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Abstract
In this paper, we are going to analyze the following difference equation

Xn—29
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where X_29,X_28,X_27,...,X_2,X_1,X0 € (0,00).
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1. Introduction

Difference equation is a very diverse field that is effective in almost every branch of applied mathematics. Recently, researchers
have shown great interest in studying the behavior of solutions of nonlinear difference equations. Difference equations are used
in many fields such as population biology, economics, probability theory, genetics, psychology, mathematical modeling. There
are many articles on difference equations, for example; [24]-[28]

Cinar, studied the following problem with positive initial values:

Xn—1

Xppl = ———————
T axx,

forn=0,1,2,... in [2] respectively.
Simsek et. al., studied the following problems with positive initial values,

X Xn—3
1= 57—
n+ 1+xn—1
X Xn—5
1 = ———
n+ 1+xn—27
o Xn—5
Xn+1 =

1 +Xp-1Xn—3
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forn=0,1,2,... in [5]-[7] respectively.
Elsayed studied the behavior of the solution of the following difference equation,
b _
xn+1:a-xn—l+Ma i’l:O,l,...,
CxXpdxn_2
where the initial conditions x_px_1,x( are arbitrary positive real numbers and a, b, c,d are positive constants. [15]
Devault et. al. studied the following problems

A 1
Xppl = — + ——
Xn  Xn-2
forn=0,1,2,... in [23] and showed every positive solution of the equation where A € (0,00).
Stevic et. al. studied on a product-type system of difference equations of second order solvable in closed form in [28].
Shown that the following system of difference equations

a C
Zn Wn

I+l =~ HWnrl = 57 R E No,
Wn—1 -1

where a,b,c,d € Z,z_1,29,w—_1,wg € C is solvable in closed form.

In this work, the following non-linear difference equation was studied
Xn—29

1+ X 4Xp—9Xn—14Xn—19Xn—24

(1.1)

Xn+1 =
where x_29,X_28,...,X_1,X0 € (0,00) .

2. Main Results

Let X be the unique positive equilibrium of the 1.1, then clearly,

- X —, =6
X=——"—=X+X

=x=¥=0=x=0,
1 + xxxxx

so X = 0 can be obtained. For any k > 0 and m > k notation i = k,m means i = k,k+1,....m
Theorem 2.1. Consider the difference equation 1.1. Then the following statements are true.

a) The sequences x30,—29,X30n—28, ---, X30n—1,X30n are being decreased and
ay,az,...,a29,a30 > 0
are existed in such that

Lim X305—2944 = @144, k= 0,29.

b)

6 6
[Tlimxssp-34—jusk =0, j=0,4 or [Jasesi=0, i=1,5.
=0""" k=0

c) no € N such that x,+1 < xy—24 for all n > ny, then

lim x, = 0.
n—yeo

d) The following formulas below are hold:

o
X4 X kX 144 kX — 194k X241k \m T 1 )
b)

X30n+1+k = X—29+k (1 -
X4 kX =04k X144 kX~ 194k X244k 1071 | XSi— 4 kXS0 -9+ XSi— 144k XS~ 194+kXSi 241k
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6j+1
. . (1 X4 kX9 kX 144X — 194k X—20 4k \= T 1 )
30n+6+k = A—24+k - s
X4 p X9 kX — 144k X —19+kX =244k =0 j=] 1+ X5; 41 kX5i 94 kX5i— 144 kX5i— 194 kX5i—24+k

6j+2
X4 X9 kX 144X 244k X204k \= T 1 )
b

X30n-+11+k = X—19+k (1 -
X4 p kX9 kX — 144k X —19+kX =244k =0 j=] 1+ X5; 41 kX5i 94 kX5i— 144 kX5i— 194 kX5i—24+k

6)+3
X4 X9k X194 kX244 kX290 41k \= T 1 )
b

X kX =9k X —14+KX —19+kX 24k ;=0 =] 1+ X5; 44 kX5i 94 kX5i— 144 kX5i— 194 kX5i—24+k

X30n-+16+k = X— 144k (1 -

6j+4

. . (1 X4 X 144k X 194k X241 X—294k o ¥ 1 )

