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Abstract

The main purpose of this study is to introduce the absolute Lucas series spaces and to investigate their
some algebraic and topological structure such as some inclusion relations, BK — to this space, duals and
Schauder basis. Also, the characterizations of matrix operators related to these space with their norms are
given. Finally, by using Hausdorff measure of noncompactness, the necessary and sufficient conditions
for a matrix operator on them to be compact are obtained.
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1. Introduction

Let w be the set of all sequences of complex numbers. A vector subspace of w is called a sequence space. The
spaces loo, ¢, co, ¥, bs, cs,l and [, (p > 1) stand for the classes of all bounded, convergent, null and finite sequences
and the classes of all bounded, convergent, absolutely convergent and p-absolutely convergent series, respectively.

Let X and Y be two sequence spaces and A = (a,,) be an arbitrary infinite matrix with complex components
foralln,v € N=10,1,2,...}. If the series

An(x) = i Any Ty,
v=0

converges for all n € N, then, by A(z) = (A, (z)), we indicate the A-transform of the sequence = = (z,). Also, if
Az = (A, (x)) € Y for every z € X, then, A is called a matrix transformation from the sequence space X into the
sequence space Y, and the class of all infinite matrices from X into Y is denoted by (X,Y).
A summability method is denoted by the matrix A if the transform sequence A(z) converges to a real number.
The multiplier space of X and Y is identified by

SX,)Y)={z2=(2) €w:axz=(ap2) €Y forallz € X}.

Received : 26-10-2020, Accepted : 17-02-2021


https://doi.org/10.36753 /mathenot.816576

28 F. GOKCE

According to this notation, duals of the space X are described as
X =5(X,), XP =5(X,cs), X" = S(X,bs).

If apy # 0 for all n and a,,, = 0 for n < v, then it is said that A is a triangle.
The concept of the domain of an infinite matrix A in the sequence space X is described as

Xa={z=(z,) €Ew: A(z) € X}

which is a new sequence space. In this connection, by means of the concept of the matrix domain, different new
sequence spaces have been presented and their topological, algebraic structure and matrix transformations have
been studied in literature. For example, one can see some of these spaces in references ([1, 2], [10-12], [23]).

A sequence space X is called an F K-space if it is a complete linear metric space with continuous coordinates
pn : X — C defined by p,,(z) = z,, for all n € N. Further, an F K-space X whose metric is given by a norm is said
to be a BK-space. The theory of F K- and BK-spaces has an important role in summability theory. For example,
the operators between BK-spaces are continuous and the matrix domain of a triangle A in the BK-space X is also
a BK-space and its norm is given by

2l x, = 1Al »

[4]. Let X be a normed sequence space and (by) be a sequence in X. If there exists a unique sequence of coefficients
() such that, for each z € X,

n

xr — Zxkbk

k=0

—0, n— o0

then, the sequence (by) is called the Schauder basis (or briefly basis) for X, and in this case it is written that

x = Y xiby. It is said that an FK-space X, consisting all finite sequences, has AK property if every sequence
k=0

o0 . .
r = (r3) € X has a unique representation z = > x;¢(), where el is the sequence whose only non-zero term is 1
J=0
in the jth place for each j € N. This means that the sequence (e\?)) is a Schauder basis for any F'K — space with AK.
For example, (¢()) is the Schauder basis of the space [,,, but the space [, doesn’t have the Schauder basis [20].
For arbitrary two Banach spaces X and Y, B(X,Y’) denotes the set of all continuous linear operators from the
space X into the space Y, and the operator norm of A € B(X,Y) is stated by

z#£0 ||1‘HX

In the special case Y = C, it is written that X* = B(X, C), the set of all continuous linear functional on X.
If a € wand X D Vis a BK-space, then

0o
E AT

k=0

lallx = sup
TESx

provided the right hand side of the equation exists, where Sy is the unit sphere in X, and it is finite for a € X*.

Throughout the whole paper, we suppose that ¢ = (¢,,) is a sequence of positive numbers and p* is conjugate of
p, thatis, 1/p+1/p* =1,p>1,and 1/p* =0forp =1.

Let take Y z, as an infinite series with nth partial sum s,,. Then, the series ) x,, is said to be summable |4, ¢, | ”
if (see[29])

oo

D T Au(s) = A1 (s))P < o0, Ai(s) =0.

n=0
This method includes some well known methods. For instance, if A is the matrix of weighted mean (]\7 , pn) (resp.
¢n = P, /py), then it is reduced to the summability |N, p,, ¢n, |p [31] (the summability | N, p, |p [3]). Also if we take

A as the matrix of Cesaro mean of order o > —1 and ¢,, = n, then we get the summability |C, a| in Flett’s notation
[5]. The choice of the Fibonacci matrix instead of A leads to the absolute Fibonacci summability method [7]. In
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addition to the aforementioned spaces, several absolute series spaces have also taken place in the literature (see
[6,8, 19, 25, 27-29]).

