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Abstract

In this paper we observe the operator D? = D?(h,H,q,a), h,H € R = R U {—00, 0},
q(z) € Ly [0, 7], « € (0,1) and construct and partially transform its characteristic function.
Those transformations enable more complete asymptotic decomposition of the zeroes and
eigenvalues of the operator.

The goal of this paper is to contribute to the development of the spectral theory of differ-
ential operators with homogeneous delay.
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1. Introduction

The spectral theory is the part of mathematical analysis that studies sets of eigenvalues
— spectra, and eigenvectors of linear operators that are defined on infinitely dimensional
functional spaces. It is very efficient in solving wide classes of problems in mathematics,
physics, electronics, and other natural sciences. Results presented in [1] and [2] are the
most fundamental ones in this area. The most intensive development of this mathematical
discipline today represents inverse spectral problems that deal with the construction of the
linear operator from known spectral characteristics, which can be found in many scientific
papers. Many papers are devoted to solving direct and inverse spectral problems with
different types of delay. Some results for the constant delay can be found in [3,4,6,8-12].
Also, the operators with delay and advance are considered in [5]. This paper deals with a
homogeneous delay. Some results regarding this type of delay can be found in [7].

In this paper we solve the direct problem and give precise asymptotic behavior of the
operator D?> = D?(h,H,q,a) h,H € R = RU{—00,00},q(z) € La[0,7],a € (0,1), in
special case when h = oo, H = 0 for the operator Dgl, and h = 0, H = oo for the operator
D,
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2. Definition of operators and characteristic functions

For operators D3, and D?, defined by the differential equation

—y"(2) + q(2)y(ax) = \y(z) = 2%y(z), q(x) € L2[0,7], a€(0,1) (2.1)
and with boundary conditions
y(0) =y/(m) =0
y'(0)=y(r) =0
we construct the characteristic functions and use some additional transformations of in-

tegrals that enable us to introduce auxiliary functions and more precisely decompose the
zeros of characteristic function and eigenvalues of the operators.

2.1. The construction of characteristic functions

Applying the method of variation of parameters and method of successive approxi-
mations on given boundary problems, we obtain the characteristic functions of observed
operators.

The equation (2.1) with the boundary conditions y(0) = 0 and y'(0) = 0 is equivalent
to the integral equations of the operator Dgl,

y(z,z) =sinzz + % /Ow q(t1) sin z(z — t1)y(aty, 2)dty, (2.2)
and operator D%,
y(z,z) = cos zx + % /Osc q(t1) sin z(z — t1)y(aty, z)dt;. (2.3)
Introducing functions

x
ag(r,z) = /0 q(t1) sin z(z — t1) sin zat dty,

agz(x,z) = [ q(t1)cos z(x — t1) cos zatdty,

aes(z, 2) = q(t1) cos z(z — t1) sin zat dty,
(2.4)

apu(x,2) = | q(t1)cosz(x —t1) - ag(atr, z)dt1, k=2,3,...,

as’“c(xv Z) =

J
J
ase(x, 2) = /Om q(t1) sin z(z — 1) cos zatdty,
J
)

q(t1)sinz(z —t1) - age-1.(aty, 2)dt;, k=2,3,....
0

and applying the method of successive approximations we obtain the solutions of integral
equations (2.2) and (2.3) in the form

1 1 1 >0 1
y(x,z) = sin zz + 202 (z,2) + 205 (z,2) + ~3st (x,2) + kz:;l ROk (z, z) (2.5)
and

1 1 1 =1
Y(w,2) = cos 2x + —ase(T, 2) + 5 a.2.(7, 2) + Fagac(z,2) + Z 5 ske(T, 2). (2.6)
z z z =2
Using conditions ¢/(7) = 0, and y(7) = 0, from (2.5) and (2.6) we obtain the original
form of characteristic functions Fj(z), j = 1,2 of operators D3; and D%,

1 1 =1
Fi(z) = zcosmz + acs(z) + ;acsz(z) + 2 0es? (z) + Z Facsk(z), (2.7)
k=4



660 D. Nedié¢, E. Catrnja

1 1 1 > 1
Fy(2) = cosmz + ;asc(z) + ?aszc(z) + ;asgc(z) + Z Z—kaskc(z), (2.8)
k=4

where ag (7, 2) = as2(2), a2 (7, 2) = ae2(2), Agro(T,2) = agro(2), aeer (T, 2) = ager(2).