30n+21+k = X—9+k - ;
Xl kX =9+ A X — 14+-k X~ 19+kX =244k ;20 =] 1+ X5; 41 kX5i 94 kX5i— 144 kX5i— 19+ kX5i 241k

6j+5
X0 kX 144k X— 194k X—24-+kX—294k o ¥ 1 )
b

X30n+26+k = X—4+k (1 -
X4 kX4 kX — 144k X—19+kX—24+k =0 i1 |+ X5i—d-1kX5i—91kXS5i— 14-4kX5i—19+kX5i—241k
Jj=0 i=1

k= 0,7 holds.

e) If X3ont14k — @14k 70,  X30n+64+k — Aok 7 0,  X30n4114k = Q114 Z 0, X30n4164k = A16+k 7 0,  X3504214k —
a4k #0, then X3oni261k — a2k =0 as n— o k=0,4.

Proof. a) Firstly, from the 1.1

Xn—29
1+ X 4Xn—9Xn—14Xn—19Xn—24

Xn+1 =

is obtained. If x,,_4Xx, 90X, 14X, 19X,_24 € (0, —|—°°), then (1 +xn,4xn,9xn,14xn,19xn,24) S ((1,+°0). Since
Xn+1 < Xn-29,
neN,

lim x30,—29+k = @14k, for k=0,29

existed formulas are obtained.
b) In view of the 1.1,

X30n-29
3
14+ TTi—0*30n—29+5k

n=230n= X30n+1 =

is obtained. If the limits are put on both sides of the above equality,

6 6
H lim x35,3445c =0 or H05k+1 =0
k=0""7"" k=0

is obtained. Similarly for n =30n+ 1, n = 30n+ 2, n = 30n+ 3 and n = 30n + 4 we can obtain x30,+2, X301+3> X30n-+4
and x30,45-
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c) If there exist ng € N such that x,,11 < x,_p4 for all n > ng, then, a1 < ag < aj; <ajg<ay <ap<a;, a<la<
ap<ap<ap<ay<a, a<ag<ap<ag<apn<ag<as, as<a9g<a<apg<ay<ag<ay as<
a0 < a5 < ax < apxs < azp < as. Using (b) we get

6 —_
Ha5k+i:Oa l:lvs
k=0

Then we see that,

lim x, = 0.
n—o0

Hence the proof of (c) completed.

d) Subtracting x,,_»9 from the left and right-hand sides in 1.1

1

L+ Xy 4Xn—9Xu—14Xn—19Xn—24

Xn+1 —Xn-29 = (x,,_4 —xn_34)

is obtained and the following formula is produced below, for n > 5

3
|
o)

1

1+ X5 4X5;9X5;14X5;—19X5; 24

=

Xsp—24 — Xsp—54 = (X1 —X_29)

3
bt

X5p—28 — X5p—53 = (X2 —X_23)

i=1 1 +Xs;_3X5;_gX5;_13X5;_18X5;—23
n—>5 1
Xsp—27 —Xsp—52 = (¥3 —x_27) [ 2.1
i=1 1 +Xs5;_2X5;_7X5;_12X5;—17X5,—22
n—>5 1
Xsn—26 — X5p—51 = (X4 —x_26) [] 1
i=1 1 +X5;_1X5;—6X5i—11X5i—16X5i—21
n—>5 1

X5p—25 — X50—-50 = (XS 7x—25) .
i=1 1+ X5;X5; 5X5; 10X5;15X5;—20

6; inserted in 2.1 by replacing n, j = 0 to j = n is obtained by summing, for k = 0,4

(=)

J 1
X30n-+14k — X—294+k = (X14k —X_294%) .
g(’),g 1+ X5; 4k X5i— 94 kX5i— 144kX5i—19-+kX5i—24+k

n

~

Also, 6+ 1 inserted in 2.1 by replacing n, j = 0 to j = n is obtained by summing, for k = 0,4

