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Highlights
* This paper focuses on cyclic contraction mapping.
» Some properties of this mapping are examined.
* New best proximity point results were obtained for this mapping.
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Let @ = R, S be subsets of a partial metric space (£2,9) and ¥: R — S be amapping. IfRn S = @,
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paper, we first introduce a concept of Hausdorff cyclic mapping pair. Then, we revise the
definition of 0-boundedly compact on partial metric spaces. After that, we give some best
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proximity point results for these mappings. Hene, our results combine, generalize and extend
Best proximity point many fixed point and best proximity point theorems in the literature as properly. Moreover, a
Multivalued mapping comparative and illustrative example to demonstrate the effectiveness of our results has been
Partial metric space presented.

1. INTRODUCTION

In 1922, Banach [1] obtained a very significant result, known as the Banach contraction principle, on
complete metric spaces. Because of its applicable in various fields of nonlinear analysis and applied, this
the result has been extended in different ways [2-6]. Nadler [7] proved one of the famous and interesting
generalizations by considering multivalued mappings.

Theorem 1. Let ¥: 2 — CB(2) be a multivalued mapping on a complete metric space (2, o). If there is g
in [0,1) satisfying

HO' ((Pﬁ' (Pi‘)) S qo-(ﬁ' i‘))

W oon

for all 1§,V € 2 where

CB(2) ={R € N : Ris closed and bounded in (2,0)}

Wk

and H is a Hausdorff metric w.r.t. ¢ on CB(R2), then is a point 1" in 2 satisfying 1" = ¥7".
Introducing the nice definition of cyclic mapping, Kirk et al. [8] proved another generalization of Banach's
principle.

be subsets of a complete metric space (22,0) and ¥:RU S — RU S be a cyclic

Theorem 2. Let @ # R, S
) € Sand ¥(S) < R. If there is q in [0,1) satisfying

mapping, that is, ¥ (R
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a (1, ¥0) < qa (i, V)

forall §§ € Rand D € §, then there is a point {* in R n § satisfying i* = ¥1*.

Note that, unlike the mentioned principle, ¥ may not be continuous in Theorem 2. Hence, the continuity
condition of ¥ has been neglected. Therefore, this topic is generalized and extended in different ways

[9,10]. Also, considering a similar approach the following result has been obtained.

Theorem 3. [8] Let @ # R, S be subsets of a complete metric space (£, o) where R, S are closed. Assume
that ¥: R — Sand @: S — R are two mappings such that

o (i), PV) < qo (i), V)
for all f) € Rand O € Swhere g in [0,1). Then, there is a unique z € R N S such that ¥z = ¢z = z.

Recently, some other extensions of Banach's result have been obtained by considering nonself mappings.
Let @ = R, S be subsets of a metric space (2, 0) and ¥: R — S be a mapping. If RN S = @, then ¥ cannot
have a fixed point. Hence, because of the fact that o (i), ¥1)) = o (R,S) for all §} € R, it is logical to search
a point 1 satisfying o(, ¥1}) = o(R,S) which is called a best proximity point [11]. Since every best
proximity point is a natural generalization of fixed point in case of R = S = 2, many authors have studied
on this topic in literature [12-20].

Taking into account R NS = @ in the Theorem 2, Eldered and Veeramani [21] gave the nice concept, so
called cyclic contraction mapping, and proved some best proximity point results for such mappings.

Definition 1. Let @ # R, S be subsets of a metric space (2, ) and ¥: R U S — R U § be a cyclic mapping.
If there is g in [0,1) satisfying

o(PH,¥Y) <o(M,0) + (1 - q)o(R,9S)
forall f) € Rand O € S, then ¥ is called cyclic contraction mapping.

Theorem 4. [21] Let @ # R, S be subsets of a metric space (£, o) and where R, S are closed. Assume that
w:RUS - RUS is a cyclic contraction mapping, i, € R and define %,,,; = ¥1},, for all n € N. Then,
there is f} € R satisfying o (), ¥1)) = o(R,S) provided that {,,_} has a convergent subsequence in R.

Theorem 5. [21] Let @ # R, S be subsets of a metric space (£2,0) and ¥:RuUS—RUS be a cyclic
contraction mapping. Then, ¥ has a best proximity point in R U § if either R or S is a boundedly compact.

On the other hand, Matthews [22] introduced the definition of partial metric:

Definition 2. Let 2 # @ and 9: 2 X 2 — [0, ) be a function. If the following conditions hold:
pl) 9(®, 1) = 9@}, V) =I(®,0) ifand only if § = D,

p2) 9(W, 1) < I, V),

p3) 9(1,0) = I, 1),

p4) 9(i), z) < I(H),0) + I, 2) —I(®, D),

for all §,0, z € 2, then I is called a partial metric. Also, the pair (£2,9) is said to be partial metric space.