The Lucas sequence (L,,) is one of the most interesting number sequences in mathematics and is named after
the mathematician Francois Edouard Anatole Lucas (1842-1891). It is given by the Fibonacci recurrence relation
with different initial condition such that

Ly=2,L1=1and L, = L,_1+ L,,_o for n > 2,

also, the terms of the Lucas sequence have the following important properties
n n
> Li=Lny2—3, Y Lop1 = Loy —2,
k=1 k=1

> Lon=1ILops1—1, Y L{=LnLny1 -2,
k=1 k=1

L} o+ LnLp 1 — L =5(=1)"" n>1,
Ly 1Lp — L2 =5(-1)"" n>1.
We refer reader to [13] for other properties. Additionally, just like the Fibonacci numbers, the rates of successive

Lucas numbers converges to the golden ratio which is one of the most interesting irrationals playing an important

role in number theory, algorithms, network theory, etc. Using Lucas numbers, the Lucas matrix E(r, s) = (é,x(r, ))
has recently been defined [12] as

Ly .
ST k=n-—1

5 Lon_

enk(r,s) = rez=t, k=n
0, otherwise

where L,, be the nth Lucas number for every n € Nand r, s € R — {0}.
The aim of this paper is to define the absolute sumability space [£?(r, s) |p and investigate its some inclusion

relations, a—, f—,y— duals and basis. Also, some matrix and compact operators on this space are characterized
and their operator norms and Hausdorff measures of noncompactness are determined.
It is required the following lemmas in proving theorems.

Lemma 1.1. [18] Let T be a triangle, X and Y be two arbitrary subsets of w. Then, we have
(@) Ae (X,Yr)ifandonlyif B=TA € (X,Y).

(b) Further, if X and Y are BK-spaces and A € (X, Yr), then | Lal| = || L]

Lemma 1.2. [30] Let 1 < p < oo. Then,

1. A€ (l,c) & (i) lim ap, exists for v > 0, (i) sup |an,| < o0,

2. A e (l,1.) < (i) holds,
3. Ae(l,c) © (i) limay, =0 forall v>0 and (ii) hold,
4 A€ (ly,¢) & (i) holds, (i) sup 3 |ans|”” < o0,

n v=0

5. A€ (lp,loo) < (iv) holds,
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6. A€ (lp,co) < (iii) and (iv) hold.

Lemma 1.3. [14] Let 1 < p < oo. Then, A € (l,1,) if and only if

o0 b
||A||(l7lp) = Sup {Z |an1)|p} .
v n=0

Lemma 1.4. [30] Let 1 < p < oo. Then, A € (l,,1) if and only if

o | oo ptY 1/P°
||A||(zp,z) = ;116% UZ:;J nz:%%u
where § denotes the collection of all finite subsets of N.
Lemma 1.5. [27] Let 1 < p < oo. Then, A € (l,,1) if and only if
o /oo peY 1/p°
||A||/(zp7z) = Z (Z |anv|> < o0.
v=0 \n=0

Moreover since ||A||(lp7l) < ||A||’(lp,l) <4 HA”(J,,,l) , there exists 1 < & < 4 such that ||A||’(lp7l) =¢ HAH(ZPJ) .
Lemma 1.6. [18] Let 1 < p < oo and p* denote the conjugate of p. Then, 12 = - and 15, = * = e =1,1° = . Also, let
X denote any of the spaces l, ¢, co, L and 1,. Then, we have

lallx = llallxs
forall a € XP where |.|| s is the natural norm on the X°.

Lemma 1.7. [15] Let X and Y be BK-spaces. Then, we have

(a) (X,Y) C B(X,Y), that is, every matrix A € (X,Y") defines an operator Ly € B(X,Y) by L4 (x) = A(x) for all
r e X.

(0) If X has AK, then B(X,Y) C (X,Y), that is, for every operator L € B (X,Y) there exists a matrix A € (X,Y)
such that by L (z) = A(x) forall z € X.

Lemma 1.8. [4] Let X D U be a BK-space and Y be any of the spaces £, c,co. If A € (X,Y), then

IZall = 1Al x 1.0y = sup [ An]lx < oo.