The obtained form of characteristic functions given by (2.7) and (2.8) is then trans-
formed by the introduction of so-called auxiliary functions, that have a fundamental role
in solving the inverse problem. Namely, these auxiliary functions will show to carry po-
tential ¢ and coefficient of delay «a.

Using trigonometric product formulas in (2.4) with = 7 and using the appropriate
substitution we can form auxiliary functions

Oa 0 e (H—Taﬂ,’ﬂ']
q;(0) = H%‘](%)a 0 e (5em Hon] j=1,2

and get

a,2(2) = /0 " G1(6) cos 2(r — 20)d0 = a D (2),
2(2) = /0 " G2(6) cos 2(m — 20)d0 = & (2),
G5e(2) = /0 " Go(6) sin 2(r — 20)d0 = B (2),

Gos(2) = — /0 " G1(6) sin 2(r — 20)d0 = —bD(2).

Furthermore, the additional transformations of multiple integrals are made and auxiliary
functions are introduced. This enables a more complete asymptotic decomposition of the
zeros of the characteristic function, and eigenvalues of the operator.

Let us now introduce functions

—_

Q21(0,4(0)) = = (O (0,4(0)) + Q5 (0.4(0)) — O (0, 4(0)) — QS (6,4(6))),

\V)

and

—_

Q22(0,9(0)) = =(Q(8,4(8)) — QS (8,4(8)) + Q5 (8,4(8)) — Q5" (6, 4(6))),

[\

for j = 1,2, where
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Now, we can write

aqs2(2) = /Orr Qzl(ﬁ, q(0)) cos z(m — 26)dh = a(2’1)(z),

ag.(z) = — /OTr Q22(0, q(0)) cos z(m — 20)df = —a>?)(2).

Similarly,

Gos(2) = — /0 " 051(0, q(6)) sin =(x — 20)d6 = —bBD (),

as3c(z) - /7T Q32(9a Q(e)) SiDZ(TF - 29)d9 = b(372) (Z)v
0
where

0) - Q5 (0,q(0)) + Q5 (0, 4(0)) + Q5" (0, 4(0))
—@é?( q(0)) - @é (0,9(0)) + Q5 (6, 4(0)) + Q5 (6, 4(0))),

D(6.9(0) - Q5 (0, 4(0)) + Q5 (6,a(0)) — Q5 (9, (9))
+ Q5 (0,q(0)) — Q5(0,0(0)) + Q" (0, 4(0)) — QS (0,4(0))).
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Here
~(7
$0,q(0)) =
0, o [Hma
x 1 aty 1+«
N 1)/ q(t)q(t1 + to—
/1?;2123 20 Loy ( l-« 96[1+2a 71—&-204 W}
- )dtgdtl,
20 11—«
™ 1 Ta? 11aZll 1+«
[ Tt [0 5 atta (Tt
14+a 14+a 1+« 1
— —— )dtodt +
—29) b e [tgom o)
gt L gy [ t)alt + 2%
= 20 1 — aq< 1) 20 1—oy q( 2)(]( L 1-— 2
12_,_52 T+a 1t+a’l
- i)dthtl,
20 260 1—a
1—a 1 1+a2 1+a21 14+«
/23 T q( 1)/i_1;at Q(t2)(J(t1+1_ ta—
it T+a 1ta’l
— )dt2dt1—|—
— 0 0 € (0, 152n]
1+a3 1 aty ]- + «
w 1ol [, alt2)alti+ to—
_ 20 — ;‘ltl -
12+6)az I+a  1ta
— )dtgdtl,
—

and other auxiliary functions can be obtained analogously.
Using obtained transformations we get the asymptotic decomposition of characteristic
functions

- 1 1 aBb(2)
— _ 31 2 4(2.1) _ — B =
Fi(z) = zcosmz — b/ (z) + e (2) z2b (z) + O( 3 ), (2.9)
Fo(z) = _i_}(}(?)( )_i 2.2)( )—i—ib(m)( )_|_O(a(3’2)(z)) (2.10)
2(2) = cosmz + —b7(2) — 5a 2)+ 3 z T ) .