J
X30n4+6-+k — X241k = (X6-0k —X24+k) Z H

j=0 i

6j+1 1
=1 1+x5i—4+k-x5i—9+kx5i—14+kx5i—19+kx5i—24+k

Also, 642 inserted in 2.1 by replacing n, j = 0 to j = n is obtained by summing, for k = 0,4

n 6j+2 1
> 11

X30n+114+k —X—194k = (X114k —X—194%) :
20 it L XSim kX Si— 0 kX Si— 14k X 5i— 19k XS5i—24-+k

Also, 6+ 3 inserted in 2.1 by replacing n, j = 0 to j = n is obtained by summing, for k = 0,4



X35n4+16+k — X—14+k = (X16:4k — X—14+k) Z H 1
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1

14X -4 X0 —9Xn—14Xn—19Xn—24

720 =1 L XS4k XS94k X5i— 14+kX5i—19+kX5i—24+k

Also, 6 +4 inserted in 2.1 by replacing n, j = 0 to j = n is obtained by summing, for k = 0,4

6j+4
X30n+21+k — X—9+k = (X214+k —X-94%) Z H

1

120 it | A XS4k XSi kXS 144k XSi— 19-+kX5i-24+k

Also, 6+ 5 inserted in 2.1 by replacing n, j = 0 to j = n is obtained by summing, for k = 0,4

J
X30n+26+k — X—4+k = (x26+k —X_41k) Z H

6

j+5 1
=1

j=0 i

Now we obtained of the above formulas:

X30n+1+k = X294k (1

X30n+6+k = X—24-+k (1 -
X30n+11+k = X—19+k (1 -

X30n+16+k = X—14-+k (1 -

X30n+21+k = X_91k (1 -

X30n+26+k = X—4-+k (1 -

k = 0,4 holds.

n
X4 kX — 9+ kX — 144k X~ 194+kX—24+k

1 + X5i— 44k X5i—9+kX5i—14+kX5i—194+kX5i—24+k

1
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6j+1
X4 X9 kX 144k X— 194k X294k \= T

1

b)
X4 kX =9k X 144 kX —19-+kX 244k $=0i1 1+x5i4+kx5i9+kx5i14+kx5i19+kx5i24+k>

n 6j+2
X4t kX —9+ kX —144+kX—24+kX—29+k {

1

b
X4 kX9 kX~ 144k X~ 19-+AX—24+k 120 i=] 1+X5i4+kx5i9+kX5i14+kxsi19+kxsi24+k>

6j+3
X4 kX9 kX194 kX244 kX_2941k \= T

1

b)
X4 kX9 kX 14 kX — 194X 24tk =0 i ] 1+x5i4+kx5i9+kx5i14+kx5i19+kx5i24+k>

6j+4
X4 kX 14k X— 19X 24k X204k o T

1

b
X4 kX9 kX 144k X~ 19-+AX—24+k 120 i=] 1+X5i4+kx5i9+kX5i14+kxsi19+kxsi24+k>

b
X4 kX9 kX144 kX —194+kX—24+k =0 in] | +x5i4+kx5i9+kx5i14+kx5i19+kx5i24+k>
j=0 i=1

6j+5
X0 kX 144 kX 194kX— 24+ kX—294k o T

1

)
XAk X9+ kX 144k X— 194X —24+k =0 =1 1+X5i4+kx5i9+kX5i14+kxsi19+kxsi24+k)



e) Suppose that a; = ag = a1 = ajg = az1 = az¢ = 0. By (d), the following formulas are produced below

lim X30n+1 = lim X_29 (1 -
n—oo n—yoo

X_4X_9X_14X_19X_24
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o
X_4X_9X_14X_19X_24 = 19 1