2. Hausdorff Measure of Noncompactness

If S and R are subsets of a metric space (X, d) and, for every r € R, there exists an s € S such that d(r,s) < ¢
then, S is called an e-net of R; if S is finite, then the e-net S of R is called a finite e-net of R. Let X, Y be two Banach
spaces. It is said that a linear operator L : X — Y is compact if its domain is all of X and the sequence (L(x,)) has
a convergent subsequence in Y, for every bounded sequence (z,,) in X. The class of such operators is denoted by
C(X,Y). If Q is any bounded subset of the metric space X, then the Hausdorff measure of noncompactness of () is
given by

x (Q) =inf{e > 0:Qhasa finite ¢ —netin X},

and y is named the Hausdorff measure of noncompactness. Using the Hausdorff measure of noncompactness, some
compact operators on various sequence spaces are characterized by many authors. For example, Mursaleen and
Noman in [21, 22], Malkowsky and Rakocevic in [17] have used the Hausdorff measure of noncompactness method
to characterize the class of compact operators on some known spaces, (see also [7, 8, 15, 26]).

The following lemma is very important to calculate the Hausdorff measure of noncompactness of any bounded
subset of the space [,,.
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Lemma 2.1. ([24]) Let Q) be a bounded subset of the normed space X where X =1, forl1 <p <ooor X =c¢o. If P, : X - X
is the operator defined by P, (x) = (x9, 21, ...2,,0,0,...) forall v € X, then

T—>00

V(Q) = lim (;gg I(-P) <x>||) .

Let X and Y be two Banach spaces, x; and x2 be Hausdorff measures on X and Y, the linear operator
L: X — Y issaid to be (x1, x2)- bounded if L(Q) is a bounded subset of Y and there exists a constant M/ > 0 such
that x2 (L(Q)) < Mx1 (Q) for every bounded subset @ of X. If an operator L is (x1, x2)- bounded, then the number

Ll (1 yo) = Inf {M > 0: x2 (L(Q)) < Mx1 (Q) for all bounded set @ C X'}

is called the (x1, x2)-measure noncompactness of L. In particular, if x1 = x2 = x then it is written that | L[|, ., =
L] -

There is a significant relation between compact operators and Hausdorff measure of noncompactness. The
following lemma gives this relation.

Lemma 2.2. [18] Let X and Y be two Banach spaces and L € B(X,Y). Also, let the set S, = {x € X : ||| < 1} be the
unit sphere in X. Then,

LIl = x (L (Sz))
and
LeC(X)Y)s ||L||X = 0.

Lemma 2.3. [16] Let X be a normed sequence space, T = (t,,) be an infinite triangle matrix, xr and x define the
Hausdorff measures of noncompactness on Mx,, and Mx, the collections of all bounded sets in X1 and X, respectively. Then,

xr(Q) = x(T(Q)) for all Q € Mx.

Lemma 2.4. [22] Let X D U be a BK-space with AK or X = lo.. If A € (X, ¢), then, we have

lim ani, = oy exists for all k,

n—oo
a=(ay) € X°,

sup || A, — a||} < 0,
n

lim A,(z) = Zakxkfor every x = (xy) € X.

n— o0
k=0
Lemma 2.5. [22] Let X D WV be a BK-space. Then,
(a) IfA € (X, co), then
Il = tim (sup 4, ]).

() If X has AK or X = oo and A € (X, ¢), then

1 % . *
L iy (supAn—a| ) < ILall, < Jim (supnAn—an )
2 T—00 n>r X T—00 n>r

where a = (ay,) defined by a, = lim apy, for alln € N.
n—oo
(c)IfA € (X,l), then

0= ILall, < Jim (suplnl")
n>nr
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3. Absolute Lucas summability spaces

In this section, firstly, the summability space |£(r, s) ’p as the set of all series summable by absolute Lucas
method is introduced, and it is proved that this space is a BK-space which is linearly isomorphic to /,, for 1 < p < oo.
Also, giving some inclusion relations, a—, f— and v— duals and Schauder basis of this space are investigated.

If the Lucas matrix is taken instead of 4, then |4, ¢,, |, summability is reduced to the absolute Lucas summability.
Then, since (s,,) is a sequence of partial sum of the series Y x, it follows that

E,.(r,s)(s) = f: bni(r,8)SK = g::l T i:k nu(r,s)
= ZTpépn(r,s)+ nz_:l(énn(r, S) + énn—1(r,s))xk

k=1
n—1
= :canz;l + kzl (sLijl + T—Lz;l) Tk
= > lukxk
k=1
where the matrix £(r, s) = (I,x) is given by
T—LE;I , kE=n
=9 s/ +ri=l 1<k<n-1 (3.1)
0, k> n.
So, we get
5 ( E B L1 L. 5(—1)"+1 n=2 51" s -
" S) N nil(s) = Il + Tn-1 STn1 +r LpLn_1 + kgl Lp_1 Tm o L)%k
- Z fnkxk,
k=1
where
pln=t k=n
sLL" + TSL(fé)nH, k=n-1
é’nk — 5(_n1—)}n . n n—lT (32)
Lyn-1 <L7172 _ﬁ)7 l<ksn-2
0) k>n.
Hence, the space [£(r, s)|,, can be stated by
n
|L(r, )], = {x cw: ((ﬁ}z/p ank$k> € lp} .
k=1
On the other hand, according to the matrix domain, this space is redefined by
’Ld’(r, 8)|p = (p) pwros(rs)
where
:/p*, k=n
e =0 gl k=n-1 (3.3)
0, k#n,n—1.