For simplicity, in the rest of this paper, we will use pms instead of partial metric space. It can be seen that
every metric space is a pms, but every pms may not be metric space. In fact, let 2 = [0, «) and a function
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9:0 X 2 = [0,0) defined by (1), V) = max {1}, V} for all ),V € £2. Then, I is a partial metric, but it is not
a metric. For other example of pms, we refer to [23-25].

Let (£2,9) be a pms. Then, 9 generates T, — topology 7, on 2 which has as a base the family open 9-balls
{By(1),€):M € 2, > 0}

where

By (i), &) = {0 € 2:9(),0) < I, 1) + &}

forallfi € 2and € > 0.

Let {1j,,} be a sequence in 2 and 1j € Q. It is clear that {i},,} converges to iy w.r.t. Ty if and only if

lim 9, 1) = 90, ).

If lim 9, N, is finite and exists, then {i},,} is called a Cauchy sequence. Then (£2,9) is called a
n,m—owo
complete pms if every Cauchy sequence {1j,,} in 2 converges to a point 1j in 2 satisfying

lim 9@, fi) = 9@, 1)
n,m-o

Recently, Romaguera [26] introduced the concept of O-complete pms. Hence, a weaker form of
completeness on pms has been obtained.

Definition 3. Let {i),,} be a sequence in a pms (2, 9).

i) If lim 9, 1) =0, then {i},,} is called 0-Cauchy sequence
n,m—o

ii) If every 0-Cauchy sequence converges to a point 1j in 2 w.r.t. 74 such that
lim 9 (i, i) =9, 0) =0,
n,m-ow
then (2,9) is called 0-complete pms.
Because of the fact that every 0-Cauchy sequence in £ is a Cauchy sequence, every complete pms is 0-
complete. But, the converse may not be true. Indeed, let us consider the set (2 = Q N [0, ),I) is a pms

where 9(,0) = max{ij, v} for all 1),V € 2. Then, (£2,9) is 0-complete but it is not a complete pms.

Definition 4. [27] Let (2, p) beapmsand @ # R € 0. R is called a 0-boundedly compact if every bounded
sequence {i,} has a subsequence {ij,,, } such that

Jim 9 (i, 1) = 9C, 1) = 0.
If 9 is a partial metric on £, then the mapping 9°%: 2 x 2 — [0, «) defined by
9%(0,0) = 201, 0) ~9(h, i) — 9D, 1)
for all 1§, € 0 is an ordinary metric on 2.
Now, we give the relations between pms (£2,9) and corresponding metric space (2, 9%)..

Lemma 1. [28] Let {#,,} be a sequence in a pms (2,9).



634 Mustafa ASLANTAS/ GUJ Sci, 35(2): 631-642 (2022)

i) {§,,} is a Cauchy sequence in (2,9%) iff {1},,} is a Cauchy sequence in (£2,9).
i) (2,9°) is a complete metric space iff (2,9) is a complete pms.

iii) Given a sequence {§j,,} in £2 and 7} € Q2. Then, we get

lim 9°(#,, 1) = 0 © I, 1) = lim I@,, 1) = Lim Iy, i)

n-oo n—oo n,m-—-oo

Using Lemma 1 (iii), it is clear that

lim 9°(M,,, 1) = 0 = lim 95V, V) & lim YW, V) = I, V).

n—oo n—oo n—-oo

Now, we give the following lemmas which are very useful in our main results.

Lemma 2. [28] Let (2,9) be apmsand R, S € CBY (2). Then, for each a € Rand £ > 0, there exists b € S
such that

9(a,b) < Hy(R,S) +¢.

Lemma 3. [28] Let @ # R be a subset of a pms (2, 9). Then, we have

i € R 901, R) = 91, 1)

where R is closure of R w.r.t. .

Let CBY() = {R € 2 : Ris closed and bounded in (£2,9)}.

Aydi et al. [28] defined partial Hausdorff metric of (£2,9) on CB? (). The function
Hy:CB? () x CB?Y () — [0, )

defined by

Hy(R,8) = max{sup,ex9(a,S), suppesd(R, b)}

for all R,S € CBY (2) where 9(,S) = inf{9(, V) : € S} is called a partial Hausdorff metric of (12,9).
The properties of partial Hausdorff metric were given in [28]:

Lemma 4. [28] Let (£2,9) be a pms. For all R,$ € CB? (), we have

i) Hg(R,R) < Hy(R,S),

ii) Hy (R, ) = Hy($, R), ,

iil) Hy(R,S) < Hy (R, C) + Hy(C,S) — infeecd(c, 0),

iv) Hg(R,S) = 0 impliesR = S.