Xn—29

14X -4 X0 —9Xn—14Xn—19Xn—24

T4 xgx ox14x 19X 24 =0;i7 1 +X5i—4Xs5i-9X5i—14X5i-19%5i 24 >

6j 1

ay =x_29 (1 - >
TA-xaxox 14X 19X 24 =07 | +X5i4X5i9X5i14X5i—19X5i—24X5i-29

6
g =0 1+ X_4x_9X_14X_19X_24 ] 1
] pu— p— .
X_4X_9X_14X_19X—24 011 X5i—4X5i-9X5i—14X5i~19X5i-24
Similarly,
w 6j+1
G0 14 X_4X_0X_14X_19X_24 Z , 1
6 pr— p— .
X_4X_9X_14X_19X-29 0 i1 X5i-4X5i-9X5i14X5i—19X5i-24
Similarly,
o 642
g 0= I +x_4x_9x_14X_19X_24 / 1
1= = .
X_4X_9X_14X_24X_29 120 i1 XSi-—dX5i-9X5i—14X5i-19X5i-24
Similarly,
w 6j43
4 0= I +Xx_4x 9x_14X_19X_24 Z l’—[ 1
16 = = .
X_4X_9X_19X_24X—29 120 i1 X5i-4X5i-9X5i—14X5i~19X5i-24
Similarly,
o 6j+4
. 0o 14+ X_4X_9X_14X_19X_24 Z / 1
21 = = .
X_4X_14X_19X_24X_29 0 il X5i-4X5i-9X5i-14X5i—19X5i-24
Similarly,
w 6j+5
I +x_4x_9x_14X_19X_24 Tas 1
ar =0= =

X_9X_14X—19X—24X_29

From 2.2 and 2.3

1+X_4X_9X_14X_19X-24

X_4X_9X_14X_19X_24

j=0 i=1 X5i—4X5i—9X5i—14X5i—19X5i—24

6 1
>

j=0i=1 X5i—4X5i—9X5i—14X5i—19X5i—24

6j+1

1
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2.2)

(2.3)

2.4)

(2.5)

(2.6)

2.7)

1 (==}
+X_4X_9X_14X_19X_24 Z
X_4X_9X_14X_19X_29

thus, x_»9 > x_p4. From 2.3 and 2.4

j=0 i=1 X5i—4X5i—9X5i—14X5i—19X5i—24
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14X 4x oX_14X_jox_og o 1
=) H >
X_4X_9X_14X_19X_29 120 i1 X5i—4X5i-9X5i—14X5i 195
I+Xx_4X_9x_14X_19X_24 i H 1
X_4X_9X_ 14X 24X 29 20 i1 XSi—4X5i-9X5i—14X5i—19X5i-24
thus, x_o4 > x_19. From 2.4 and 2.5
14X 4% oX 14X 19X 24 o O 1
=) H >
X_4X_9X_ 14X 24X 29 170 i1 X5i-4X5i-9X5i—14X5i-19X5i-24
I+Xx_4x 9x_14X_19X_24 i h 1
X_4X_9X_19X 24X 29 120 i1 XSi-4X5i-9X5i—14X5i-19X5i-24
thus, x_19 > x_14. From 2.5 and 2.6
1+ X_4X_9X_14X_19X_24 i i—I 1 -
X_4X_9X_ 19X 24X 29 120 i1 X5i-4X5i-9X5i—14X5i-19X5i-24
I +x_4x_9gx_14X_19X_24 i h 1
X_4X 14X 19X 24X 29 20 i1 X5i-4X5i-9X5i—14X5i—19X5i-24
thus, x_14 > x_9. From 2.6 and 2.7
1 +X_4X_9X_14X_19X_24 i fl 1 S
X_4X_14X_19X_24X_29 170 i1 XSi—dX5i-9X5i—14X5i—19X5i-24
1+ X _4X_9X_14X_19X_24 i h 1
X_9X_14X_19X_24X_29 170 i1 XSi—4X5i-9X5i—14X5i19X5i-24

thus, x_¢ > x_4.

From here we obtain x_y9 > x_54 > Xx_19 > X_14 > x_9 > Xx_4. Similarly, we can obtain x_jg > x_73 > x_1g > x_13 >
X §>X 3, X 27 >X 0 >X 17> >X_12>X_7>X0,X_06>X_2] >X_16>X_11 >X_g>Xx_1andx_p5 >Xx_ 99 >X_15 >
X_10 > X_5 > xo. We arrive at a contradiction which completes the proof of theorem.

O

3. Conclusion

In this study, the theorem is given for the 1.1, and its solution and periodicity are investigated. By taking the coefficients of the
1.1, real numbers, sequence or function, new equations can be defined and their solutions can be examined.
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