Also, we note
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Moreover, since every triangle matrix has a unique triangle inverse [32], the matrices £(r, s) and E® have
unique inverses £(r, s) = (I,;) and E®) = (&,;) whose terms are given by

L’Vl p—
%Lnfl; . k=n
7 —1)"~ s\n—1— s
i =4 G () A (212412 ), 1<k<n-1 (34)
07 k >n
—1/p*
&Q:{¢vm’ I<svsn (3.5)
0, V>N

respectively.
First, to understand the space better, we exibit some relations between the spaces |£?(r, s) |p and /,.
Theorem 3.1. Let ¢ € o and 1 < p < co. Then, 1, C ‘£¢(r, s)|p.

Proof. For p = 1, it is clear, it is omitted. Let p > 1. By the properties of Lucas numbers, the series Y 7 is
n
convergent and also (L%L) is a decreasing sequence. So, it follows from Abel’s Theorem that 7~ — 0 as n — oo.

This gives f: |€nk] = O(1) and § |&ai| = O(1). Hence, by Holder’s inequality, it is obtained that
k=0
lellesear, = {5

n=~k
py 1/p
n=1 }

%) n n p/p" p
{ S 613 feal [l (z |snk|) }
k=1 k=1

1/p* 1~
n Z fnkxk
k=1

<
n=1
00 o0 1/p
= 0w {E [l £ lew}
k=1 n=~k
%) 1/p
= o {Elr} " = owlel,.
which completes the proof. O

Theorem 3.2. Let 1 < p < ¢ < oo. If there is a constant M > 0 such that ¢,, < M for all n € N, then |L%(r, s)]p C
|£9(r, s) ‘q .

. n
Proof. To prove the inclusion, take z € |L?(r, s)|p. Sincel, C I, for1 < p < g < oo, itis clear that ( 1/p 3 fnjsc]) IS
3=0

l4- Also, by considering ¢,, < M for all n € N, it can be written that

q q
1 n n
4 _ 4 Fea *
M¥ =7 |98 Y Enjas| < oY Gnjay
j=1 j=1

which implies that z € [L(r, 5)|,- O

The following result is useful to determine a Schauder basis for the matrix domain of a special triangular matrix
in a linear metric space.

Lemma 3.1. ([9]). Let T be a triangular matrix and S be its inverse. If (by,) is a Schauder basis of the metric space (X, d),
then (S (by)) is a basis of X1 with respect to the metric dr given by dr(z1, z2) = d(Tz1,T22) for all z1, 25 € Xrp.

Theorem 3.3. Let 1 < p < oo. Then, the set |£¢’(r7 s)‘p is a linear space with coordinate-wise addition and scalar
multiplication. Also, it is a BK-space with respect to the norm

|@MM“@MZHEmOL@ﬁxm

P
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Moreover, the sequence bl7) = (bgf )) defined by

*1/17* 1 L, n—1 ( 1)n k n—1—k 1 2 .
) qﬁj <TL7L1 +krz r (%) LiLk_1 (rLTl+LTL 1) ;o I<j<n—-1
bj — =J
—1/p* .
n /e %Lf;il’ J=n
0, J>n,

is a Schauder basis for the space |L?(r, s)| .

Proof. Since the space I, is a BK-space for 1 < p < oo and E® o £%(r,s) is a triangle matrix, it follows from
Theorem 4.3.2 of [32], |L?(r, s) ‘p = (Ip) B or(r,s) is @ BK-space. On the other hand, it is known that the sequence

(e1)) is the Schauder basis of the space [,,. So, it can be obtained by Lemma 3.1 that b) = ((L(r, s) o E®)),,(e\7))) is
a Schauder basis of the space |£?(r, s) |p. O

Theorem 3.4. Let 1 < p < oo. Then, there exists a linear isomorphism between the spaces

“(r,s)], =

lp.
Proof. To prove this, it should be shown that the existence of a linear bijection between the spaces |£¢(r, 5) |p and [,

where 1 < p < co. Let consider the maps L(r, s) : |£?(r, s)’p = (Ip) g » E® : (1) p»y — 1 given by (3.1) and (3.3) .
Since the matrices corresponding to these maps are triangles, these are linear bijections. So, the composite function
E® o L(r, s) has the same property. Further, one can see that the norm is preserved. This completes the proof. [

We use the following notations in the rest of the paper.

n—1 n—k
1 L, (-1) s\n—1-k 1 S 9
i = - LSO R L2 412 )
i =T +Z} r (r) Lilrt (r thaa