Then, they obtained the following result.

Theorem 6. [28] Let ¥: 2 — CBY () is a multivalued mapping on a complete pms (£2,9). If there is q in
[0,1) satisfying
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for all §§, 0 € 0, then there is a point i)™ in 2 satisfying 1" = ¥7)".
For any subset R of (2, image of R under the multivalued mapping ¥ is defined as
Y(R) = U .
HER
Now, we remember the basic concepts and notations of best proximity point theory.

Let (2,9) be a pms, R, S be nonempty subsets of 2 and ¥: R — S be a mapping. We regard the following
subsets of R and S, respectively:

Ry = {ﬁ € R:IM,V) = 9R,S) for somed € S}
and

So ={0 eS:IM, V) =I(R,S) for some i} € R}
where 9(R, S) = inf{9(#,V): 1) € Rand b € S}.

In this paper, we first introduce a concept of Hausdorff cyclic mapping pair. Then, we revise the definition
of 0-boundedly compact on partial metric spaces. After that, we give some best proximity point results for
these mappings. Hene, our results combine, generalize and extend many fixed point and best proximity
point theorems in the literature as properly. Moreover, a comparative and illustrative example to
demonstrate the effectiveness of our results has been presented.

2. MAIN RESULTS
In this section, we introduce Hausdorff cyclic mapping pair for multivalued mappings.

Definition 5. Let @ # R, S be subsets of a pms (2,9). Assume that ¥: R — ¢B?(S) and @:S - CBY (R)
are multivalued mappings. If there exists g in (0,1) such that

Hq (1, D) < g9, V) + (1 — 9)9(R,S) €y
forallfj € Rand U € S, then the pair (¥, @) is called Hausdorff cyclic contraction mapping pair.
Proposition 1. Let @ # R, S be subsets of a pms (£2,19). Assume that ¥: R — CB?(S) and @:S —» CB?(R)
are multivalued mappings satisfying the pair (¥, ®) is a Hausdorff cyclic contraction mapping pair and

o € R. Consider the sequence {fj,,} in RU S by Y2141 € Wz, and 342 € @lizneq for all n € N. Then,
we have 9 (N, Hne1) = 9(R,S) asn — oo.

Proof. Choose 1j; € ¥1j,. From (1), there exists g in (0,1) such that
Hy(Piio, @111) < q9(io,M11) + (1 — @)9(R,9S).

Then, by Lemma 2, there exists 1}, € @1, such that

Y1, 12) < Ho(Piio, P11) +q.

Similarly, there exists g in (0,1) such that
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Hy (@11, ¥12) < g9, 12) + (1 — )9(R,S)

and there exists 13 € ¥1), such that

92, 13) < Ho(Phy, ¥ilz) + ¢°.
Repeating this way, one can create a sequence {i},,} in R U S such that 12,41 € ¥N2m N2n+2 € Plont1s

I(Wz2n+ 1 N2ntz) < Ho(Phizn, Plianss) + 2

and

Hy(Pzns, Plzns1) < q9(N2noN2nt1) + (1 — Q)ﬁ(R’ S)

for all n € N. Hence, we have

IMan+ 1 N2ne2) < Ho(Phan, Phianss) + ¢*H (2)
< g9 2n Nizns1) + (1 — QI(R,S) + g***1
< q(Ho(Pzp-1, Piizn) + %™ + (1 — @)9(R,S) + ¢!
= qHy(Pipn_1, Pzy) + (1 — CI)19(R' S) + 2¢*"*1
< q% 9({zn-1,M20) + (1 + (1 — )I9(R,S) + 2¢*™**

< @9 (Mo, M) + (L4 q + -+ ¢ (A~ QO(R S) + (2n + g™+

< g2n+1 woon 1_q2n+1 1-— 5 & 2 1 2n+1
< q*™ 1 9o, ) + —— (A - QIR S) + (2n+ g

< q*™* 9(io, i) + 9(R §) + (2n + 1>+,

Since the series Yo_o(2n + 1)g?™*1 is convergent for g € (0,1), we have lim (2n + 1)q?"*! = 0. Taking
n—oo
limitn - o (2), we get

rllilgﬁ(ﬁzmpﬁzmz) = 19(R' S)

Similarly, we can show that

rlli_rgﬁ(ﬁZn'ﬁZn+1) = 19(R' S)

Hence, we have

I nsn) = 9(R,S) as n .

