSI], 2010)—
matematiksel muhakeme ve ispat etkinliklerinin 6nemi Ogrencilerin ana okuldan lise son
sinifa kadar tiim simif seviyelerinde (a) soyut diisiinme, (b) uygulanabilir matematiksel
arglimanlar olusturma ve baskalarinin argiimanlarimi kritik etme ve (C) acikliga dikkat etme
cagrisinda bulunan ‘Matematik Uygulamalari i¢cin Standartlar’ kabul edilerek vurgulanmaistir.
Bu standartlar akil yiiriitme ve ispat etkinliklerinin, 6grencilerin tiim sinif seviyelerinde
bagimsiz etkinlikler olarak degil; aksine giinliikk matematiksel deneyimlerinin vazgecilmez bir

pargast olarak planlanmasi gerektigini belirtmektedir.

Knuth (2002a), 6gretim programlarinda yer alan matematiksel ispatlarin 6grencilerin
matematiksel deneyimlerinin O6nemli bir bileseni yapilmasi yoniindeki bu Onerilerin,
matematik 6gretmenlerinden beklentileri arttirmakta oldugunu ve matematik 6gretmenlerinin
sorumluluklarini arttirdigini belirtmistir. Bu Onerilerinin matematik 6gretmenleri tarafindan
ne derece ve nasil uygulanacagini etkileyen faktorler arasinda 6gretmenlerin (ve 6gretmen
adaylarinin) ispat yapma diizeyleri 6énemli bir yer tutmaktadir. Ornegin, Martin ve Harel
(1989) 6rnek sunmanin bir matematiksel ifadenin kanitlanmasinda gecerli bir yol olacagini
diisinen 6gretmenlerin smiflarinda bulunan 6grencilerin de benzer diisiinme yapisina sahip
olacagini savunmaktadirlar. Matematiksel ispatlarin daha erken sinif seviyelerinden itibaren

matematik smiflariin bir pargasi olmasi gerektigi yoniindeki Oneriler ele alindiginda,
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matematik 6gretmenlerinin argliman olusturma ve degerlendirme siireglerinin incelenmesi

onem kazanmaktadir. Bu dogrultuda, bu c¢aligma ortaokul matematik Ogretmenleri ve

Ogretmen adaylarinin argiiman olusturma ve degerlendirme siireclerine odaklanmaktadir.

Ilgili literatiir incelendiginde, O6gretmen ve Ogretmen adaylarinin ispat yapma
konusunda c¢esitli zorluklar yasadig1 goriilmektedir (bkz., Simon ve Blume, 1996; Stylianides
ve Stylianides, 2009; Zeybek-Simsek, 2020). Bu zorluklarin genellikle matematiksel
kavramlarin anlagilmasindan, ispatin mantiksal yapisinin kavranmasi ve uygulanmasindan
veya matematiksel dilinin dogru kullanimindan kaynaklandig1 soylenebilir (bkz., Epp, 2003;
Zeybek-Simsek, 2020). Stylianides ve Stylianides (2009) matematiksel ispatlara yonelik
yapilan ¢aligsmalarin genellikle sadece bireylerin argiiman olusturma siireclerine veya sadece
aragtirmacilar tarafindan olusturulan argiimanlar1 degerlendirme siireglerine odaklandiklarini
belirtmislerdir. Oysaki argliman olusturma ve degerlendirme siireclerinin farkli biligsel
seviyeler icerdigi gdz Oniine alindiginda, bu siireclerin ayri ele alinmasi bireylerin ispat algilar
hakkinda farkli resimler ortaya koyabilecegi diisiiniilmektedir. Stylianides ve Stylianides
(2009) argiiman olusturma ve degerlendirme siireglerinin birlikte incelenmesinin bireylerin
ispat diizeyleri hakkinda daha dogru yorum yapma firsat1 sunacagini iddia etmislerdir. Bu
oneri dogrultusunda bu calismada, matematik Ogretmenlerinin ve O6gretmen adaylarinin
argliman olusturma diizeylerinin yani sira sunulan argiimanlari kritik edebilme becerilerinin

de incelenmesini amaglanmaktadir.
Asagidaki arastirma problemleri ¢alismaya yon vermistir:

1. Matematik 6gretmenlerinin sunulan matematiksel ifadelerin dogrulugunu/yanlhisligini
kanitlamak i¢in olusturduklart argiimanlar hangi seviyededir?

a. Matematik 6gretmenlerinin sunulan argiimanlari degerlendirme 6lg¢iitleri
nelerdir?

2. Matematik 6gretmen adaylarin sunulan matematiksel ifadelerin
dogrulugunu/yanlisligini kanitlamak i¢in olusturduklar1 argiimanlar hangi
seviyededir?

a. Matematik 6gretmen adaylarinin sunulan argiimanlar: degerlendirme dlgtitleri

nelerdir?
Matematiksel Ispat Tamimlar

Dediiktif (mantiksal ve kesin yargi bildiren) ve indiiktif (deney ve gdzleme dayali) muhakeme

arasindaki rol degisiminin ve her iki muhakeme seklinin matematiksel diislinme yeteneginin
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gelisiminde 6nemli bir ara¢ oldugunun fark edilmesi, ispat kavraminin gelisiminde 6nemli bir

rol oynanustir (Harel ve Sowder, 2007). Ispatin her seviyede matematik smiflarinin
merkezinde bulunmasi yoniindeki oneriler (CCSSI, 2010; MEB, 2018; NCTM, 2000),
matematik egitimcilerinin ispatin okul matematigindeki roliinii/misyonunu incelemesine ve
ispat kavramini biitiinciil bir bakis agis1 ile tanimlamasina yol agmustir (bkz., Balacheff, 1988;
Stylianides, 2007). lgili literatiir incelendiginde, ispat kavramina yonelik tanimlarm ispatin
farkli boyutlarina (formal boyutu ve sosyokiiltiirel boyutu) odaklandigi sdylenebilir. Dede ve
Karakus’a (2014) goére matematiksel ispatin formal boyutunu, matematiksel bir bilginin
dogrulanmasi siirecinde kullanilan tanim, dogrulugu 6nceden ispatlanan énerme, kural veya
dogrulugu ispat gerektirmeyen postulat, aksiyom gibi dnciiller olustururken; ispatin sosyal ve
kiiltiirel boyutunu ise yapilan ispatin gecerliligi i¢in kullanilan siireg, islem ve yontemler
olusturmaktadir. O halde, matematiksel ispat tanimlar1 incelenirken hem ispatin formal boyutu

hem de sosyokiiltiirel boyutu gz 6niinde bulundurulmalidir.

NCTM (2000) ispat1 genel olarak “hipotezlerden titizlikle ¢ikarilan sonucu igeren
argiimanlar” olarak tanimlar (s.55). Ispatin formal boyutunu 6n plana ¢ikaran bir diger tanim
ise Bell tarafindan yapilmistir. Bell (1976) ispati, “baslangic noktasi veri i¢inde bulunan
ifadeler veya dogrulugu genel olarak kabul edilmis ifade ve ilkelerden olusan, varis noktasi
ise sonucu olusturan birbirine mantiksal bir zincirle bagh ifadeler agaci olarak tanimlar”
(s.26). Yildirim’a (2000) gore ise ispat, “ispata konu olan genellemeyi dogru sayilan kimi
onciillerin (postulat veya ispat1 verilmis dnermeler) mantiksal ¢ikarim kurallar1 araciligr ile
zorunlu sonuca ulagmak i¢in mantiksal yargilama diyebilecegimiz bir akil yiiriitme siirecidir”
(s. 51). Bu tanmimlar matematiksel olarak uygun bir yol kullanan ispatlama siirecine
odaklanirken, matematiksel ispatlarin temel 6gelerini ve 6zellikle ispat yapma asamasindaki
sosyal Ogeleri goz ardi etmektedir (Bieda, 2010). Simon ve Blume (1996) ispatin formal
yOniine vurgu yapan tanimlarin altin1 ¢izdigi “ispat, dogrulugu bilinen, kanitlanan veya kabul
edilmis ifade ve ilkelerin tizerine kuruludur” ilkesinin “ispat toplum tarafindan kabul edilmis
bilgiler iizerine insa edilmis, toplum tarafindan mantiksal goriilen ve toplum tarafindan daha
onceden kabul edilmis bilgiler ile uyusan fikirlerden olugan bir arglimandir” (s. 6) seklinde
degistirilmesi gerektigini savunur. Benzer olarak, Stylianides (2007) ispat1, “matematiksel bir
iddiay1 dogrulamak veya ciliriitmek amaci ile olusturulan birbirine anlamca bagh bir dizi

savdan olusan, asagidaki karakteristik 6zelliklere sahip matematiksel bir arglimandir:

1- Sinif toplumu tarafindan dogru olarak kabul edilmis ve herhangi baska bir kanita

ihtiya¢ duyulmayan matematiksel ifadeleri (dayanak noktalar1) kullanir.
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2- Simnif toplumu tarafindan bilinen ve gegerli olan veya sinif toplumunun kavramsal

erisim sinirlart icerisindeki muhakeme bi¢imlerini (argiimantasyon modlart) kullanir.

3- {letisimde smif toplumu tarafindan bilinen ve toplumun yapisina uygun olan veya
siif toplumunun kavramsal erisim sinirlari igerisindeki ifade etme bigimlerini

(sunum modlar1) kullanir” (s. 291) olarak tanimlar.

Stylianides (2007) tarafindan One siiriilen ispat taniminin katilimcilarin argiimanlari
degerlendirme siire¢lerinin incelenmesinde faydali olacagi diisiintilmektedir. Bu tanimda ispat
formal ispatlar ile sinirli degildir; aksine smif toplulugunun 6zellikleri ve kavramsal erisim
sinirlar1 g6z Oniinde bulundurulmustur. Ogretmen ve dgretmen adaylarinin matematiksel
ifadelerin dogrulugunu nasil kanitladiklarini ele alan bu calismada da benzer bir yaklasim
izlenmistir. Bu nedenle ¢aligmada katilimcilarin matematiksel ifadelerin dogrulugunu
gostermek amaci ile sunduklari her tiirlii gerekceler matematiksel ispat yerine matematiksel

argliman olarak adlandirilmistir.
Ispat Semalan

Harel ve Sowder (1998), ispat (kanit) semasinin sadece kanit yontemlerine odaklanmadigini,
ayni1 zamanda bir kanit1 olusturmak icin kullanilan tiim biligsel diisiinme siire¢leri icerdigini
belirtmislerdir. Bu yoniiyle ispat semalari, bir bireyin matematiksel ifadelerin dogrulugunu
(veya yanligligini) kanitlamak i¢in kullandig1 tiim biligsel siirecleri igermektedir. Bireyin
kendisini veya baskasini ikna etmek i¢in kullandig1 tiim matematiksel diisiinme stireglerini
iceren ispat semalar1, ayn1 zamanda bireyin ispat siirecinde yaptig1 tercihleri de gostermektedir

(Harel ve Sowder, 1998; 2007).

Mgili literatiirde, bireylerin ispat yapma siirecindeki yaklagimlarinin genellikle indiiktif
(6rneklere dayali) ve dediiktif (formal ispat) olarak iki ana gruba ayrildigi sdylenebilir
(Bell,1976; Van Dormolen, 1977). Ornegin, Bell (1976) ispat yapma siirecindeki yaklasimlart
deneysel ve dediiktif gerekgelendirme olarak iki ana sinifa ayirmistir. Bell’e (1976) gore
deneysel gerekcelendirmede iddianin dogrulugu Orneklerle saglanirken, dediktif
gerekgelendirmede ise mantiksal ¢ikarimlar kullanilmaktadir. Van Dormolen’nin (1977) de
benzer bir simiflandirma yaptig1 sdylenebilir. Ispat yapma siirecindeki asamalari iki ana sinifa
ayiran bu calismalarin disinda, bu smiflarin alt kategorilere ayrilarak daha kapsamli ele
alindig1 calismalar da mevcuttur. Ornegin, Balacheff (1988) pragmatik ve kavramsal ispat
olarak iki ana smif kullanirken, daha sonra pragmatik ispati kendi i¢inde ii¢ alt gruba

ayrrmustir. Ogrencilerin 6rnek kullanma sekillerini ve amaclarini daha kapsamli inceleyen
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Balacheff (1988), pragmatik ispatlar1 saf deneyselcilik, kritik deney ve genellenebilir 6rnek

seklinde li¢ alt grupta incelemistir. Balacheff (1988), kavramsal ispat1 ise diisiince deneyi
olarak 6zellestirilmistir. Benzer olarak, Harel ve Sowder (1998; 2007), bireylerin ispat yapma
stirecindeki karakteristik yaklagimlarini dissal, deneysel ve analitik olmak {izere {i¢ ana
seviyede smiflandirmistir. Digsal ispat seviyesinde bireyler argliman olusturma siireglerinde
genellikle digsal kaynaklara (6rn., ders kitabi, 6gretmen) bagli kalirken; deneysel ispat
seviyesinde ise bireylerin, bu siirecte belirli 6rneklerden genel yargilara ulagma egiliminde
olduklar1 gozlemlenmektedir. Analitik ispat diizeyinde ise, bireylerin argiimanlarini mantiksal
cikarimlar yoluyla olusturduklari belirtilmistir. Harel ve Sowder’in (1998) belirttigi bu
kategoriler Tablo 1’de 6zetlenmistir.