Di=Kecw: Z Nnj€n €xists forall j 5,

n=j+1
p* m—1 P
D, _ 1|1 Lp 1
2 = EEW-S&P b ;Lm_lfm +Z¢j r L1 6J+ Z Tnj€n <00 ¢,
J=1 n=j+1
1 L
Ds=dqecw:supq |- mem‘+ e]—l— anen <00y,
m,j TLm_1 TL] 1
n=j+1
o0 o p*
1 1 L;
Dy = eew:zg Z nnjen|+'TL-j € <0,
j=1 "7 | n=j+1 J-t
o
1 L;
Ds=<{ecw:sup Z [Mnjen| + |- —2—€j| p < 00
j - rLjq
n=j+1

Theorem 3.5. Let 1 < p < oo and ¢ = (¢y,) be a sequence of positive numbers. Then,
i) {leo o)) =D, {leors)l,} =D

(44) {’£¢ (r,s) |}'8:D10D3, {|£(r,s)\p}6:DlﬂD2,

(i) {|*.)|}" = Ds, {|£%s)],} = D
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Proof. Since the proofs of the other parts are similar, we just calculate the 3-dual of the space |£?(r, s) |p. Recall that

L(r,s)(z) = yand z = E® (y).

B
€€ {|£¢(r,s)’p} iff ex = (epx,) € csforall x € |E¢(r,s)|p. Take z € |£%(r, s) o

Then, z € [,,. It follows from (3.4) and (3.5) that

NE!

n—1

n=1

_ s 1 _ L, = (*l)n_k’ s n—1-k 1 §L2 L2
€nln = €T1+ 22 |\ 7T Yn + kzl T (7‘) LiLyk_1 (7‘ n + n—l) Yk
n= =

m 71/p* m 1L
20 X ey %
Jj=1 n=j

m—1 - m n—1 n— n—1—
F (8 S e s e )
]:

n=j+1 k=g
p* 1 L =y 1 L s
— - 1 m - s J . .
= m Em o Zm + Z ¢j €+ I, + Z Enling | %5
j=1 n=j5+1

m

= > hmjz;
j=1

where the matrix H = (h,,;) is defined by

—1/p* 1 L; UL .
; ej;LjilJrn:%:annnj , 1<j<m-—1

himj =

—1/p" 1 Ly o
m em; Lop—1° J=m

07 ]>m

B
This means that € € {|,C¢(r, s)‘p} iff H € (Ip,c). Thus, by applying Lemma 1.2 to the matrix H, we obtain

B
{|£‘f’(r, s) |p} = D1 N D,. This completes the proof. O

4. Matrix transformations on space |L(r, s) |p
In this section, we characterize some classes of matrix operators on that space and compute their norms.

B
Lemma4.1. Let1 < p < 0. Ifa = (ai) € 3 |L%(r, s , then, for all x € |L%(r,s)]| , a® = @y e . el el
» » k P

and
Z AR — Z d,(f)zk
k k

holds, where z = EW)(L(r,s)(z)) € I, and

. 1/ 1 Ly >
al(@p) = ¢k1/p <aerk1 + Z annnk> .

n=k+1
B
Lemma 4.2. Assume that 1 < p < oo. Then, we have ||a||[zs(, o = ||a®|, . forall a € {|ﬁ¢(7“7 5)|p} and
2/ 1p p*
lalljzogrsy = @], forall a € {|£2(r, s)]}ﬂ where aP) as in Lemma 4.1.

B
Proof. Leta € {|/3¢(r, s)|p} . It can be immediately seen from Lemma 4.1, @?) € I,~ and a*) € I.. So, using
Lemma 1.6 and Lemma 4.1, we get

oo

Z dl()p)zv

v=0

o0
§ Ay Ty

v=0

lallze e
|L¢(r S)|p IGS'Ld)('V',S)Ip

= sup
ZGSlP

H&(p)

- Hd@)
b

[

The proof for the case k = 1 is quite easy, so it is omitted. O
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Theorem 4.1. Let 1 < p < 00, A = (ank) be an infinite matrix of complex numbers for each n, k € N and define the matrix
B = (b:f,l), B = (bny) and B = (b,y) as follows:

m
—1/p* L
o /o ank%kalJr o angnik |, 0<k<m-—1
b(") _ j=k+1
mk 1
¢m /et anmi Li:nl kE=m
07 ] >m,

bk = hm bmk’
B=FEWoL(r,s)oB.
Then, A € <|£¢(fr, 5)]1), |.£2(r, s)|) if and only if

Z Njkan; exists for all k, 4.1)
j=k+1
1 (1L o 1L i
m k

supq — |— Apm |+ — |- —anpk + A i , 4.2

m ¢m T mel ; ¢k r kal g j zk—:i-l ik bing ( )
0o [ oo P
> (Z bk ) < 0. (4.3)
k=1 \n=1