Now, we give our main result.

Theorem 7. Let @ # R, S be subsets of a pms (£2,9). Assume that ¥: R — CB?(S) and ¢: S — CB?(R) are
multivalued mappings satisfying the pair (¥, @) is a Hausdorff cyclic contraction mapping pair and 1j, €

R. Consider the sequence {i},,} constructed as Proposition 1. Then, we get the following:

i) if the sequence {c,  } has a subsequence {ngk} in R such that
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lim 9 (inysfizn,) = Jim 9(n,, ) = 91" = 0 ©

k,l>x

for some )" € R, then f}* is a best proximity point of @ in R.
ii) if the sequence {c,, . ,} has a subsequence {gmk Al S such that

kl}anﬁ(ﬁan+1'ﬁ2nl+1) = I}{i_rgoﬁ(ﬁmkﬂ'i‘)*) =9(%07) =0 4

for some O* € R, then V" is a best proximity point of & in S.

Proof. Let {1},,} be sequence constructed as Proposition 1. Assume that the condition (i) holds. Due to the
condition (i), there is a subsequence {gZHk} of {c,,,} such that

kllgr_)nwﬁ(ﬁan:ﬁan) = Ilci_r){)loﬁ(ﬁmk;ﬁ*) =9 1") =0
for some §}* € R. From Proposition 1, we have
Iy_l;?oﬁ(ﬁan'ﬁan+1) = ﬁ(R; S)

Hence, we get

9(R,S) < 9(0" fizny41)
< ﬁ(ﬁ*' ﬁan) + ﬁ(ﬁan: ﬁan+1)-

Letting limit k — oo, one have
I Nangr1) 2 9(RS) ask - (5)
Therefore, we get

IR,S) < ﬁ(ﬁann' lPT]*)
< Hy(Phan, 41, 1Y)
< @O(zn+1 M) + (1= DI(R,S).

Taking limit k — oo in the last inequality, from (5), we have
IW, PR =9(R,S).

Hence ¥ has a best proximity point j* in R. Similarly, if the condition (ii) holds, then it can be shown that
@ has a best proximity point in S.

Recall that, a sequence {ij,,} in a pms (£2,9) is bounded if there exist a € 2 and M > 0 such that 9 (i},,, @) <
9(a,a) + M forall n € N.

Proposition 2. Let (2,9) be a pms, ® # R,$ € 2 and 1}, € R. Assume that ¥:R —» CBY(S) and @ : § —
CB? (R) are multivalued mappings. If the pair (¥, ®) is Hausdorff cyclic contraction mapping pair, then
every sequence {ij,,} constructed as Proposition 1 is bounded.

Proof. Let {i},} be sequence constructed as Proposition 1. Then, since 9 (i}, fin+1) converges to 9(R,S)
by Proposition 1, {91, Mn+1) } is bounded sequence in R. Since {91251, 12,)} iS @ subsequence of

{9(\n,Nn+1) }, We have
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rlli_rgoﬁ(ﬁZn—l'ﬁZn) = ﬁ(R: S)
Hence, there exists L > 0 such that

19(ﬁZn—l' ﬁZn) <L

for all n > 1. Then, from Lemma 2, there is f); € ¥1j, satisfying

Y(M2n M) < 9(W2n, i) + (1 — )L
< Hy(Plizn-1, Pio) + (1 — )L
< q9(Nan-1,Mo) + (1 — Q)ﬁ(f{; S) +(1-q)L
< q9(Nan-1,M2n) + @920, M1) + @M, 11) + (1 — q)ﬁ(R, S) +(1-q)L
< qL + q9(zn,M1) + q9(o, 1) + (1 — q)z?(f{, S) + (1 —q)L.

Hence, we have
(1 = @)9(Man 1) < L+ 9o, 111) + (1 — @)9(R,S)
which implies

n q9 (o, M1)
9 A-9q)

4 u L q9 (o.M1) 5 &
< 19(1’]1,1']1) + -0 + W + 19(R, S)

L L .
I (fizn, 1) < - +9(R,S)

Let

L q9 (Mo, 1)
M=a—op*t -0

+9(R,S).

Hence, {1),,} is bounded. For each n € N, since

Y(Nz2n+1M1) < 92 N2ne1) + 9020 01)
<9WpN) + L+ M.

Therefore, {fj,,,1} is bounded. Hence, {1,,} is a bounded sequence in R U S.
Now, we revise the definition of 0-boundedly compact on pms.