Tablo 1. Ispat Semalar

Dissal Ispat Semasi Deneysel Ispat Semas1 Analitik Ispat Semasi
Otoriter Ornek Temelli Déniistiiriilebilen
Sembolik Algisal Aksiyomatik
Aliskanlik Edinilmis

Harel ve Sowder (2007) “...6grencilerin goziinde ispat, 6gretmenlerin belirledigi belli

2

bir gorlinlime sahip olmalidir...” ifadesini kullanarak digsal ispat semasiin Ogrenciler
arasinda yaygin oldugunu vurgulamaktadirlar (s. 822). Harel ve Rabin (2010) de yaptiklar
arastirmada otoriteye bagli diistinme seklinin (digsal ispat semasinin) iiniversite 6grencileri
arasinda yaygin oldugunu kanitlamiglardir. Digsal ispat semasinin bu ¢aligsmanin katilimcilari
arasinda da yaygin olabilecegi diisiiniilerek dissal ispat semasini kapsamli bir sekilde ele alan
Harel ve Sowder (1998; 2007) tarafindan ortaya konulan ispat semasi, ¢alismanin kavramsal
cergevesi olarak kullanilmistir. Veri toplama araglarinin olusturulma siireci ile katilimcilarin
olusturduklar1 argiimanlarin analiz edilme asamalarinda, Tablo 1’ de yer alan ispat semalari

yol gosterici bir gorev almistir. Tablo 1’de yer alan semanin kullanimi hakkinda daha detayli

bilgi yontem boliimiinde agiklanacaktir.
Yontem
Arastirma Deseni

Matematik 6gretmenlerinin ve 6gretmen adaylarinin argiiman olusturma ve degerlendirme

stireclerinin incelendigi bu calisma, nitel bir arastirma olarak planlanmistir. Nitel aragtirma
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yontemlerinden durum ¢aligmasi aragtirmanin desenini olusturmustur. Creswell’e (2007) gore

durum caligmasi; arastirmacinin olay veya olaylarin gézlem, goriisme, rapor gibi birden fazla
veri toplama araci ile detayli inceleme yapilarak olaylara ait goriislerin belirlendigi nitel bir
arastirma  yaklasimidir. Ogretim programlarmin  matematiksel ispatlarm tim smif
seviyelerinde matematik derslerinin vazgegilmez bir parcasi olmasi gerektigi yoniindeki
oOnerileri, bu onerilerin odaginda bulunan matematik 6gretmenleri ve gelecegin matematik
Ogretmenlerinin ¢alismanin durumu olarak belirlenmesinin sebebini olusturmaktadir.
Matematik 6gretmenleri ve Ogretmen adaylari arasinda bir karsilastirmanin yapilmasi
caligmanin amaglar1 arasinda yer almasa dahi, bu 6nerilerin hedefinde bulunan her iki grubun

incelenmesinin 6nemli oldugu diigiiniilmiistiir.
Katilmc1 Grup

Calismanin  katilimcilari, Orta Karadeniz bolgesinde bulunan bir il merkezindeki
ortaokullarda gorev yapmakta olan ii¢ matematik 6gretmeni (Deniz, Zehra ve Mervel) ve bu
bolgede bulunan bir devlet iiniversitesinin ilkogretim Matematik Ogretmenligi béliimiiniin
ticlincii sinifinda egitim alan {i¢ 6gretmen adayindan (Nurgiil, Asli ve Seyma) olusmaktadir.
Katilimcilar kolay ulasilabilir durum 6rnekleme metodu kullanilarak se¢ilmistir. Singleton ve
Straits’e (2005) gore kolay ulagilabilir ornekleme; arastirmacinin kolay uygulama
yapabilecegi grup arasindan yeterli sayida elemani alip 6rneklem olarak belirlemesi olarak

ifade edilmektedir.

Caligmaya katilan matematik dgretmenlerinin hepsinin cinsiyeti kadin olup, hizmet
yillar1 2-10 y1l arasinda farklilagmaktadir. Ogretmenlerden Deniz 10 yil, Zehra 2 yil ve Merve
ise 5 yillik 6gretmenlik deneyimine sahiptir. Hizmet yillarmin farkli olmasi ve ¢aligmaya
katilim goniilliigli, matematik Ogretmenlerinin se¢im Olglitleri arasinda yer almaktadir.
Calismaya katilan 6gretmen adaylarinin hepsinin cinsiyeti kadin olup, 3. siifa devam eden
ogrencilerden olugmaktadir. Ogretmen adaylarmin egitim ve alan derslerinin gogunu
tamamlamis olmalar1 ve 6gretmenlik uygulamasi derslerini heniiz tamamlamamis olmalar 3.
sinifa devam eden &gretmen adaylarmin segim kriterleri arasinda bulunmaktadir. Ogretmen
adaylarinin egitim ve alan derslerinin ¢ogunu basar1 ile tamamlamis olmalar1 toplanan
verilerin zenginligini arttiracagi diisiiniilmiistiir. Knuth (2002b) matematik 6gretmenlerinin
deneysel arglimanlarin sinirhiliklarini bilmelerine ragmen ogrencilere uygun oldugunu

diistindiikleri i¢in ispat olarak kabul ettiklerini belirtmistir. Bu baglamda diisiiniildiigiinde

! Bu calismada tiim katilimcilar takma isimler ile adlandirilmislardir.
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ogretmen adaylarinin heniiz 6gretmenlik uygulamasi derslerini tamamlamamis olmalari,

sunulan argiimanlarin 6grenci Olgiitleri yerine kendi Olgiitlerine gore degerlendirme
olasiliklar1 goéz Oniinde bulundurularak 6nemli goriilmiistiir. Calismaya katilan 6gretmen
adaylarmin c¢alismaya katilmadaki istekleri ve goniilliiliikler ise bir diger se¢im Olgiitlinii

olusturmaktadir.
Veri Toplama Araclar1 ve Veri Toplama Siireci

Matematik Ogretmenleri ve Ogretmen adaylarinin argiiman olusturma ve degerlendirme
stireglerinin analiz edilmesini amaclayan bu ¢alismada, dort matematiksel ifadenin yer aldigi
Matematiksel Ifadeler Formu ve bu formda yer alan her bir ifade igin hazirlanan ii¢
arglimandan olusan Argiiman Temsilleri Formu veri toplama araglar1 olarak kullanilmistir.
Calismanin verilerinin toplanmasi igin katilimcilar ile 45-60 dakika siiren yar1 yapilandirilmis
bireysel goriismeler gergeklestirilmis ve tiim goriismeler video kaydina alinmistir. Bireysel
goriismeler yazarlardan biri tarafindan bos bir sinif ortaminda gerceklestirilmistir. Bireysel
goriismeler esnasinda, katilimcilardan 6nce matematiksel ifadeler formunda yer alan her bir
matematiksel ifadeyi incelemesi ve ifadenin dogruluguna (veya yanlisligina) karar vermesi
istenmistir. Gorligme esnasinda “Bu kaniya nasil vardin?”’, “Bu ifadenin neden dogru
oldugunu diislinliyorsun?” veya ‘“Nasil karar verdigini agiklar misin?” seklinde sonda
sorulardan yararlanilmistir. Matematiksel ifadeler formunda yer alan ifadelere yonelik
argiiman olusturmalar i¢in katilimcilara yeterli slire verilmistir. Daha sonra, katilimcilara
argliman temsilleri formunda yer alan ¢esitli diizeylerdeki ii¢ argiiman tek tek sunulmus ve
katilimcilarin bu argiimanlart incelemeleri ve yorumlamalar1 beklenmistir. Bu siiregte,
katilimcilara, “Bu argliman ikna edici mi?”, “Bu argliman bir ispat olusturur mu?”, “Nasil
karar verdin?” gibi sonda sorular yoneltilerek katilimcilarin bu siirecteki diisiincelerini detayl

aciklamalari saglanmaya calisilmistir.
Matematiksel ifadeler formu.

Matematiksel ifadeler formunda dort matematiksel ifade yer almaktadir (bkz., Ek 1).
Ogretmen ve dgretmen adaylarma, bu formda yer alan matematiksel ifadeler birer birer
sunulmusg ve katilimcilardan sunulan her bir ifadenin dogrulugunu /yanlighigini kanitlamalar
istenmistir. Matematiksel ifadeler formunda hazirlanirken ilgili literatiirden yararlanilmigtir
(Aylar, 2014; Contay, 2017; Contay ve Paksu, 2018; Giiler ve Ekmekci, 2016). Matematiksel

ifadelerin katilimcilarin kavramsal erisim sinirlar1 iginde bulunmasina 6zen gosterilmistir.
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Argiiman temsilleri formu.

Argiiman temsilleri formunda ise dort matematiksel ifadenin her biri i¢in {i¢ ayr1 argliman
olmak fiizere toplamda 12 arglimana yer verilmistir. Bu form, 6gretmen ve Ogretmen
adaylarmin argiiman degerlendirme siireclerini betimlemek ve matematiksel ispat 6l¢iitlerini
anlamak amaciyla diizenlenmistir. Katilimcilara bu formda yer alan argiimanlardan hangisi ve
hangilerinin matematiksel ispat niteligi tasidigi sorulmus ve nedenlerini aciklamalari
istenmistir. Argliman temsilleri formunda yer alan arglimanlar farkli 6zelliklere sahip
argiimanlar olup, cebirsel, aksiyomatik, gorsel, genellenebilir 6rnek kullanimi veya 6rnek
kullanimina yer veren (deneysel) argiimanlar olarak tasarlanmistir. Ornegin, matematiksel
ifade 1 i¢in kullanilan argiiman temsillerinden argiiman 1, cebirsel ifadelere dayali cebirsel
argliman temsilini olugtururken, argiiman 2 ise 6rnek kullanimina dayali oldugu i¢in deneysel
argiiman temsili olarak kullanilmistir. Ayni ifade i¢in argiiman 3 ise, genellenebilir 6rnek
kullanimina dayali bir argiimandir. Argliman temsilleri formunda yer alan argiimanlar
hazirlanirken ilgili literatiirden yararlanilmigtir (6rn., Aylar, 2014; Miyazaki, 2000). Argiiman
temsilleri formunda, matematiksel ifadeler 1 igin olusturulan argliman temsillerine Ek 2’ de

yer verilmistir.
Veri Analizi Siireci

Bu calismada, toplanan verilerin analizi {ic adimda gergeklestirilmistir. Birinci adimda,
goriisme kayitlarindan elde edilen veriler her katilimci i¢in ayr1 ayr1 yaziya dokiilerek
¢oziimlemesi yapilmistir.  Ikinci adimda, katilimcilarm matematiksel ifadeler formuna
verdikleri yanitlar analiz edilmistir. Katilimcilarin matematiksel ifadeler formunda yer alan
ifadeleri nasil kamtladiklar1 arastirmacilar tarafindan Oncelikle bireysel olarak analiz
edilmistir. Bu siiregte betimsel analiz teknigi kullanilmistir. Biyiikoztiirk vd. (2011) betimsel
analizi elde edilmis bilgilerin mevcut goriislere bakilarak siniflandirilmas:1 olarak
tanimlamiglardir. Betimsel analiz siirecinde Tablo 1’de yer alan siiflar temel alinmistir. Bu
stiregte katilimcilarin olusturdugu argiimanlarin temelinde yatan nedenlerin derinlemesine
irdelenmesi amaglanmistir. Arglimanlar digsal bir otoriteye giiven duygusuna dayandiriliyor
ise digsal argliman, belirli durumlardan bir genelleme ¢abasi var ise deneysel argiiman,
mantiksal ¢ikarimlar s6z konusu ise analitik argiiman olarak siniflandirilmistir. Arastirmacilar
bireysel olarak gerceklestirdikleri siniflandirmalart bir araya gelerek karsilagtirmis ve tam

uyum elde edene kadar bu siire¢ devam etmistir.

Katilimcilarin argiiman temsilleri formunda bulunan argiimanlar1 degerlendirme

siiregleri ise son adimda analiz edilmistir. Ikinci adimda oldugu gibi, arastirmacilar &ncelikle



366 T. Dalkilig ve Z. Zeybek Simsek / Pamukkale Universitesi Egitim Fakiiltesi Dergisi, 54, 357-384, 2022
bireysel olarak verileri analiz etmisler, sonrasinda analizlerini kendi aralarinda

karsilagtirmiglardir. Bu siiregte katilimcilarin argiimanlari degerlendirme kriterleri Stylianides
(2007) tarafindan One siiriilen ispat tanimi1 temel alinarak incelenmistir. Katilimeilarin bu
siiregte arglimanlar1 degerlendirirken Oncelikli olarak hangi Olgiitlere odaklandiklar
irdelenmistir. Bu Olgiitler tanimda belirtilen “Sunum Modlar1”, “Sinif Toplulugunun
Ozellikleri” veya “Dayanak Noktalar1” olarak belirlenmistir. Ornegin, katilime1 sunulan bir
arglimani sadece argiimanin digsal 6zelliklerinden (6rn., kullanilan yontemin tiimevarim
yontemi olmasi veya matematiksel semboller igcermesi gibi) dolay1 ikna edici buluyor ise, bu
aciklama “Sunum Modlar1” olarak siniflandirilmistir. Ancak katilimei, sunulan argiimanda
kullanilan yontemin, tanimin veya ifadelerin dogru oldugunu ve sunulan argiimanin kapsadigi
tim kiime i¢in gegerli oldugunu belirtiyor ise, bu agiklama “Dayanak Noktalar1” olarak
siiflandirilmistir. Benzer sekilde, katilimcilar sunulan argiimanlarin 6grencilerin seviyelerine
uygunlugu veya 6grenci i¢in ikna edici olmasi gibi dl¢iitlere odaklaniyor ise “Sinif Toplulugu”

olarak siniflandirilmistir.
Bulgular

Bu calismada, matematik 6gretmen ve dgretmen adaylarinin ispat yapma ve degerlendirme
stirecleri ve bu siiregte yasadiklari zorluklarin arastirilmasi amaglanmistir. Bu amag
cergevesinde hazirlanan matematiksel ifadeler ve argiiman temsilleri formlar1 aracilig ile
ogretmen ve Ogretmen adaylarinin matematiksel ifadelerin dogrulugu/yanlhislhigina karar
verme, kararlarin1 gerekcelendirme ve ispat olusturma siireglerinin yanmi sira sunulan
arglimanlar1 ispat olusturma kriterleri 1518inda degerlendirme siiregleri irdelenmistir. Bu
boliimde 6gretmenlere ait bulgular ve 6gretmen adaylarina ait bulgular ayr alt bashklar

halinde ele alinacaktir.