IfAe (fﬁﬁ(r, s) . L%(r, s) ), then A defines a bounded linear operator L 4 such that L 4(z) = A(x) and

1Al zeon,nesmon = (1Bl

Proof. A € (]£¢( (r, S)D if and only if A(x) is well defined and belongs to the space |£?(r, s)| for all

B
z € |Lr, s)|p. By Theorem 3.5, A(z) is well defined, or, (a,)52, € {’L¢(r, s)|p} if and only if (4.1) and (4.2)

hold.
Beside, for any matrix R = (7,,,,) € (I,, ¢), the remaining term of the series tends to zero uniformly in n, that is

2w 2
Z TroZy| < (Z |Tnv|p*> (Z |xv|k> — 0, (m — o0)

v=m v=m v=m

o0

which gives the series R, (z) = > 7p,2, converges uniformly in n. So we have
v=0

hm R, Z lim 75,42y - (4.4)

It follows from (3.4), (3.5) and (4.4)

m O _
Ap(z) =lim Y aprag = hm Z bmrzr = Z by 2p.

™ k=0
Taking into |£?(r, 3)|p I, for 1 < p < oo, it follows that A(z) € |£?(r,s)| for all z € |L£%(r, s)] iff B ¢
(Ip,|£2(r, 5)|). In other words, since | £¢( r,s)|p = (Ip) 5w or(rs) Al ’Ld’ r,s)|forallz € |L£9(r, s |p1ffB € (Ip,1).

Also, a few calculations show that the matrix B is expressed as

* Ln1\ -
nk—zlmﬂ‘s k—T nk"’Z( Zl>bvk7

TL




Absolute Lucas Summability 37

by = qjllc/p* ( e — b;_Lk) , n>1and boy = by, -

Now, if we apply Lemma 1.3 to the matrix B, we get the condition (4.3). So, the first part of the proof is completed.
On the other hand, since the spaces |£?(r, s)|p and |£?(r, s)| are BK-spaces, if A € (’Ld’(r, s)|p |L£2(r, ) ),

then, by Theorem 4.2.8 of [32], L 4 defines a bounded operator such that L 4(z) = A(x). To calculate the operator
norm of A, we consider the 1som0rphlsms L(r,s):|L(r, s)‘p = (Ip) g » B® 2 (1) gy — 1. Now, it is clear to see

that A = £(r,s) o EM o Bo E® o £(r, s) and so

A cor,0)

1AW (2o rs1 128 (o) SUD Tellzo o,

|£(r.s)0EM oBoE® oL(r,s)(x)|| 26 (0|

= ii% HIH|L¢<T,S>\p
~ sup HfZ(HZ)H _z (2 = E® o L(r, s)(z))
270 lp (Ips1)
which completes the proof. -

Theorem 4.2. Let 1 < p < 0o, A = (a,s,) be an infinite matrix with complex components for all n,k € N, B = (bg:,l)

and B = (bpy,) be as in Theorem 4.1 with 1/p* = 0. Besides, define B = E®) o L o B. Then, A € (|£¢( (r, s)|p)
if and only if
Z yjGny €Xists for all j (4.5)
v=7+1

Lo, 1 L, =~
sup anm’ + 77janj + Z NkjGnk < 00, (46)

myg | |7 Lm—1 rL;_4q W

=j+1

4.7)

Moreover, if A € (’K‘b(r, s)|,

(r,s) ‘p), then A denotes a bounded linear operator L 4 such that L 4(x) = A(z) and

IZaleeemniesan,) = |Blo,,

Proof. A € <|£¢(r,s)| L2, s)|p> if and only if A, = ()32, € {|L?(r,s) |}ﬁ and A(z) € |L?(r, s)| where
x € |£%(r,s)|. By Theorem 3.5, it is clear that A, € {|£%(r,s) ]}ﬁ iff (4.5) and (4.6) hold. Also, if any matrix
R = (rnw) € (1, ¢), then the series R, () = > 7,,, converges uniformly in n. Because, the remaining term of the

v=0
series tends to zero uniformly in n, since

oo
E rnvxv

v=m

o0
< sup |rpy| Z |z, | =0 (m — o00)
v

v=m

and so

hm R, Z m 7y, 24 - (4.8)

Considering the equation (4.8), it can be written

Ap(z) =lim Y appxr = hm Z mez7 > bor e
r=0

m k=0
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Since |£¢(r,s)| =, then, it is obtained A(x) € [£?(r,s)| whenever = € [L(r,s)| iff B(z) € |[L%(r,5)]  ie.,
B(z) = E® o L(r,s) o B(z) € I, for all z € I, where z = E® o L(r, s)(x), or, equivalently, B € (I,1,). So, if we apply
Lemma 1.5 to the matrix B, the last condition is immediately obtained, which completes the first part of the proof.
Since the spaces |£¢(r, s) p, 1 < p < o0, are BK-space, by Theorem 4.2.8 of [32], L 4 defines a bounded operator
such that L4 (x) = A(x).
Moreover, from Theorem 3.4, it can be seen that A = £(r,s) o E®) o B o EM o L(r, s) and so,