Definition 6. Let (2,9) be a pms and @ # R € 2. R is called a 0-boundedly compact if every bounded
sequence {i),} has a subsequence {i},, } such that

klgglooﬁ(ﬁnk:ﬁnl) - llcigzloﬁ(ﬁnk,ﬁ*) =911 =0
for some i|* € R.
Corollary 1. Let (22,9) be apmsand @ # R,S € Q2. Assume that ¥: R —» CB?(S) and @:S - CB?(R) are

multivalued mappings satisfying the pair (¥, @) is a Hausdorff cyclic contraction mapping pair, then we
get the following:
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i) if R is a 0-boundedly compact, then there is a point §* in R satisfying 9({*,#%*) = 9(R, S). Also, 9(i}*
) =0,

ii) if S is a 0-boundedly compact, then there is a point §* in S satisfying 9({*,@1*) = 9(R,S). Also,
I@*, 5*) = 0.

Note that, although R and S are not 0-boundedly compact, a sequence satisfying (3) or (4) may be in R or
S, respectively. The following example is important to show this fact.

Example 1. Let 2 = ({0} U [0,10]) x ({0} U [0,10]) and 9: 2 X 2 — [0,0) defined by

8.0 =12

0

771+01+|772_02

n
=0

=

>

, #F

forall 4 = (4,,7,), b = ($1,0,) € 2. It is clear that (£2,9) is a pms. Let R = ({0} U [2,4]) x {0} and § =
[1,2) % {1}. Hence, we have 9(R, $) = 2. Now, we shall show that R and $ are not 0-boundedly compact.
Indeed, let M, = (2 + %0) be a sequence in R. Then, {’7n} is a bounded sequence. But, there is no a

subsequence {ﬁnk} of {4, } such that
im0 () = im0 (7, 77) = 96" 77 = 0

for some 7#* € R. Similarly, S is not a 0-boundedly compact. Let a mapping ¥: R — CB?(S) and ¢: S —
CB? (R) defined by

7, +8 7, +6
s"ﬁ=[—”18 A ]x{l}

forall /7 = (#,,0) € Rand
@5 ={(0,0)}

forall & = (91,1) € S. Now, we shall show that the pair (¥, ®) is a Hausdorff cyclic contraction mapping
pair for g = %. Indeed, for all 4 = (4,,0) € Rand & = (#;,1) € S, we have

Hy (¥h, @6) = max{supgey;9(a, Pb), suppeq; (¥, b)}
__ ;16

=2=+0+1
s%("1+b‘1+1)+(1—%)2
=q9(i,0) + (1 — I(RS).

Hence, the pair (¥, @) is a Hausdorff cyclic contraction mapping pair. Moreover, we choose

a+8 a+6

i, =(a,0), #, =(b1) € Wi, = [TT] x {1}, 4, =(0,0) € @7, ..., 7,, = (0,0), ...

Hence, {,,,} has a subsequence, {ﬁan} such that

im 9 (A, 7, ) = im 9 (7, ,(0,0)) = 9((0,0), (0,0)) = 0.

k,l> k-



640 Mustafa ASLANTAS/ GUJ Sci, 35(2): 631-642 (2022)

Therefore, all the conditios of Theorem 7 hold, and therefore ¥ has a best proximity point 4 = (0,0) in R.

Taking R = S = 2 in the Theorem 7, we give a fixed point result.
Corollary 2. Let ¥,®:02 — CB?(2) be multivalued mappings on a pms (£2,9) and satisfying the pair
(¥, @) is a Hausdorff cyclic contraction mapping pair. Let 77, € £2 and define a sequence {nn} by %
i, foralln = 1. If {}, } has a subsequence in £ such that

n+1 T
Um0 (5,0, ) = Jim 0 (i, 77) = 8GT", 77 = 0.

for all 4,4 € 2, then 77" is a fixed point of ¥ in .

If we take R=S=10 and 9(R,$) =0 in Theorem 7, then we can show that every sequence {7 }
constructed as Proposition 1 in 2 is a 0-Cauchy sequence. Hence, by accepting the completeness of (2,
sequence {nn} constructed as Proposition 1 has a convergent subsequence. Therefore, we present the
following fixed point result.

Corollary 3. Let ¥, @: 2 — CB? (2) be a multivalued mappings on 0-complete pms (12, 9). If there exists
q in (0,1) such that

Hy (1), P0) < g9 (1, 0)
for all 1}, U € 12, then R is a fixed point §* in 2. Moreover, 9({*,1{*) = 0.
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