Matematik Ogretmenlerinin Argiiman Olusturma ve Degerlendirme Siireclerine Ait

Bulgular

Bu boliimde oncelikle ¢alismaya katilan matematik ogretmenlerinin (Deniz-Zehra-Merve)
matematiksel ifadeler formuna verdikleri yanitlar1 ve argiiman olusturma stireglerine ait
bulgular1 paylasilacaktir. Sonrasinda ise, matematik 6gretmenlerinin argiiman degerlendirme

stireclerine ait bulgular1 paylasilacaktir.
Matematiksel ifadeler formuna ait bulgular.

Matematiksel ifadeler formuna yonelik tiim bulgular Tablo 2’de toplu bir sekilde sunulmustur.
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Tablo 2. Ogretmenlerin matematiksel ifadeler icin olusturduklart argiimanlarin

smiflandiriimast
M.i.1 M.i.2 M.i.3 M.i4

Argiiman yok Merve Zehra
Digsal Argliman
Deneysel Deniz Deniz-Zehra Deniz
Argiiman
Analitik Deniz-Zehra- Zehra Merve Merve
Argiiman Merve

Not: Matematiksel ifadeler, M.1.1, M.1.2, M.1.3, M.1.4 olarak ifade edilmistir.

Calismaya katilan matematik Ogretmenlerinin genel olarak sunulan matematiksel
ifadelerin dogruluguna/yanlishigina karar verebildikleri ve bu kararlarin1 savunmak i¢in bir
argliman olusturabildikleri goriilmistiir.  Ancak, iki Ogretmenin (Merve ve Zehra)
matematiksel ifadeler formunda yer alan iki ifade icin (Matematiksel ifade 2 ve Matematiksel
[fade 4) argiiman olusturmakta zorlandiklar1 da bulgular arasinda yer almaktadir. Bunun yan1
sira, matematiksel ifadeleri kanitlamak icin bazi 6gretmen adaylarinin deneysel diizeyde

argliman olusturduklari1 bulunmusgtur.

Matematiksel ifade 1 i¢in, ¢aligmaya katilan biitiin 6gretmenlerin tiim sayilar i¢in
gecerli mantiksal bir argliman olusturduklart goriilmiistiir. Sekil 1’de bu durumun bir

temsiline yer verilmistir.
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Sekil 1. Merve 'nin Analitik Argiiman Temsili
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Sekil 1’de gorildigi gibi, Merve ardisik sayr tanimi ve ortak paranteze alma gibi

matematiksel kavram ve siiregleri kullanarak tiim tam sayilar i¢in gegerli bir argliman
olusturmustur. Bu nedenle Merve nin matematiksel ifade 1 i¢in olusturdugu bu argliman,

analitik argiiman olarak siniflandirilmugtir.

Sekil 2. Deniz’e Ait Deneysel Argiiman Temsili

Matematiksel ifade 2 i¢in Deniz, belirli 6rneklerden yararlanarak bir argiiman
olusturmaya ¢alismistir. Sekil 2’de goriildiigii gibi, Deniz ilk olarak sectigi iki ardisik tek
saymin (1 ve 3) toplaminin 4 oldugunu belirtmis ve 4’1 2 x 2 olarak ifade ederek sonucun
terim sayisinin karesi olacagini belirtmistir. Daha sonra, ardisik dort tek saymin (1, 3, 5 ve 7)
toplamini yazan Deniz, bu sayilarin toplaminin 16 oldugunu ve yine terim sayisinin kendisiyle
carpimi ile ifade edilebilecegini sOylemistir. Deniz’in kullandig iki 6rnekten bir genellemeye
ulastig1, “Bu sekilde ispat yaparim” ifadesinden anlasilmistir. Deniz’in iki 6rnek kullanarak
verilen ifadenin tiim ardisik tek sayilar1 kapsayacagi seklinde bir genellemede bulunmasi, bu

arglimanin deneysel argliman olarak siniflandirilmasinin nedenini olusturmustur.

Sekil 3. Zehra 'nin Analitik Argiiman Temsili

Matematiksel ifade 2 i¢in Zehra’nin cebirsel ifadeleri kullanarak daha genel bir

argiiman olusturmaya ¢alistig1 gézlemlenmistir. Zehra, ardigik tek sayilarin toplamini 1°den



T. Dalkilig ve Z. Zeybek Simsek / Pamukkale Universitesi Egitim Fakiiltesi Dergisi, 54, 357-384, 2022 369
2n-1"¢ kadar bir sira halinde yazmis, daha sonra ise 2n-1’den baslayip 1’e kadar her bir terim

alt alta gelecek sekilde tekrarlamistir (bkz., Sekil 3) Zehra, alt alta gelen her iki terimin
toplaminin 2n’e esit olacagini ve toplamda n sayida terim olacagini belirterek, matematiksel
ifadenin dogrulugunu gostermeye calismistir. Zehra’nin olusturdugu argiimanin genel bir
argliman olmasi (tiim ardisik tek sayilarin toplamini icermesi) ve mantiksal olmasi nedeniyle

analitik argiiman temsili olarak siniflandirilmistir.

Sekil 4. Deniz’in Deneysel Argiiman Temsili

Matematiksel ifade 4 i¢in Deniz, Sekil 4’te goriildiigii gibi, tek say1 tanimi, cebirsel
ifadeler ve iglemleri kullanarak genel bir argliman olusturmaya ¢aligmistir. Tek say1 tanimint
kullanarak b=2n +1 oldugunu belirten Deniz, b* —1=4n?+4n+1—1 esitligini
gostermistir. Deniz bu esitligi 4n ortak parantezine alarak 4n(n+ 1) ifadesinin 4’e
boliinecegini fakat 8’e boliiniip boliinmedigini bilmedigini sdylemistir. Sonuca ulagmakta
zorlanan Deniz, b=1, 3 ve 5 i¢in ifadenin 0, 8 ve 24’¢ esit olacagini ve bu degerlerin 8’¢
boliinecegini belirtmistir. Deniz’in tek say1 tanimi ve cebirsel ifadelere dayanan argiimanini
tamamlamakta zorlandig1 ve sonrasinda 6rnek kullanimini tercih ederek bagka bir argliman
gelistirdigi gozlenmistir. Ornek kullanimina dayali bu argiiman deneysel argiiman olarak

siniflandirilmastir.

Sekil 5. Zehra 'nin Argiiman Yok Temsili
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Zehra: 11k aklima geleni yaparsam (b-1). (b+1) seklinde yazarim. b tek sayi, tek

sayidan 1 ¢ikarinca ¢ift say1 olur yine tek sayiya 1 eklersem c¢ift say1 olur. Cift sayilar
2’ye boliiniir. O halde 8 de 2.2.2 oldugundan ii¢ kere 2’ye bolmek demektir. 8 ile

boliiniir.
Aragtirmaci: Peki ¢ift olan iki saymin ¢arpimi her zaman 8 ‘e boliiniir mii? Nasil
gosterirsin?

Zehra: Himm evet, hepsi i¢in gecerli olmaz. Mesela 2x2, 4 olur. Ispat edemem ama
6.8, 10.12, gibi cift sayilarin ¢arpimindan gitsem ya da 50 sayisin1 2.25 gibi ayirsam

bu seferde 25 tek say1 yok ispat edemem ispata doniistiiremem...

Matematiksel ifade 4 i¢in Sekil 5’te goriildiigii gibi Zehra, cebirsel ifadelerden yararlanarak
bir argiiman olusturmaya caligmis ancak bu argiimanini tamamlayamadigi i¢in bu ifadeyi
ispatlayamayacagini belirtmistir. Bu nedenle, Zehra’nin argiimani bu ifade i¢in Argiiman Yok

seklinde kodlanmustir.
Argiiman temsilleri formuna ait bulgular.

Calismaya katilan matematik 6gretmenlerinin argiiman degerlendirmelerine yonelik bulgular

toplu bir sekilde Tablo 3’te sunulmustur.

Tablo 3.0gretmenlerin sunulan argiimanlar: degerlendirme siireglerinin simiflandirilmasi

M.I.1 M.I.2 M.1.3 M.i.4

Al A2 A3 Al A2 A3 Al A2 A3 Al A2 A3

Sunum Deniz Deniz Zehra Deniz Deniz

Modlart Zehra
Merve

Simif Deniz

Toplulugu Merve

Dayanak  Deniz Deniz Zehra Zehra Deniz Zehra Deniz Deniz Zehra Deniz Deniz

Noktalar Zehra Zehra Merve Zehra Merve Zehra Merve Merve Zehra Zehra

Merve Merve Merve Merve Merve Merve

Not: Argiimanlar A1, A2 ve A3 olarak; Matematiksel ifadeler ise M.1.1, M.1.2, M.I.3, M.1.4 olarak ifade edilmistir.
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Calismaya katilan Ogretmenlerin argiiman temsilleri formunda yer alan argiimanlari

cogunlukla temel dayanak noktalarina gore degerlendirdikleri goriilmiistiir. Matematik
Ogretmenlerinin, verilen arglimanlari analiz ederken “ispatin herkes tarafindan kabul edilen
genel argliman olma 6zelligini” temel 6l¢iit olarak belirttikleri goriilmiistiir. Bunun yani sira
Ogretmenlerin, sunulan argiimanlar1 yer yer “sunum modlar1” ve “smif toplulugunun

ozellikleri” dlciitlerine gore degerlendirdikleri de goriilmiistiir.

Bireysel goriismeler esnasinda, matematik Ogretmenleri Ogrenme ortaminda
orneklerin 6nemli oldugunu ve deneysel argiimanlarin sinif ortaminda analitik arglimanlara
gore daha faydali olabilecegini belirtmislerdir. Ornegin Deniz, matematiksel ifade 2 igin
sunulan argiiman 1’e yonelik, “Ornekler &grenciler igin daha somuttur”, “Ornekleri
matematiksel ifadeleri dogrulamak amacli kullanabiliriz” seklindeki ifadeleri, Deniz’in
deneysel argiimanlarin 6gretimsel bir yaklasim olarak smif icinde kullanilmasinin faydali
oldugunu diislindiigiinii géstermektedir. Deniz bu agiklamasinda, deneysel arglimanlarin sinif
toplulugunun o6zelliklerine uygun olmasi nedeniyle sinif ortaminda tercih edilmesi gerektigini
belirtmektedir. Bu nedenle, Deniz bu argiimani degerlendirirken oncelikli olarak sinif

toplulugunun 6zelliklerini g6z 6niinde bulundurdugu diistiniilmiistir.

Bireysel goriismelerde, matematik 6gretmenlerinin argiiman temsilleri formunda yer
verilen bazi1 argilimanlardaki matematiksel sembolleri ve argiimanda bu sembollere yer
verilmesini ikna edici bulduklar1 gériilmiistiir. Ornegin matematiksel ifade 2 icin sunulan
argiman 3’te Deniz’in, “) semboliinden dolay1 arglimani incelememe gerek yok, zaten
argliman ispattir” seklinde agiklamada bulunmasi sembollerin ispatta ikna edici olarak kabul
edildigini gostermektedir. Benzer sekilde Deniz matematiksel ifade 3 i¢in sunulan argliman
3’te tlimevarim yontemi kullanildigini, bu nedenle argiimanin ispat oldugunu belirtmistir.
Deniz’in “Ciinkii timevarim yontemini {iniversitede 6grendik. Bu yontem ispat yapma
yontemidir” seklindeki ifadesi argliman degerlendirme siirecinde Deniz’in sunum modunu

ol¢iit olarak aldigin1 gostermektedir.

Calismanin bir diger bulgusuna gore ise matematik Ogretmenleri, sunulan
matematiksel arglimanlar1 kendi olusturduklar1 argiimanlar ile benzerlik goéstermesi
durumunda ikna edici bulmuslardir. Ornegin, matematiksel ifadel igin sunulan argiiman 1’i
degerlendirirken Merve “Benim yaptigim ispata cok benzer sekilde bir ispat. Degisken
vererek coOziilmiis. Bende bu sekilde yaptim bu nedenle argiiman dogrudur” seklinde
ifadelerde bulunarak argiiman 1 ve kendi argiimani arasinda benzerliklerin argiiman

degerlendirme siirecinde etkili oldugunu gostermistir.