. B \|A(z)\|lm(m>‘p B ||§0E(1)o£(r,s)(z)||lp
ILall(eeranicowan,) = 5B Tolizogn -~ % E@ecem@l,
1B, 5 1)
= s =B = EO oL s)@).
- B (L)

O

Theorem 4.3. Let 1 < p < 00, A = (an,) be an infinite matrix of complex numbers for all n,v € Nand B = (by,) be a
matrix satisfying the following relation

bnk = ¢}q,/p* Zgnvavk- (49)

v=0

Then, for any sequence spaces A\, A € (A, L(r,s) ]p) ifand only if B € (A, ).

Proof. Take x € A. It follows from (4.9) that

o0 n o0

.
E burzy, = /P E Env E kT
=0 k=0

v=0

By (3.2), it is seen immediately that B, (z) = (E®) o L(r,s)), (A(z)) forall z € A. So, it is obtained that A, (z) €
|£9(r, s)| , whenever z € \if and only if B(z) € [, whenever z € A, which completes the proof of the theorem. [

Theorem 4.4. Let 1 < p < 00, A = (any,) be an infinite matrix of complex numbers for all n,v € N . Then, A €
(|£¢(r, s)|p ,X) if and only if
VW e (1,,¢) foralln € N,

AP € (1, X),

where the matrices V™) and A are defined as

_ —1pe [ 1 Ly —
wa (rLk_la”” D ang

j=ht1
and
~1/p* 1 Ly s - 0<k<m—1

¢k Ank v T, + Z AnjTjik | » SRS M

U(n) _ ) j=k+1

mk — —1/p* Lo
¢m /v anm%Lm;N k=m
07 k> m.

Proof. Let A € <|£¢(r,s)‘p,X) and z € |L£%(r, s)|p. Note that |£¢(r7s)‘p = (lp) pwoc
(3.5), we get

) Considering (3.4) and

r,s

m

Z ApkTr = Z vfrzl,zzk (4.10)
k=0 k

=0
for all n,m € N. It can be seen immediately that Az is well defined for all z € ‘£¢(r, s) ’p iff V("™ € (1, c). Further,
letting m — oo, it is seen from (4.10) that Az = A®) 2 Since Az € X, then APz € X, thatis A € (I, X).
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- B

Conversely, let V(" ¢ (1,,,c) and A®) € (1,,, X). Since V("™ € (1,,, c) with (4.10), we get A,, € {|£¢(r,s)|p} ,

for all n, which gives that Az exists. Besides, we deduced from AP ¢ (I, X) and (4.10) as m — o0, A €
(|/§¢(r,s) » ,X).

Now, we list the following notations:

O

1. lim aﬁﬁ} exists forallv € N

n—oo

2. lim a?) = 0forallv € N

n—o0

3. sup Z a%’:)) < oo
n v=0

4, sup anU) < 00

5. supd | > aﬁ{:} < 00
N v |neN

6. supz a?)| <

7. sup Z vmv < oo
m v=0

8. sup v$n3 < 00

9. lim v exists for allv,n e N
m—»0o0

By Theorem 4.4, we obtain following results giving the necessary and sufficient conditions for A € (|£%(r, s)| (1), X)
with X € {l, o, ¢, 1, cs, bs}.

Theorem 4.5. Let 1 < p < oo. The following statements hold:
() A e (|,c¢ r,s |p,c) = (1), (3), (7) and (9) hold.

(i) A € (\N co) & (2),(3), (7) and (9) hold.
(iii) A € (ym r, s) zoo) (3), (7) and (9) hold.

(iv) Ae(ymrs , z)@ (5), (7) and (9) hold.

(
(vi
(vii
(

v)Ae(’£¢ ,¢) < (1), (4), (8) and (9) hold.
vi A€(|£¢rs| 0) < (2),(4), (8) and (9) hold.
vii) A € (|£2(r,s)| 1) < (4), (8) and (9) hold.
viit) A € ( |£¢rs) 1) < (6),(8) and (9) hold.

Corollary 4.1. Put a(n,k) = i a;y, instead of any for all n, k in V) = (v(1) and A®) = (a%)). Then,
i=o

i) A e (|z:¢ rs | ,cs) & (1),(3), (7) and (9) hold.

i) A e (\m ), bs) = (3),(7) and (9) hold.

iii) A € (|L%(r,s)],cs) < (1), (4), (8) and (9) hold.

i) A€ (|L%(r,s)|,bs) < (4),(8) and (9) hold.