372 T. Dalkilig ve Z. Zeybek Simsek / Pamukkale Universitesi Egitim Fakiiltesi Dergisi, 54, 357-384, 2022

Ogretmen Adaylarinin Argiiman Olusturma ve Degerlendirme Siireclerine Ait Bulgular
Bu boliimde, caligmaya katilan matematik Ogretmen adaylarinin (Nurgiil-Asli-Seyma)
matematiksel ifadelere yonelik olusturduklar1 argiimanlara ait bulgulart ilk olarak
paylasilacaktir. Sonrasinda ise, matematik 6gretmen adaylarinin argiiman degerlendirme

stireclerine ait bulgular1 paylasilacaktir.
Matematiksel ifadeler formuna ait bulgular.

Ogretmen adaylarinin matematiksel ifadeler icin olusturduklar1 argiimanlar ve bu
argiimanlarin siniflandirilmasi Tablo 4’te sunulmustur. Tabloda goriildiigii gibi, 6gretmen
adaylarindan, Asli hari¢, matematiksel ifadelerin dogrulugunu kanitlamak icin bir argiiman
olusturabildikleri goriilmiistiir. Ogretmen adaylariin cogunun argiiman olusturma siirecinde,
timevarim yontemini ve cebirsel ifade kullanimini tercih ettikleri dikkati ¢eken bir diger

durum olmustur.

Tablo 4. Ogretmen adaylarinin matematiksel ifadeler icin olusturduklar: argiimanlarin

smiflandiriimast
M.L.1 M.1.2 M.L3 M.L4
Argiiman Yok Ash
Digsal Argliman Nurgiil-Aslt Seyma
Deneysel Asli
Argiiman
Analitik Nurgiil-Asli- Seyma Nurgiil Nurgiil-Seyma
Argiiman Seyma

Matematiksel ifade 1 i¢in Nurgiil, cebirsel ifadeleri kullandigi ve tlimevarim

yonteminden yararlandig: iki argiiman olusturmustur.
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Sekil 6. Nurgiil iin Analitik Argiiman Temsili
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Nurgiil’tin olusturdugu argiimanda tiimevarim yontemini kullandigi goriilmiistiir

(bkz., Sekil 6). Ancak, 6gretmen adaymnin argiiman olusturma siirecinin her asamasinda
“Dogru yapiyor muyum?”, “Bdyle yapiyorduk herhalde “gibi ifadeler kullanarak onay

beklemesi ve tiimevarim yontemini kullanirken zorlanmasi dikkat ¢eken bir durum olmustur.

Sekil 7. Asli'nin Dissal Argiiman Temsili

Matematiksel ifade 2 i¢in Asli, Sekil 7°de goriildiigii gibi terimler toplam1 formiiliinii
kullanarak bir argiiman olusturmustur. Her ne kadar 6gretmen adayi genel bir argliman
olusturma egiliminde bulunsa da yapilan bireysel goriismede “Terim sayist formiili ile
yaptim”, “Bagka tiirli herhalde ispat yapamazdim” seklindeki ifadeleri ve kullanilan formiiliin
dogruluguna yonelik bir agiklama yapma egilimi yerine salt formiil kullanimina olan giiven
duyma egilimi 6gretmen adayinin argiimaninin digsal argiiman olarak siniflandirilmasina

neden olusturmustur.

Sekil 8. Seyma 'nin Analitik Argiiman Temsili

Matematiksel ifade 2 i¢in Seyma, once terim sayisi formiiliinii uygulayarak verilen
ifadenin terim sayisinin n oldugunu bulmustur, daha sonra ise terim toplami formiiliinii

kullanarak ifadenin dogrulugunu gostermistir (bkz., Sekil 8). Seyma, Asli’nin argliimanindan
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farkli olarak formiile dayali olusturdugu argiimanin yan sira farkli bir yol kullanarak ikinci

bir argiiman daha gelistirebilmistir. Seyma, 1°den 2n-1’e kadar sayilarin toplamini yazip,
altina her bir terim alt alta gelecek sekilde 2n-1’den baslayip 1’e dogru yazarak cebirsel
ifadeleri toplamustir. Alt alta yazilan her iki terimin toplaminin 2n oldugunu gostererek verilen
matematiksel ifadenin ispatin1 yapmasi nedeniyle Seyma’nin argiimani analitik argliman

olarak siiflandirilmistir.

Sekil 9. Asli’'nin Argiiman Yok Temsili

Sekil 9’ da goriildiigii gibi matematiksel ifade 3 i¢in Asli, bolme islemi ve basamak
¢Oziimlemesini kullanarak bir argiiman olusturmaya calismistir. Fakat Asli yapilan goriisme
esnasinda “Ispat kesin dogru ama yapamiyorum” ifadelerini kullanarak argiimanini
tamamlayamadigini belirtmistir. Bu nedenle, Asli’nin argiimani argiiman yok kategorisinde

degerlendirilmistir.

Seyma ise matematiksel ifade 3 i¢in argiimanini olustururken “Ezber olarak
yapiyoruz”, “Aliskanliklar, biz boyle 6grendik”, “Hatirlamiyorum ne dershanede ne okulda
neden 3 kati oldugunu sorgulamadik”, “Hocalarima giliveniyordum, neden oldugunu hi¢

aragtirmadim” gibi ifadeleri kullanarak digsal otoriteye giliven egilimi gostermistir.

Sekil 10. Asli’nin Deneysel Argiiman Temsili
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Matematiksel Ifade 4 i¢in Asli, cebirsel ifadeleri ve tek say1 tanimini kullanarak genel

bir argiiman olusturmaya calismistir. Sekil 10°da gorildigi gibi Asli, arglimanini
sonuglandirmakta zorlanmustir. Asli n? — n ifadesinin bir ¢ift say1 olmas1 gerektigini n? —
n = 2k ifadesini yazarak belirtmis ancak neden bir ¢ift sayr olmasi gerektigini
aciklayamamistir. Bu nedenle genel bir yargida bulunamadig1 gézlemlenmistir. Argiimanini
tamamlamakta zorlanan Asli, bunun yerine 3 6rnek kullanimina dayali (n=3, 5 ve 1 i¢in) bir

argiman gelistirmis ve bu arglimanin yeterli olacagi iddiasinda bulunmustur. Bu nedenle

Asli’nin bu argiimani deneysel olarak siniflandirilmistir.

Ogretmen adaylarmin matematiksel ifadeler formunda yer alan tiim ifadeler icin
oncelikle matematiksel tanimlar ve cebirsel ifadeler kullanimina dayali argiiman olusturma
egiliminde olduklar1 goriilmiistiir. Ancak bazi ifadeler igin (6rn., Mi3, Mi4) bu argiimanlar
gelistirmekte zorlanan 6gretmen adaylar1 ya ispat olusturmayacagi beyaninda bulunmus ya da
ornek kullanimma dayali argiiman olusturma egilimi gdstermislerdir. Ogretmen adaylarinin
digsal otoriteye (6rn., matematik formiilleri, iiniversite dersleri) giiven duyma egilimleri

bireysel goriismeler esnasinda dikkati ¢eken bir diger durumu olusturmustur.
Argiiman temsilleri formuna ait bulgular.

Tablo 5’te oOgretmen adaylarinin matematiksel ifadeler igin sunulan argiimanlari
degerlendirme siirecine yonelik bulgulara yer verilmistir. Tablo 5’te goriildiigii gibi 6gretmen
adaylar1 sunulan argiimanlar1 degerlendirirken genellikle dayanak noktalarina odaklandiklari
gorilmiistiir. Bunun yani sira, 68retmen adaylarinin sunulan argiimanlarin neden ikna edici
oldugunu agiklarken digsal faktorlere (sunum modlar1) odaklanma egiliminde olduklar1 da

fark edilmistir.

Tablo 5. Ogretmen adaylarimin argiiman degerlendirme siireclerinin simiflandirilmasi

M.L1 M.I.2 M.L3 M.L.4
Al A2 A3 Al A2 A3 Al A2 A3 Al A2 A3
Sunum Aslt Nurgiil Ash Ash Aslt Asl Nurgiil Ash
Modlari Nurgiil Nurgiil
Seyma Seyma
Sinif Nurgiil Seyma Nurgiil
Toplulugu
Dayanak  Nurgiil Ash Asli Nurgiill Nurgiil Nurgiil Ash Asli Ash Ash
Noktalari1 Seyma Seyma Seyma Seyma Seyma Seyma Seyma Nurgiil Nurgiil
Seyma Seyma
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Matematiksel ifade 1 i¢in sunulan argiiman 1’1 degerlendirirken Nurgiil: “Kabul
edebilir miyim? Ama hocalarimiz bu sekilde istemeyebilir”, “Tiimevarim, tiimdengelim,
tersini kabul etme... neydi o aksini kabul edersek olur gibi” ifadeler kullanarak digsal bir
otoriteye gore argiimanlar1 degerlendirme egiliminde oldugunu gdostermistir. Ancak
Nurgiil’in ayn1 zamanda: “Bence ispatta her sey i¢in sagladigindan emin olmak gerekir ve
yani ispat genel olmalidir” diye belirterek argiiman degerlendirme asamasinda ispatin tiim
sayilar i¢in gecerli olma, genel kabul gérme Ozelliklerini Olgiit olarak kullandigi
goriilmektedir. Bu nedenle, Nurgiil’iin bu degerlendirmesi bu argiiman i¢in dayanak noktalar1
olarak siniflandirilmistir. Benzer sekilde, Seyma argiiman 1 igin: “ispatin sartlari biitiin sayilar
ya da terimler i¢in dogru sonug vermeli”, “n herhangi bir say1 olacagi igin ve biitiin 6nermeler

icin dogru oldugundan ispat dogrudur” seklinde ifadelerde bulunarak, argiiman degerlendirme

stirecinde dayanak noktalarina odaklandigin1 gostermistir.

Matematiksel ifade 1 i¢in sunulan argiiman 2’yi degerlendirirken Asli, “Biz derste
isledigimizde ornekle ispat olmaz diyor hocalarimiz, bu nedenle 6rnekleri ispat olarak kabul
edemeyiz” ifadesini kullanmistir. Asli, 6rnek kullanimina dayali bir argiimanin matematikte
gegerli bir yontem sayilamayacagini, bu ylizden bu arglimanin bir ispat olarak kabul
edilemeyecegini belirtmistir. Asli 6rnek kullanimimin matematiksel ispat i¢in gecerli bir yol
olmayacagimi belirtse de neden gecerli bir yol sayilamayacagimi digsal bir otoriteye
dayandirarak (O0rnekle ispat olmaz diyor hocalarimiz) agiklamasi dikkat c¢ekmektedir.
Matematiksel ifade 2 i¢in sunulan argliman 3 i¢in ise Asli: “} sembolii ¢ok giizel olmus kabul
etmesi daha kolay genelleme ic¢in” gibi ifadeler kullanarak digsal sebepleri (matematiksel
sembollerin kullanimi) bir degerlendirme 6lgiitli olarak kullandigini belirtmistir. Bu nedenle

Asli’nin degerlendirme siirecinde 6l¢iit olarak sunum modu kullanildig goriilmiistiir.

Ornek kullanimma dayali deneysel argiimanlar1 degerlendiren dgretmen adaylarinin,
bu argiimanlar1 genellikle bir ispat olarak degerlendirmedigi goriilmiistiir. Ornegin, Seyma
matematiksel ifade 3 icin sunulan argiiman 1’i degerlendirirken: “Ornek vererek yapilmig
ispat tiim sayilar i¢in kabul edilemez, bu nedenle ispat olarak kabul edemeyiz” ifadesini
kullanmas1 ve matematiksel ifade 4 i¢in Nurgiil’iin argiiman 2’yi genelleme yapilamayacagi
icin eksik ispat olarak tanimlamasi bu bulguyu desteklemektedir. Aday 6gretmenler ispatin
genellenebilir olma 6zelligini, verilen arglimanlar inceleyip analiz ederken ispati olusturan

en 6nemli adimlardan biri olarak nitelendirdikleri gorilmiistiir.
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Tartisma ve Sonug¢

Bir devlet iiniversitesinde egitim goren ii¢ matematik 6gretmen aday1 ve bir devlet okulunda
caligmakta olan {i¢ matematik 6gretmeninin argiiman olusturma ve degerlendirme siireglerinin
incelendigi bu calismada, Ogretmenlerin ve aday Ogretmenlerin sunulan ifadelerin
dogrulugunu/yanhisligini irdeleyip degerlendirmelerini argliman olusturarak
destekleyebildikleri goriilmiistiir. Katilimcilarin sunulan matematiksel ifadeler i¢in genellikle
matematiksel tanimlar ve cebirsel ifadeleri kullanarak argiiman olusturma egiliminde
olduklar1 dikkat ¢ekmistir. Katilimcilar ¢ogunlukla genel bir argliman olusturma egilimi
gosterseler de argiiman olusturmakta zorlandiklar1 ve argiimanlarini tamamlayamadiklari
durumlarda ¢alismanin bulgular1 arasinda yer almistir (bkz., Tablo 2 ve Tablo 4). ispat yapma
yontemlerini bilme ve dogru uygulama ile ilgili yasanan zorluklarin, 6gretmen ve 6gretmen
adaylarinin argiiman olusturma ve argiimanlarini tamamlama asamalarinda yasadiklari
zorluklarin nedenleri arasinda yer aldigi goriilmiistiir. Ornegin, 6gretmen aday1 Nurgiil’iin
timevarim yontemini kullanirken zorlanmasi ve arastirmacidan argiiman olusturma siirecinin
her adiminda onay beklemesi, 0gretmen adayinin tiimevarim yontemini uygulamaktan
kaynakli yasadigi zorlugu kanitlar niteliktedir. Zehra ise matematiksel ifade 4 i¢in argiiman
olustururken b? — 1 = (b-1). (b+1) esitligini belirtmis ve (b-1). (b+1) ifadesinin iki ¢ift
sayimin carpimi oldugunu fark edebilmistir. Ancak sonrasinda tek say1 tanimini ve sayilar
arasindaki iligkileri kullanarak (b-1). (b+1) ifadesinin 8’in bir kati oldugu sonucuna
ulagamamistir. Belirli 6rnekleri kullanarak sayilar arasinda bir oriintii bulmaya caligsa da
Zehra’nin  argiimanini tamamlayamadigi gorilmistir (bkz., Sekil 5). Douek (1999)
matematiksel argliiman olusturma siirecinde kullanilan tiim bilgileri referans govdesi
(reference corpus) olarak adlandirir. Douek’e (1999) gore referans gdvdesi "sadece referans
ifadelerini degil, ayn1 zamanda gorsel ifadeleri ve daha genel olarak, deneysel kanitlari,
sorgusuz kabul edilen ifadeleri (yani, "referans argiimanlar1" veya kisaca "referanslar")” igerir
(s. 130). Douek (1999) referans govdesinin kavramsal erisim sinirlar1 i¢inde olmadigi
durumlarda argiimanlarin tamamlanmasinin imkansiz olacagini iddia etmektedir. Bu
baglamda diisiintildiigiinde ispat yapma siirecinde referans govdesi arasinda yer almasi
gereken ispat yapma yoOntemleri, matematiksel tanimlar, iliskiler veya formiillerin
kullanimindan kaynakli yasanan tiim zorluklarin katilimcilarin argiimanlarini tamamlamasina

bir engel teskil ettigi goriilmiistiir.

Caligmaya katilan Ogretmen ve Ogretmen adaylarmin argiiman olusturmakta

zorlandiklar1 durumlarda 6rnek kullanma egiliminde olduklar1 fark edilmistir. Ornegin,
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matematiksel ifade 4 i¢in Deniz, tek say1 tanimini ve cebirsel ifadeleri kullanarak bir argiiman

gelistirmeye ¢alismig ancak argiimanini tamamlamakta zorlanmistir. Bu durumda Deniz’in,
belirli 6rnekler kullanarak ifadenin dogrulugunu kanitlamaya ¢alistig1 gézlemlenmistir (bkz.,
Sekil 4). Ayn1 sekilde 6gretmen adayr Asli, matematiksel ifade 4 i¢in cebirsel ifadeleri
kullanarak bir argiiman olusturmaya ¢alismis ancak olusturdugu argiimani tamamlamakta
zorlandigr ve deneysel diizeyde bir argiiman olusturdugu gozlenmistir (bkz., Sekil 10).
Matematik egitimcileri Ogrencilerin gerekgelendirme standartlarinin  niteliksel olarak
matematikcilerinkine benzer olmasi gerektigini ve 6grencilerin matematiksel ifadelerin
dogrulugunu gostermek igin gecerli yontemler kullanmasi gerektigini belirtmektedirler
(Weber, Inglis ve Mejia-Ramos, 2014). Bunu saglamanin bir yolu siiphesiz 6gretmenlerin ve
Ogretmen adaylarinin matematikgiler tarafindan kullanilan gegerli ispat yollar1 hakkinda bilgi
sahibi olmasidir. Katilimeilarin sunulan matematiksel ifadeleri ispatlarken genel bir argiiman
olusturmakta basarisiz olduklar1 durumlarda deneysel argiiman olusturma egilimleri bu

baglamda diisiiniildiigiinde yetersiz goriilmektedir.

Katilimcilarin - matematiksel ifadelerin dogrulugunu kanitlamak ic¢in argliman
olusturmada zorlanmalarinin yani sira yer yer dissal bir otoriteye giivenme egiliminde
olduklar1 da gériilmiistiir. Ozellikle 6gretmen adaylarinin daha fazla otoriteye giiven duyma
egiliminde olmalar1 dikkat ¢ekmistir. Ornegin Seyma’nin matematiksel ifade 3 icin “...ezber
olarak yapiyoruz”, “Aliskanliklar, biz boyle 6grendik”, *“...ne dershanede ne okulda neden 3
katt  oldugunu sorgulamadik. Hocalarima giiveniyordum, neden oldugunu hig
aragtirmadim...” gibi ifadeler kullanmasi, otoriteye basvurma ve giivenme egilimini gosterir
niteliktedir. Okumus ve Zeybek Simsek (2021) kural temelli diisiinme yapisinin dgretmen
adaylar1 arasinda yaygin oldugunu ve ogretmen adaylarmin Ogrendikleri kurallar
sorgulamadan dogru olarak kabul etme egiliminde olduklarini belirtmislerdir. Matematik
siiflarinda ve ders kitaplarinda matematiksel kurallar, formiiller ve 6zelliklerin genellikle
hazir olarak sunulmasi ve 6grencilerin bu kurallar1 kabul etmesinin beklenmesi (Weiss ve
Herbst, 2015) bunun nedenleri arasinda sayilabilir. Matematiksel kural, formiil ve 6zelliklerin
sorgulanmadan kabul edilmesini dngdren bu tiir uygulamalar yerine, matematiksel kural ve
formiillerin gegerliliklerinin sorgulandig1 ve ispatlandigi sinif ortamlarinin olusturulmasi

kural temelli diistinme yapisinin giderilmesinde 6nemli goriilmektedir.

Ogretmen adaylarinin  argiiman olusturma siirecinde digsal otoriteye (&,
matematiksel formiiller, matematiksel yontemler) giiven duyma egilimleri argliman

degerlendirme siirecinde de ortaya ¢ikmustir. Ogretmen adaylarinin sunulan argiimanlari
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degerlendirirken digsal faktorlerden (6rn., matematiksel semboller) etkilendikleri

goriilmiistiir. Ornegin, matematiksel ifade 2 i¢in sunulan argiiman 3’ii degerlendirirken Asli:
“Y" sembolii cok giizel olmus kabul etmesi daha kolay genelleme i¢in” gibi ifadeler kullanarak
dissal sebepleri (sunum modlar1) bir degerlendirme o6lgiitii olarak kullandigini belirtmistir.
Harel ve Rabin (2010) digsal ispat semasinin her smif seviyesindeki 6grenciler arasinda
yaygin oldugu belirtmis ve smif i¢i uygulamalarin bunun bir sebebi olabilecegini iddia
etmislerdir. Ogretmen ve dgretmen adaylarmin argiiman degerlendirme siirecinde yiizeysel
faktorlere (Orn., argiimanda kullanilan yontem, matematiksel semboller) odaklandiklarini
gosteren bu bulgular, katilimcilarin simif i¢i uygulamalarinda benzer bir yaklasim
izleyecekleri anlami tagiyabilir. Ogretim programlarinda yer alan; “dgrenciler sunulan
aciklamalar1 kabul etmek icin yliksek standartlar gelistirmelidir” ve 6grenciler “sunulan bu
aciklamalari irdelemeli, formiile etmeli ve elestirmelidir ki sinif bir arastirma toplulugu haline
gelsin” (NCTM, 2000; s. 346) ifadeleri sinif i¢inde sunulan argiimanlarin titizlikle
incelenmesi gerektiginin dnemini vurgulamaktadirlar. Ogrencilerin NCTM’in belirttigi bu
hedeflere ulasabilmesi icin, Oncelikle, Ogretmenlerin matematiksel argiimanlari
elestirebilmesi ve bu arglimanlarda kullanilan muhakeme tiiriinii ayirt edebilmesi

beklenmelidir.

Calismaya katilan 6gretmen ve 6gretmen adaylar1 sunulan argiimanlar1 degerlendirme
siirecinde genellikle analitik diizeydeki argiimanlari daha ikna edici bulsalarda, 6rnek
kullanimina dayal1 argiimanlarin sinif ortaminda kullanigh oldugunu savunmuslardir. Knuth
(2002b) matematik 6gretmenlerinin deneysel arglimanlarin sinirliliklarini bilmelerine ragmen
ogrencilere uygun oldugunu diisiindiikleri i¢in ispat olarak kabul ettiklerini belirtmistir.
Martin ve Harel (1989) ise matematiksel bir ifadenin gegerliligi belirli birka¢ 6rnek ile
kanitlayan bir O6gretmenin sinifinda bulunan Ogrencilerin deneysel arglimanlarin ispat
oldugunu diistindiigiinii kanitlamistir. Bu yoniiyle ele alindiginda, 6gretmen ve 6gretmen
adaylarmin deneysel argiimanlarin smif iginde kullanimlarinda smirliliklarmin farkinda

olmalar gerekliligi ortaya ¢ikmaktadir.

Calismaya katilan Ogretmen ve Ogretmen adaylarinin argiiman olusturma ve
arglimanlarin1 tamamlama siirecinde yasadiklar1 zorluklar1 gosteren tiim bu bulgular 6gretmen
ve Ogretmen adaylarimin matematiksel ispat olusturma ve matematiksel argiimanlari
degerlendirmeye yonelik daha fazla deneyime sahip olmasi gerektigini vurgulamaktadir.
Ogretim programlarinin (8rn., CCSSI, 2010; NCTM, 2000; MEB, 2018) matematiksel

ispatlarin anaokulundan lise son sinifa kadar matematik derslerinin vazgecilmez bir parcast
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olmas1 yoniindeki tiim bu Onerilerinin hayata gegirilmesinin tek yolu sliphesiz 6gretmenlerin

bu Onerileri uygulamaya hazir olmasi ile miimkiindiir. Bunu saglamak i¢in lisans egitimi
stirecinde ve sonrasinda hizmet i¢i egitimler ile 6gretmenlerin matematiksel ispatlara yonelik

deneyimlerinin artirilmasi 6nemli goriilmektedir.

Etik Kurul izin Bilgisi: Bu calismanin verileri 2019 yilinda toplannustir.

Yazar Cikar Catismasi Bilgisi: Yazarlar ¢ikar catismast olmadigini beyan etmektedir.
Yazar Katkisi: Yazarlar calismaya esit oranda katki saglamistir
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Ekler

EKk 1: Matematiksel ifadeler Formu

1. “Herhangi ardisik 3 tamsayinin toplami1 ortadaki sayimin 3 katina esittir.” matematiksel
ifadesi dogru mu? Yanlis mi1? Cevabinizi kanitlayimz. (Aylar, 2014).

2. “l+3+5+..+(2n—1)=n.n=n?“matematiksel ifadesi dogru mu? Yanlis mi? Cevabimz
kamtlaymiz. (Giiler ve Ekmekci, 2016).

3. “Bir tam saymin rakamlari toplam 3 ile boliiniirse, bu rakam 3 ile bdliinebilir.”
Matematiksel ifadesi dogru mu? Yanlis m1? Cevabinizi kanitlayiniz. (Contay, 2017).

4. “btek dogal say1ise 8, b2 — 1'i boler” matematiksel ifadesi dogru mu? Yanls mi?

Cevabinizi kanitlaymiz. (Contay ve Paksu, 2018).

Ek 2: Matematiksel ifade 1 icin Sunulan Argiiman Temsilleri

Argiiman 1:

Ifadenin dogrulugunu Merve su sekilde gdstermistir: n-1, n ve (n+1) ii¢ ardisik say1 olsun.

n-1+ n +(n+1)=3n ise, ii¢ saymin toplami ortadaki n sayisinin 3 katidir. Bu yiizden ifade dogrudur.
Argiiman 2:

Ifadenin dogrulugunu Belma su sekilde gostermistir:

Belma’nin cevabi

Bence dogru; dnce 2, 3 ve 4 sayilarini alalim.
2+3+4=9

9=3.3

Yani ortadaki sayinin 3 kati.

Sonra 21, 22 ve 23 sayilarini alalim.
21+22+23=66

66=322

Yine ortadaki sayinin 3 katina ulagtim.

Daha bilylik sayilar denedigimde ise,

101 +102 + 103 = 306

306=3.102

U ayri deneme yaptim ticiinde de dodru cikti, bu nedenle ifade dogrudur.

(Aylar, (2014)’den alintilanmastir).

Argiiman 3:

[fadenin dogrulugunu Cem su sekilde gostermistir:
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Sekil 1

dhediig

Sekil 2

IRRRRE

Sekil 3

TTIL1]
I
ITIIL]

Sekil 2’deki gibi en yiiksek siitundaki noktay1 en kisa siituna hareket ettirerek her siitundaki nokta

sayilarini esitledim. O halde 3 siitundaki toplam nokta sayis1 ortadaki siitunun 3 katina esittir.

(Miyazaki (2000)’den uyarlanmistir).
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Introduction

Mathematical reasoning and proof have been emphasized as one of the most important goals
for mathematics education at all grade levels (National Ministry of Education [MEB], 2018;
National Council of Mathematics Teachers [NCTM], 2000). The importance of proof stems
not only from the fact that it forms the basis for comprehending mathematical concepts, but it
also stems from the fact that it is an essential tool for comprehending the structure of
mathematics as a discipline and mathematical communication (Knuth, 2002b). The emphasis
on the concept of proof in school mathematics raises the debate about whether the concept of
proof should be integrated as an important component of mathematics classes at all grade
levels from early elementary to high school (CCSSI, 2010; NCTM, 2000).