(4)
(
(i
(iv)
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Theorem 4.6. (i) Let 1 < p < oo and X be one of the sequence spaces cg, ¢, loo.
¢ — = A(P)
Ac (|22, X) = 1Al = 140 o,y = 500 [ A2,

A€ (I£2r9)], X) = Lall = 4] gorany = sup | AL

(7i) Let 1 < p < oo. There exists 1 < & < 4 such that
A

Ae (|£29)],.1) = 1all = 1Al oy, 0y = [ A7) .

’ A

_1 ’
(p) &

A€ (|£2(r,s) AW

) = 1Lall = 14l oy = 4], -

Proof. The proof of the theorem is obtained together with Lemma 1.8, Lemma 1.3 and Lemma 1.5. O

5. Compact Operators on absolute Lucas series spaces

The aim of this section is to establish some identities or estimates for the Hausdorff measures of noncompactness
of the matrix operators on the ‘£¢’(r, s) ]p and also to characterize certain classes of compact operators by using the
Hausdorff measure of noncompactness.

Theorem 5.1. Under the hypothesis of Theorem 4.1, if A € (‘£¢(r, s)

L%(r,s)

), then

p’

1

* oF

oo 0o p P
||LA|\X=§Ulggo Z( > |b>

r=0 \n=v+1

and

1

Y-

Proof. To determine the Hausdorff measure of noncompactness of L 4, take S|z« (;.s) as a unique ball in the space

67747‘

L 4 is compact iff li_>m {io: ( io:

r=0 \n=v+1

|22 (r, s) ‘p. By using Lemma 2.1, Lemma 2.3 and Lemma 1.3, it is obtained that
141 = x(4(Sicon,))
= ¥ ED o E(?‘, S) oA (S|[;¢(T73)\p)
= x(BoE®oL(rs) (Sm(ns)\p)

= lim sup H(I —P,) (B(z)) H

V00 zEE(P)(ﬁ(T,S)(S‘L(p(MS)lp))
1

oo o pr) T
= 1 lim ( ) .
£ v—oo rz=:0 n=%:+1

Finally, by using Lemma 2.2, the compact operators in this class can be immediately characterized. O

677,7‘

Theorem 5.2. Under the hypothesis of Theorem 4.2, if A € (‘/ﬁ(r, s)

; |£¢(r,s)‘p), then

by

o 13
[A[l, = lim {Sup > }
I n=v+1

and
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1
p) P
}o

Proof. Let S|zs () be a unit sphere in |£?(r, s)|. Since E® o L(r,s) o AS|o(r.5 =
follows by Lemma 2.1, Lemma 2.3 and Lemma 1.5 that

o0
L 4 is compact iff lim {sup >
V—> 00 ] n=v+1

T

o EW o L(r, $)S| 2o (rs)|, it

1A, = x(ASizors))

= x (E(p) o L(r,s) o AS|£¢(T,S)|)
= X (B o B o L(r, S)chﬂm)l)

= lim sup H(I ~RIEE)
v—00
2€EMoL(r,s) (S|L¢(v-,s>\)

lp

1
o0 - P P
= lim < sup n } .
V—> 00 { ] n§+1 J
Using Lemma 2.2, the last part of the proof is completed. O
Theorem 5.3. Let 1 < p < oo. Then,
(@) 1FA € (|£2(r,9)], <o), then
IZall, = lim sup | AP
J—=0 n>j p* J_>°° n>j

and

p*
L 4 is compact i =0.

n—oo k=1

B IfA e <|£¢’(7‘,s)|p,c), then

p* p*
= 1 aP) _ ‘ <|Zally < Ji G
Jggo Zliﬂ)z W —ak| <|[Laly < lim supZ — ay
and
o
L 4 is compact iff lim sup Z —a| =0
n—oo k=1
where a = (ay,) is defined by a, = li_>m ang, foralln € N.
(@1 A€ (|05, 1oc ), then
0< | Lall, < Jim bupz ,
n>]
and
L 4 is compact i =0.
n—oo :
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(d)IfA e (|£2(r,s)],1,), 1 < p < oo, then

1/p
oo
Lall, = li al)|”
I A||X—‘1m sup Z Qo ;
J—0 v -
n=j+1
and
. 1 X |-()]P
L 4 is compact iff lim sup Y. |ano| = 0.
J—X0 g n=j+1

(e)IfA e (|L¢’(r, s)|p ,l), 1 < p < oo, then there exists 1 < & < 4 such that

P 1/p
o o

Zall, = ¢ i |3 2

v=1 \n=j+1

)

and

al?)

o
) o

Proof. The proof of the theorem can be obtained by combining Lemma 4.2 and Lemma 2.5, so it has been left to
reader. O

L 4 is compact iff lim ) ( >
j—o0

v=1 \ n=j5+1
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