The importance of developing high-level skills such as reasoning abstractly,
constructing conjectures and arguments, critical thinking, analyzing arguments has been
emphasized in the mathematics curriculum (CCSSI, 2010; MEB, 2018; NCTM, 2000). In the
widely accepted mathematics standards in the United States—The Common Core State
Standards for Mathematics [CCSSI], 2010—the importance of mathematical reasoning and
proof for all students from kindergarten to high school is emphasized in the 'Standards for
Mathematical Practice’ by echoing the importance of (a) reasoning abstractly and
quantitatively, (b) constructing viable arguments and critiquing the reasoning of others, and
(c) attending to precision (p. 6-8). These standards suggest that reasoning and proof activities
should not only be planned as stand-alone activities; instead, they should be incorporated as

an indispensable part of students’ daily mathematical experiences at all grade levels.

Knuth (2002a) argues that these suggestions for making mathematical proofs an
important component of students' daily mathematical experiences at every grade level increase
mathematics teachers' expectations and responsibilities. Teachers’ and prospective teachers’
conceptions of proof undoubtedly constitute an essential factor affecting how and to what
extent mathematics teachers would apply these suggestions. For example, Martin and Harel
(1989) argue that the students in the classrooms of teachers who think that empirical
arguments could be considered a valid way to prove a mathematical statement might show
similar thinking habits. Considering the suggestions that mathematical proofs should be an
essential part of mathematics classrooms from earlier grade levels, it becomes important to
examine mathematics teachers' argument construction and evaluation processes. Accordingly,
this study focuses on the argumentation construction and evaluation processes of middle

school mathematics teachers and prospective teachers.
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When the relevant literature is examined, it is seen that teachers and prospective

teachers have various difficulties in proving (see Simon and Blume, 1996; Stylianides and
Stylianides, 2009; Zeybek-Simsek, 2020). It could be argued that these difficulties usually
arise from understanding the mathematical concepts, comprehending and applying the logical
structure of the proof, or using the mathematical language correctly (see Epp, 2003; Zeybek-
Simsek, 2020). Stylianides and Stylianides (2009) states that studies on mathematical proofs
generally focus only on learners' argument construction processes or only on the processes of
evaluating arguments constructed by researchers. However, considering that argument
construction and evaluation processes involve different cognitive levels, it is thought that
considering these processes separately might reveal different pictures about learners'
perceptions of proof. Stylianides and Stylianides (2009) claim that examining the argument
construction and evaluation processes together will provide the opportunity to make more
accurate interpretations of learners' levels of proof. In line with this suggestion, this study aims
to examine the ability of mathematics teachers and prospective teachers to evaluate the

presented arguments and their level of argument construction.
The following research problems guided the study:

1. At what level do the mathematics teachers construct the arguments to justify the
truth/falsity of the presented mathematical statements?
a. What are the criteria for evaluating the arguments presented by mathematics
teachers?
2. At what level are the prospective mathematics teachers' arguments to justify the
truth/falsity of the presented mathematical statements?
a. What are the criteria for evaluating the presented arguments by prospective
mathematics teachers?

Definitions of Mathematical Proof

The realization of the role changes between deductive (logical) and inductive (experimental)
reasoning and that both reasoning serves as an important tool in the development of
mathematical thinking ability played an important role in the development of the concept of
proof (Harel & Sowder, 2007). Suggestions that proof should be at the center of mathematics
classrooms at all grade levels (CCSSI, 2010; MEB, 2018; NCTM, 2000) have led mathematics
educators to examine the role/mission of proof in school mathematics and to define the
concept of proof from a holistic perspective (see Balacheff, 1988; Stylianides, 2007). When

the relevant literature is examined, it could be concluded that the definitions of the concept of
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proof focus on different dimensions of the concept (formal dimension and sociocultural

dimension). According to Dede and Karakus (2014), the formal dimension of a mathematical
proof deals mostly with the foundations used in the verification process of a mathematical
statement such as the definitions, the propositions, rules, the justifications of which has been
proven beforehand, or the premises such as postulate and axiom that do not require proof. The
social and cultural dimension of the proof, on the other hand, consists of the processes,
procedures, and methods used for the validity of the proof (Dede & Karakus, 2014). Thus,
when examining the definitions of mathematical proof, both the formal dimension of the proof

and the socio-cultural dimension should be taken into consideration.

NCTM (2000) defines proof as “arguments that contain the conclusion carefully
deduced from the hypotheses” (p.55) in general. Bell proposes another definition that
highlights the formal dimension of proof. Bell (1976) defines proof as “a directed tree of
statements, connected by implications, whose endpoint is the conclusion and whose starting
points are either in the data or are generally agreed facts or principles” (p. 26). According to
Yildirim (2000), the proof is “is a reasoning process, which we can call logical judgment, to
reach the necessary conclusion through the rules of logical inference of some premises
(postulates or propositions whose proof has been given) that are considered to be true” (p.51).
While these definitions focus solely on the proving process that uses a mathematically valid
way, they ignore the basic elements of mathematical proofs and especially the social elements
in the stage of proving (Bieda, 2010). Simon and Blume (1996) argue that the expression of
“proof is based on statements and principles that are known, proven or accepted” in the
definitions which underline the formal aspect of proof should be changed with the expression
of “proof is an argument that is built on knowledge accepted by the community, is considered
logical by the community, and consists of ideas that agree with previously accepted
knowledge by community” (p. 6). Similarly, Stylianides (2007) defines proof as “a
mathematical argument, a connected sequence of assertions for or against a mathematical

claim, with the following characteristics:

1. It uses statements accepted by the classroom community (set of accepted statements)
that are true and available without further justification;
2. It employs forms of reasoning (modes of argumentation) that are valid and known to

or within the conceptual reach of the classroom community; and
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3. Itis communicated with forms of expression (modes of argument representation) that

are appropriate and known to, or within the conceptual reach of the classroom
community ” (p.291).

It is thought that the definition proposed by Stylianides (2007) would be useful in
examining the evaluation processes of the participants' arguments. In this definition, the proof
is not limited to formal proofs; rather, the characteristics of the classroom community and the
conceptual access limits of the learners are considered. A similar approach is followed in this
study, which deals with how teachers and prospective teachers justify whether the presented
mathematical statements are true. For this reason, all kinds of justifications presented by the
participants in the study to demonstrate the correctness of mathematical statements are
referred to as mathematical arguments instead of mathematical proofs.

Proof Schemes

According to Harel and Sowder (1998), proof schema focuses on the methods of proving and
includes all cognitive processes used while constructing a proof. In this respect, proof schemes
include all cognitive processes that an individual employs to prove mathematical statements'
truth (or falsity). Proof schemes, which include all the mathematical thinking processes that
an individual uses to persuade himself or others, also show the preferences made by the

individual during the proof process (Harel & Sowder, 1998; 2007).

In the relevant literature, the approaches of individuals in the process of proving are
generally categorized into two main categories as empirical (example based) and deductive
(formal proof) (Bell, 1976; Van Dormolen, 1977). For example, Bell (1976) classifies the
approaches in the proving process into two main classes: experimental and deductive
justification. According to Bell (1976), while the accuracy of the claim is ensured by checking
a few examples in empirical justification, logical inferences are used in deductive justification.
It could be said that Van Dormolen (1977) proposes a similar classification. Along with the
studies that classify learners’ proof construction characteristics mainly into two categories,
there are also studies in which these categories are further detailed more comprehensively by
dividing them into subcategories. For example, while Balacheff (1988) proposes two main
classes as pragmatic and conceptual proof, he later classifies the pragmatic proof scheme into
three subgroups. Balacheff (1988), who examined the students' use of examples and their
purposes more comprehensively, classifies pragmatic proofs into three subgroups: naive
empiricism, critical experimentation, and generic example. Balacheff (1988) customizes its

conceptual proof as a thought experiment. Similarly, Harel and Sowder (1998; 2007) classify
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the character of individuals’ proving process at three main levels as external, empirical, and

analytical.

Table 1. Proof Schemes and Subcategories

External Proof Scheme Empirical Proof Scheme Analytical Proof Scheme
Authoritarian Inductive Transformational
Symbolic Perceptual Axiomatic

Ritual

While individuals generally depend on external sources (e.g., textbook, teacher) in their
argument construction process at the external proof scheme, they usually tend to reach general
judgments from specific examples at the practical level. On the other hand, at the level of
analytical proof, individuals construct their arguments through logical inferences. These
categories proposed by Harel and Sowder (1998) could be summarized in Table 1.

Harel and Sowder (2007) emphasize that the external proof scheme is common among
students by stating that “...in the eyes of the students, the proof should have a certain
appearance determined by the teachers...” (p. 822). Harel and Rabin (2010) also document
that thinking based on authority (external proof scheme) is common among university
students. Considering that the external proof scheme could be common among the participants
of this study, the proof taxonomy introduced by Harel and Sowder (1998; 2007), in which the
external proof scheme was comprehensively discussed, was adopted as the conceptual
framework for the study. The proof schemes in Table 1 served as a guide in designing the data
collection tools and in the analysis of the arguments constructed by the participants. The next
section will explain more detailed information about how these categories in Table 1 were

employed.
Method
Research Design

This study, which aimed to investigate the argument construction and evaluation processes of
mathematics teachers and prospective mathematics teachers, was designed as a qualitative
research study. A case study, one of the qualitative research methods, was designed to

understand how the participants construct and evaluate mathematical arguments. According
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to Creswell (2007), a case study is a qualitative research approach in which the researcher's

opinions are determined by making a detailed analysis of the event or events with more than
one data collection tool such as observation, interview, reports. The recommendations of
making mathematical proofs an indispensable part of mathematics lessons at all grade levels
constitute why we determine our case as mathematics teachers and future mathematics
teachers since we believe that they are at the center of these recommendations. Although it
was not one of our purposes to compare these two groups examining both groups that were at

the target of these recommendations was thought important to examine.
Participants

The participants consisted of three mathematics teachers (Deniz, Zehra & Merve?) working in
middle schools located in the Black Sea Region and three prospective mathematics teachers
(Nurgiil, Asli & Seyma) who were in their third year of a teacher education program at a state
university located in the same region. Participants were selected using the convenience
sampling method. According to Singleton and Straits (2005), convenience sampling is
expressed as the researcher taking a sufficient number of members from the group to have

access easily and determining them as a sample.

All mathematics teachers participating in the study were female, and their years of
teaching experiences varied between 2-10 years. Deniz had 10 years of teaching experience,
Zehra had 2 years of teaching experience, and Merve had 5 years of teaching experience by
the time the data was collected. Having different years of teaching experience and
volunteering to participate in the study consisted of some of the mathematics teachers'
selection criteria. All prospective mathematics teachers participating in the study were also
female, and they were all juniors by the time the data was collected. The fact that the
prospective teachers had completed most of their education courses and that they had not yet
completed the teaching practice courses consisted of some of the selection criteria of the
prospective teachers. Since the study aimed to examine the argument construction and
evaluation processes of the participants, the fact that the prospective teachers had completed
most of their courses was thought to increase the richness of the data collected. Knuth (2002b)
stated that although mathematics teachers knew the limitations of empirical arguments, they
accepted them as proofs since they believed such arguments might be more suitable for

students. Considering this context, the prospective teachers had not yet completed the teaching

! All names used in the study are pseudonyms
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practice courses was thought important considering the possibility of evaluating the presented

arguments according to their criteria rather than looking from the student perspective. The
willingness of the prospective teachers to participate in the study constituted another selection

criterion.
Data Collection Tools and Data Collection Process

Given that the study aimed to analyze the argument construction and evaluation processes of
mathematics teachers and prospective teachers, the Mathematical Statements Form, which
included four mathematical statements, and the Argument Representations Form, which
consisted of three arguments prepared for each statement in the form of the mathematical
statement, were used as data collection tools. In order to collect the data, semi-structured
individual interviews lasting 45-60 minutes were conducted with the participants, and all
interviews were video recorded. One of the authors conducted individual interviews in an
empty classroom environment. During the individual interviews, the participants were first
asked to evaluate each mathematical statement in the form of the mathematical statement and
to decide whether the statement was true (or false). During the interview, “How did you come
to this conclusion?” “Why do you think this statement is true?” or “Can you explain how you
decided?” were implemented as probing questions. The participants were given sufficient time
to construct their arguments for the statements. Then, three arguments at various levels in the
argument representations form were presented to the participants one by one and they were
expected to evaluate these arguments. In this process, the probing questions such as: “Is this
argument convincing?”, “Does this argument constitute a proof?”, “How did you decide?”
were implemented to get the participants to provide more detailed explanations of their
thoughts.

Mathematical statements forms.

Four mathematical statements were used in the form of the mathematical statement (see
Appendix 1). Mathematical statements in this form were presented to the teachers and
prospective teachers one by one, and the participants were asked to justify the truth/falsity of
each statement presented. The relevant literature was used while preparing the mathematical
statements in the form (Aylar, 2014; Contay, 2017; Contay & Paksu, 2018; Giiler & Ekmekei,
2016). It was aimed to ensure that the mathematical statements were within the conceptual

reach of the participants.
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Argument representations form.

In argument representations form, three different arguments for each statement in the form of
the mathematical statement, 12 arguments in total, were used. This form was designed to
describe the argument evaluation processes of teachers and prospective teachers and
understand the criteria for what constitutes a mathematical proof for the participants. The
participants were asked to decide which of the arguments presented in this form constituted a
mathematical proof and to explain their reasons. Arguments in this form were designed as
arguments with different characteristics such as algebraic, axiomatic, visual, generic
examples, or example-based (empirical) arguments. For example, while argument 1 used for
mathematical statement 1, was an algebraic argument representation based on the use of
algebraic expressions, argument 2 was used as an empirical argument representation since it
was based on a few examples. On the other hand, argument 3 used for the same statement was
a generic example argument. While preparing the arguments in the argument, representations
from the relevant literature was again used to guide this process (e.g., Aylar, 2014; Miyazaki,
2000). The arguments in the argument representations form designed for mathematical

statement 1 are displayed in Appendix 2.
Data Analysis Process

The data analysis process occurred in three steps. In the first step, the data obtained from the
interview records were transcribed separately for each participant. In the second step, the
responses given by the participants to each of the statements in the form of the mathematical
statement were analyzed. How the participants justified the statements in the form of the
mathematical statement was analyzed individually by the researchers first. In this process, the
descriptive analysis method was applied. Buyukozturk et al. (2011) defined descriptive
analysis as classifying the obtained information based on existing codes. Table 1 was used as
external codes in the descriptive analysis process. This process aimed to examine the reasons
underlying the arguments constructed by the participants in-depth. If the arguments were
based on a sense of trust in an external authority, these arguments were classified as external
arguments, while if there was an effort to generalize from a few specific cases; these
arguments were classified as empirical arguments. If logical inferences and a tendency to
justify for all cases in the statement domain were indeed employed in the argument, these
types were classified as analytical arguments. The researchers came together to compare their

classifications, and this process continued until a full agreement was achieved.
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The process of evaluating the arguments of the participants in the form of argument

representations was analyzed at the last step. As in the second step, the researchers first
analyzed the data individually and then compared their analyses. In this process, the criteria
for evaluating the participants' arguments were examined based on the definition of proof
proposed by Stylianides (2007). In this process, it was examined which criteria the participants
focused on while evaluating the arguments. These criteria were determined as “modes of
representation”, “characteristics of the classroom community,” or “foundation,” as stated in
the definition. For example, if the participant found the presented argument convincing only
because of the external features (e.g., the method used such as proof by induction or the
mathematical symbols used in the argument), this response was classified as " modes of
representation™. However, if the participant stated that the method, definition, or statements
used in the presented argument were correct and valid for the entire set covered by the
presented argument, this response was classified as "foundation™. Similarly, the responses
were classified as “classroom community” if they focused on criteria such as the
appropriateness of the presented arguments for the students or whether the arguments would

be convincing for the students.
Findings

This study aimed to investigate the proof construction and evaluation processes of
mathematics teachers and prospective teachers and the difficulties they experienced during
this process. Through mathematical statements and argument representation forms, the
participants’ processes of evaluating the truth/falsity of presented mathematical statements,
justifying their decisions, and constructing arguments, as well as evaluating the presented
arguments were examined. In this section, the teachers' findings and the prospective teachers'

findings will be presented separately.

Findings Regarding Argument Construction and Evaluation Processes of Mathematics

Teachers

In this section, the findings regarding the mathematics teachers’ (Deniz-Zehra-Merve)
responses to the mathematical statements form and their argument construction processes will
be shared first. Afterward, the findings of mathematics teachers' argument evaluation

processes will be shared.
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Findings regarding the mathematical statements form.

All findings gathered from the mathematical statements form are presented cumulatively in
Table 2.

Table 2. Classification of teachers' arguments for mathematical statements

M.S.1 M.S.2 M.S.3 M.S.4
No Argument Merve Zehra
External
Argument
Empirical Deniz Deniz-Zehra Deniz
Argument
Analytical Deniz-Zehra- Zehra Merve Merve
Argument Merve

Note: Mathematical statements are expressed as M.S.1, M.S.2, M.S.3, M.S.4.

It was seen that the mathematics teachers participating in the study were able to decide on the
truth/falsity of the presented mathematical statements in general, and they could construct an
argument to justify their decision. However, it was also among the findings that two teachers
(Merve and Zehra) had difficulties in constructing arguments for two statements
(Mathematical Statement 2 and Mathematical Statement 4) in the mathematical statements
form. In addition, it was recognized that some prospective teachers constructed arguments that

were coded at an empirical level to justify the presented statements.

For mathematical statement 1, it was documented that all the teachers participating in
the study constructed a valid logical argument for all numbers. A representation of this

situation is displayed in Figure 1.
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Figure 1. Analytical Argument Representation by Merve
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As seen in Figure 1, Merve constructed a valid argument for all integers by using mathematical

concepts and processes such as consecutive number definition and distributive property. For
this reason, this argument that Merve constructed for mathematical statement 1 was classified

as an analytical argument.

Figure 2. Empirical Argument Representation by Deniz

For mathematical statement 2, Deniz tried to construct an argument by using specific
examples. As shown in Figure 2, Deniz first stated that the sum of two consecutive odd
numbers (1 and 3) she chose was 4 and expressed 4 as 2 x 2. She stated that the result would
be the square of the number of the terms. Later, Deniz wrote the sum of four consecutive odd
numbers (1, 3, 5, and 7) and said that the sum of these numbers was 16 and that it again could
be expressed by multiplying the number of terms by itself. It was understood from the
expression of “I prove the statement in this way”, Deniz reached a generalization from these
two specific examples. Deniz's generalization of the statement would include all consecutive
odd numbers from these two examples, which constituted the reason why this argument was

classified as an empirical argument.

Figure 3. Analytical Argument Representation by Zehra

It was observed that Zehra attempted to construct a general argument for mathematical

statement 2 by employing algebraic expressions. Zehra wrote the sum of consecutive odd



T. Dalkilic & Z. Zeybek Simsek / Pamukkale University Journal of Education, 54, 357-384, 2022 369
numbers from 1 to 2n-1 in a row and then repeated each term from 2n-1 to 1, one under the

other (see Figure 3). She tried to justify the mathematical statement by showing that the sum
of each term was equal to 2n. Since Zehra's argument was general (it included the sum of all

consecutive odd numbers) and was logical, it was classified as an analytical argument.
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Figure 4. Empirical Argument Representation by Deniz

For mathematical statement 4, Deniz tried to construct a general argument by using
odd number definitions, algebraic expressions, and relevant mathematical operations, as
seen in Figure 4. Stating that b=2n +1 using the odd number definition, Deniz showed the
equation of b2 — 1 = 4n? + 4n + 1 — 1. Deniz put this equation in the common parenthesis
of 4n and said that the expression of 4n(n + 1) was a multiple of 4 and would be divisible
by 4. However, she did not know whether the expression was divisible by 8. Having
difficulty in concluding, Deniz stated that the expression for b=1, 3, and 5 would be equal to
0, 8, and 24, and these values would be divided by 8 without a remainder. It was observed
that Deniz had difficulty in completing her argument based on the definition of odd numbers
and algebraic expressions and then preferred the use of examples and developed another
argument. This argument based on the use of examples was classified as an empirical

argument.
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Figure 5. No Argument Representation by Zehra
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Zehra: If I do the first thing that comes to my mind (b-1). | write it as (b+1). b is an

odd number, subtracting 1 from an odd number makes an even number, and if | add 1
to an odd number, it also makes an even number. Even numbers are divisible by 2. So

since 8 is 2.2.2, it means dividing by 2 three times. It is divisible by 8.

Researcher: So, is the product of two even numbers always divisible by 8? How do
you justify that?

Zehra: Hmm, yes, it doesn't apply to all of them. For example, 2x2 becomes 4. | can't
prove it, but if I multiply even numbers such as 6.8, 10.12, or separate the number 50
like 2.25, but this time 25 is an odd number, no | can't prove it. | can't turn it into a

proof...

As seen in Figure 5 for mathematical statement 4, Zehra tried to construct an argument using
algebraic expressions but stated that she could not prove this statement because she could not
complete the argument. Therefore, Zehra's argument was coded as No Argument for this

statement.
Findings regarding the argument representations form.

The findings regarding the argument evaluations of the mathematics teachers participating in

the study are presented in Table 3.

Table 3. Classifying the processes of mathematics teachers’ evaluation of the arguments

M.S.1 M.S.2 M.S.3 M.S.4

Al A2 A3 Al A2 A3 Al A2 A3 Al A2 A3

Representation Deniz Deniz Zehra  Deniz Deniz
Modes Zehra
Merve
Classroom Deniz
Community Merve
Foundations Deniz Deniz Zehra Zehra Deniz Zehra Deniz Deniz Zehra Deniz Deniz
Zehra Zehra  Merve Zehra Merve Zehra Merve Merve Zehra Zehra
Merve Merve Merve Merve Merve Merve

Note: Arguments were stated as Al, A2, and A3. Mathematical statements were stated as M.S.1, M.S.2, M.S.3, and M.S.4.
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It was seen that the teachers who participated in the study mostly evaluated the arguments

according to the criterion of foundations. According to mathematics teachers, it was important
for an argument to be logical (using correct definitions and propositions) to be considered
proof. The participating teachers stated “the feature of being a general argument accepted by
everyone” as an essential criterion when analyzing the arguments presented. In addition, the
teachers sometimes evaluated the presented arguments according to the criteria of

“presentation modes” and “class community characteristics.”

During the individual interviews, the mathematics teachers stated that examples were
important in the learning environment, and empirical arguments might be more useful than
analytical arguments in the classroom environment. For example, by stating “examples are
more concrete for students”, “we can use examples to verify mathematical statements” for
argument 1 presented for mathematical statement 2, Deniz argued that experimental
arguments should be preferred in the classroom environment since they are appropriate for
students. For this reason, it was thought that Deniz primarily considered the characteristics of

the classroom community while evaluating the argument.

During the individual interviews, it was seen that mathematics teachers found the
mathematical symbols used in some of the arguments were convincing. For example, Deniz's
explanation for argument 3 presented for mathematical statement 2, such as “I don't need to
evaluate the argument because of the symbol Y, the argument is a proof anyway,” showed
that symbols were considered an essential part of proofs and the arguments that included such
symbols were accepted as convincing in proof. Similarly, Deniz stated that argument 3
employed the proof by induction method. Therefore the argument could be considered as
proof. Statements such as, “Because we learned the induction method at college”, “This
method [proof by induction] is one of the methods for proving” showed that Deniz considered

a mode of representation as a criterion in the argument evaluation process.

According to another study finding, mathematics teachers found the presented
mathematical arguments convincing if they looked like the arguments they constructed. For
example, while evaluating argument 1 presented for mathematical statement 1, Merve’s
statement of “It is a proof very similar to the proof I have constructed. Justified by using
variables. This is how I did it, so the argument is correct” showed that the similarities between

argument 1 and her argument were influential in her evaluation process.
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Findings Regarding Argument Construction and Evaluation Processes of Prospective

Mathematics Teachers

In this section, the findings of the prospective mathematics teachers' (Nurgiil-Asli-Seyma)
arguments for mathematical statements will be shared first. Afterward, the findings regarding

the prospective mathematics teachers' argument evaluation processes will be shared.
Findings regarding the form of the mathematical statement.

The arguments constructed by the prospective teachers and their classifications are presented
cumulatively in Table 4 below. As seen in the table, it was seen that the prospective teachers,
except for Asli, were able to construct an argument to justify the truth of the mathematical
statements. Asli, on the other hand, struggled to construct an argument for mathematical
statement 3. Another extraordinary situation was that proof by induction and the use of

algebraic expressions were the most common methods preferred by the prospective teachers.

Table 4. Classification of prospective teachers' arguments for mathematical statements

M.S.1 M.S.2 M.S.3 M.S.4
No Argument Ash
External Nurgiil-Ash Seyma
Argument
Empirical Asli
Argument
Analytical Nurgiil-Asli- Seyma Nurgiil Nurgiil-Seyma
Argument Seyma

For mathematical statement 1, Nurgiil constructed two arguments in which she used

algebraic expressions and employed the proof by induction method.
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Figure 6. The Analytical Argument Representation by Nurgiil
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In one of the arguments Nurgiil constructed, it was seen that she tried to employ the

induction method (see Figure 6). However, it was important to note here that the prospective
teacher looked for approval by using expressions such as “Am | doing it right?”, I guess we
were doing it like this” at every stage of the argument construction process and had difficulty

employing the method correctly.

Figure 7. External Argument Representation by Ash

For mathematical statement 2, Asli constructed an argument using the sum of n terms
formula, as seen in Figure 7 above. Although the prospective teacher tried to construct a
general argument, she stated expressions such as “I did it with the formula”, “I probably
couldn't prove it otherwise” during the individual interview. Additionally, she did not attempt
to justify the formula; instead, she trusted an external source such as the formula. All these

constitute why the prospective teacher's argument is classified as an external argument.

Figure 8. Analytical Argument Representation by Seyma

For mathematical statement 2, Seyma first found that the number of the terms in the given
statement was n by applying the formula and then showed the statement's truth using the sum
formula (see Figure 8). Unlike Asli, Seyma was able to construct a second argument by using
a different strategy apart from solely focusing on the formula. Seyma summed up the algebraic
expressions by writing the sum of the n terms from 1 to 2n-1 and starting from 2n-1 to 1 with
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each term one under the other. Seyma's argument was classified as an analytical argument

because she justified the given mathematical statement by showing that the sum of both terms

written under the other was 2n and the sum of the terms was n.

Figure 9. No Argument Representation by Asl

As seen in Figure 9, Asli tried to construct an argument for mathematical statement 3
using mathematical operations and concepts such as division and place value. However, Asli
stated that she could not complete her argument using expressions such as “The proof is
true, but I cannot do it” during the interview. Therefore, Asli's argument was evaluated in

“No Argument” category.

Seyma, on the other hand, showed a tendency to trust external authority by using
expressions such as “We do it by rote”, “Habits, that's how we learned”, ““I can't remember,
we didn't question why it was 3 times at schools”, “I trusted my teachers, I did not

investigate”.

Figure 10. Empirical Argument Representation by As/:

For Mathematical statement 4, Asli tried to construct a general argument using
algebraic expressions and odd number definitions. As shown in Figure 10, Asli had difficulty

concluding her argument. Asli stated that n? — n should be an even number by writing the
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expression n? — n = 2k, but she could not explain why it should be an even number. For this

reason, it was observed that he could not make a general judgment. Asli, who had difficulty
in completing her argument, developed an argument based on 3 examples (for n=3, 5, and 1)
and claimed that this argument would be sufficient. For this reason, Asli's argument was

classified as empirical.

It was recognized that prospective teachers usually attempted to construct arguments
based primarily on mathematical definitions and algebraic expressions for all statements in
the form of the mathematical statement. However, prospective teachers who had difficulty
developing these arguments for some statements (e.g., MS3, MS4) either stated that they
would not constitute proof or tended to construct arguments based on the use of examples.
The tendency of prospective teachers to trust external authority (e.g., math formulas,

university courses) was another remarkable situation during the individual interviews.
Findings regarding the form of the mathematical statement.

Table 5 displays the findings regarding evaluating the arguments presented for mathematical

statements.

Table 5. Classifying the processes of prospective teachers’ evaluation of the arguments

M.S.1 M.S.2 M.S.3 M.S.4

Al A2 A3 Al A2 A3 Al A2 A3 Al A2 A3

Representation  Ash Nurgiil Asli Asli Asli Asli Nurgiil Asli
Modes Nurgiil Nurgiil
Seyma Seyma
Classroom Nurgiill Seyma Nurgiil
Community
Foundations Nurgiil  Ash Ash Nurgiil Nurgiill Nurgil Ash Ash Ash Ash
Seyma Seyma Seyma Seyma Seyma Seyma Seyma Nurgiil Nurgiil

Seyma Seyma

As shown in Table 5, it was observed that the prospective teachers generally focused on the

criterion of the foundation while evaluating the presented arguments. They usually evaluated
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the arguments based on whether the argument was general to cover all the possible cases that

the statements were referring to. However, it was also noticed that the prospective teachers
tended to focus on external factors, which were coded as representation modes while

explaining why the presented arguments were convincing.

While evaluating the argument 1 presented for mathematical statement 1, Nurgiil
employed the expressions such as “Can | accept it? However, our teachers may not want it
that way”, “Proof by mathematical induction, deduction, proof by contradiction... whatever
it is if we accept the opposite”, which showed Nurgiil’s tendency to evaluate the arguments
according to an external authority. However, Nurgiil also stated: “I think it is necessary to
make sure that the argument should prove for everything, and that is, the proof should be
general”, which showed that she used the criterion of being a general argument in the
argument evaluation phase. Therefore, Nurgiil evaluation for this argument was classified as
a foundation. Similarly, Seyma showed that she focused on the foundation in the argument

evaluation process by stating: “the conditions of the proof should give correct results for all

numbers or terms”, “since n is any number and it is true for all propositions”.

While evaluating argument 2 presented for mathematical statement 1, Asli employed
expressions such as “In our classes, it is always mentioned that there is no proof by providing
examples, our teachers say so, therefore, we cannot accept examples as sufficient proofs”.
Using such expressions, Asli indeed argued that an argument constructed based on the use of
examples could not be considered a valid mathematics method. Although Asli argued that
using examples would not be considered a valid way for mathematical proofs, it was important
to mention that she based her argument on an external authority (i.e., our teachers say so, in
our classes it is mentioned that). For argument 3 presented for mathematical statement 2, Ash
again appealed to external reasons (the use of mathematical symbols) as an evaluation
criterion by using expressions such as “The symbol Y is very nice, it is easier to accept, for
generalization”. For this reason, it was seen that the presentation mode was used as a criterion

in Asli's evaluation process.

It was recognized that prospective teachers who evaluated experimental arguments
based on the use of examples generally did not evaluate these arguments as proofs. For
example, when Seyma evaluated argument 1 presented for the mathematical statement 3, she
stated: “Proof by giving an example is unacceptable for all numbers, so we cannot accept it as
a proof”. Similarly, Nurgiil referred the argument 2 presented for mathematical statement 4 as

incomplete proof since generalization cannot be made from it. It was observed that the
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prospective teachers described the general aspect of proofs as one of the most important steps

while examining and analyzing the given arguments.
Discussion and Conclusion

This study, in which the argument construction and evaluation processes of three prospective
mathematics teachers studying at a state university and three mathematics teachers working
at a public school were examined, documented that teachers and prospective teachers were
able to verify the truth/falsity of the presented statements and then justify their evaluations. It
was noted that the participants generally tended to construct arguments for the presented
mathematical statements by using mathematical definitions and algebraic expressions.
Although the participants mostly tended to construct a general argument, it was also among
the findings that they struggled with constructing an argument, and some of them could not
proceed to complete their arguments (see Table 2 and Table 4). During argument construction
processes, the participant teachers and prospective teachers usually experienced difficulties
from not knowing the proof methods and not applying them appropriately. For example, the
prospective teacher Nurgiil struggled with applying the induction method while constructing
her argument, and she waited for approval from the researcher at every step of the argument
construction process. Zehra, on the other hand, stated the equation of b? — 1 = (b-1). (b+1)
while she was constructing an argument for mathematical statement 4. She was able to
recognize the fact that (b-1). (b+1) was indeed the product of two even numbers. But then,
using the odd number definition and the relations between numbers, she could not conclude
that the expression (b-1). (b+1) was a multiple of 8. Although she tried to find a pattern among
the numbers using specific examples, it was seen that Zehra could not complete her argument
(see Figure 5). Douek (1999) calls all the information used in the mathematical argument
construction process the reference corpus. According to Douek (1999), the reference corpus
“contains not only reference statements, but also visual statements, and more generally,
empirical evidence, statements accepted without question (i.e., “reference arguments” or
“references”)” (p. 130). Douek (1999) argues that it will be impossible to complete arguments
if the reference corpus is not within the conceptual reach of the learner. When considered in
this context, it was seen that all the difficulties experienced due to the methods of proving,
mathematical definitions, relations, or the use of formulas, which should be among the

reference corpus in the process of proving, constitute an obstacle for the participants.

It was noticed that the teachers and teacher candidates participating in the study tend

to use examples when they struggle with constructing arguments. For example, for
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mathematical statement 4, Deniz tried to construct an argument using the odd number

definition and algebraic expressions, but she had difficulty completing her argument. In this
case, it was observed that Deniz tried to justify the truth of the statement by showing that the
statement held true for specific examples (see Figure 4). Likewise, prospective teacher Asli
tried to construct an argument for mathematical statement 4 using algebraic expressions.
However, when she could not reach a conclusion and complete the argument she attempted to
construct, it was observed that she rather constructed an argument at an empirical level (see
Figure 10). Mathematics educators state that students' justification habits should be similar to
those of mathematicians and that students should use valid methods to demonstrate the truth
of mathematical statements (Weber, Inglis, & Mejia-Ramos, 2014). One way to ensure this is
for teachers and prospective teachers to be familiar with valid proofs used by mathematicians.
In cases where participants failed to construct a general argument while proving the presented
mathematical statements, their tendency to construct experimental arguments is considered

insufficient when considered in this context.

It was observed that the participants had difficulties constructing arguments to prove
the truth of mathematical statements and tending to rely on an external authority from time to
time. It was noteworthy that teacher candidates tended to trust more on authority. For example,
for the mathematical statement 3, Seyma’s statements as “...we do it by rote”, "Habits, that's
how we learned”, “...we didn't question why she was tripled neither in the classroom nor at

2

school. | used to trust my teachers, I never investigated why...” indicated her tendency to
trust an authority. Okumus and Zeybek Simsek (2021) documented that rule-based thinking
is common among teacher candidates, and they tend to accept the rules they learn as correct
without questioning them. One of the reasons for this is that mathematical rules, formulas, and
relations are usually presented ready-to-take in mathematics classes, and textbooks and
students are expected to accept these rules without questioning (Weiss & Herbst, 2015).
Creating classroom environments where the validity of mathematical rules and formulas is
questioned and proven is considered important in eliminating the rule-based thinking
structure, instead of such practices that require the acceptance of mathematical rules, formulas,

and features without questioning.

Prospective teachers’ tendency to trust external authority (e.g., mathematical formulas,
mathematical methods) in the argument construction process also emerged in the argument
evaluation process. It was observed that prospective teachers were influenced by external

factors (e.g., mathematical symbols) while evaluating the presented arguments. For example,
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while evaluating argument 3 for mathematical expression 2, Asli stated that she used extrinsic

reasons (presentation modes) as an evaluation criterion by using expressions such as “The
symbol ) is very nice, it's easier to accept for generalization”. Harel and Rabin (2010) stated
that the external proof scheme is common among students at all grade levels and claimed that
classroom practices might be a reason for this. These findings, which show that teachers and
prospective teachers focus on external factors (e.g., the method or the mathematical symbols
used in the argument) during the argument evaluation process, might mean that they might
follow a similar approach in their classrooms. The statements such as “students must develop
high standards to accept the arguments presented” and “the students should examine,
construct, and critique these arguments so that the classroom becomes a research community”
(NCTM, 2000; p. 346) in mathematics curriculum emphasize the importance of rigorous
scrutiny of the arguments presented in the classroom. For students to reach these goals
outlined by NCTM, teachers should be expected to critique mathematical arguments and

distinguish the type of reasoning used in these arguments.

Although the teachers and prospective teachers who participated in the study generally
found the arguments at the analytical level more convincing in the argument evaluation
process, they claimed that the arguments based on examples were useful in the classroom
environment. Knuth (2002b) stated that although mathematics teachers know the limitations
of empirical arguments, they accept it as mathematical proof since they believe it is suitable
for students. On the other hand, Martin and Harel (1989) proclaimed that the students in the
classroom of a teacher who proved the validity of a mathematical statement with a few specific
examples thought that empirical arguments could be valid proofs. Considering this aspect,
teachers and prospective teachers must be aware of the limitations of using empirical

arguments in the classroom.

All these findings, which document the difficulties experienced by the teachers and
prospective teachers participating in the study in constructing and completing their arguments,
emphasize that teachers and prospective teachers should have more experience with
constructing and evaluating mathematical arguments. All these suggestions of making
mathematical proofs indispensable for mathematics lessons from kindergarten to senior high
school (e.g., CCSSI, 2010; NCTM, 2000; MEB, 2018) are only possible if teachers are ready
to implement these suggestions. In order to achieve this, it is considered important to increase
the experience of teachers with mathematical proofs during and after the teacher education

program.
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Appendices

Appendix 1: Mathematical Statements Form

1. “The sum of any three consecutive numbers is equal to three times of the number in the
middle” Is it true or false? Justify your response. (Aylar, 2014)

2. “1+3+5+...+(2n—1)=n.n=n? Is it true or false? Justify your response. (Giiler &
Ekmekci, 2016)

3. “If'the sum of the digits of a number is divisible by 3, then the number is divisible by 3.” Is
it true or false? Justify your response. (Contay, 2017)

4. “Ifbis an odd number, then b2-1 is divisible by 8” Is it true or false? Justify your response.
(Contay & Paksu, 2018)
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Appendix 2: Argument Representations for Mathematical Statement 1

Argument 1:
Merve justifies the statement as follows: Let n-1, n and (n+1) be three consecutive numbers.
If n-1+n +(n+1) =3n, then the sum is three times of the middle number n. Thus, it is true.

Argument 2:

Belma justifies the statement as follows:
Belma'nin cevabi

Bence dogru; dnce 2, 3 ve 4 sayilarini alalim.
2+3+4=9

9=3.3

Yani ortadaki sayinin 3 kati.

Sonra 21, 22 ve 23 sayllarini alalim.
21+22+23=66

66=322

Yine ortadaki sayinin 3 katina ulastim.

Daha bllylik sayilar denedigimde ise,

101 +102 + 103 = 306

306=3.102

Ug avri deneme vaptim Gciinde de dodru ciktr, bu nedenle ifade dodrudur.

(Adopted from Aylar,2014).

Argument 3:
Cem justifies the statement as follows:
E E i'. Sekil 1
7 m:"*h“i'..
>z =z = Sekil =2
E’ :.', E Sekil 3

As in Figure 2, | moved the point in the highest column to the shortest column to equalize the
number of points in each column. So, the total number of points in the 3 columns is equal to 3
times the middle column.

(Adopted from Miyazaki, 2000)