3. Asymptotics of zeros of the characteristic functions and eigenvalues of
the operators

Now we will find the asymptotic of zeros of the characteristic function, as well as
eigenvalues of the operator.
We search the asymptotic of zeros of Fj(z), j = 1,2 in the form

Chj(n Coi(n Cs:(n
rmis = T+ 15( 1)+ 2](2 1)+ 3;(3 1)+
i ni ny
Cyi(n1) 1 (3.1)
35 (M1 B o
+0< n:f ), n1—>oo,n1—n+§,]_1,2

From the asymptotic expansions

7Cs(n1) I mC3(n1) — gm°CF () + 0(01(”1)))’

2

1
Zp,y - COS Zp, = (—1)n+ (7r01(n1) + . 2

COS 2, = (—1)”*1(7TC1(7“) + mCa(n1) i mC3(n1) — gm*Cf(m) 4 O(C1(n1))>

ni n% n:f
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CEW (z,) = (— 1) / G1(8) cos 2n,0d6
0

272 T 9
+(—1)"7TC2Y1(2”1)/ G1() cos 2n10d60 — (—1)™ 7TCl/ 01 (0) cos 2n10d0
9 2 T s
+(1)“Cl(2”1)/ 6%, (6) cos 2n10d6 — (—1)" ”Cl(”l)/ G1(0) sin 2n,0d6
ni 0 0
LTCo(n

+ (-1 )2C1 ) / 0¢1(0) sin 2n,0d0 — (—1)" )/0 1(0) sin 2n10d6

mee)
)

+(=1)" 202 ”1 / 01(0 sm2n19d9+0<
1 ~(2) n 1 ™ ~
Z—b (zn,) = (1) 771/0 G2(0) cos 2n10d6
ny
212 -
_(_1)”7T62&gnl)/ G2(0) cos 2n,0d0 + (—1)" 727T01 / 0G2(0) cos 2n10d0
nl 0
2072 7
— (=" il n1 / 62G2(0) cos 2n10d6 + (—1 )7rCl(2 )/ Go(0) sin 2n160d6
n? 0
— (=" 201 nl / 0G2(0) sin 2n160d6 + (— )WCanl)/ G2(0) sin 2n,0d6
nl 0
— (=" 202 n1 / 0G2(0) sin 2n10d6 + o (Cg(gl)),
ny

ERCICE <—1>"i [ Q0,400 sin 2100

7TC1 n1

/ Q21(0, q(0)) cos 2n160dh
201 () Calm)

nl

/ 0Q21(0,q(0)) cos 2n10d0 + O (=

_Zlguam)(zm) _ (_1)n+1i2 / " D (6, q(6)) sin 2n16d0
1y ”Cl Y [ a0, 4(0)) cos 2m1018
— (=" 201 n1 / 0Q22(0, q(0)) cos 2n10d6 + o (C2<;: ))7
) = <—1>”+1% [ Ganto.at0) coszmavas + o “G1),
Z;le@?)(zm) - (—1)”% | Gual6.a(6)) cos 2040 + 0 (Clégl)),
and Fj(z) =0, j = 1,2 we obtain constants
Cutm) = E2 ) (3.2

_1)J— . .
ng(m):( 172 b2 1 La0) 50 _ 2.0 30

2n1 2n1 772 a’2n1 2n1

ng(nl) = O( (3’])). (3.4)

2n
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Using (3.2), (3.3), and (3.4) we obtain from (3.1) the asymptotic (3.5). By squaring it,
having in mind that 22 = )\, we obtain the asymptotic of eigenvalues of the operator (3.6).
Herewith, we have obtained the main result of this paper.

Theorem 3.1. If q(z) € Ly [0, 7] then the zeroes of the functions (2.9) and (2.10) of the
operators D3, and D%, have the following asymptotic decomposition:

11
Znyj = N1+ (_1)];1 ’ ;agjn)l
LD e 1o 500 - 2.60) 30
+ ;%<Tb%l T G, “b3n, — 7“2 ‘bznl) (3.5)
(3.4)
a2n1 _ 1 s
—|—O< 3 ), nl—n—|—2,n€Z, j=1,2,
and the eigenvalues of the operators have the asymptotic behavior
ANe
Auj = Zmyg =i + <—1>ﬂ;a§i§l
1 —12,(2,5) o) i) MOREC)
+ ;1((_1)] ;ban + ﬂ. b5, — 2 @2n, 'b2n1) (3.6)
(3,9)
a 1
—i—O( 2m ), ng—oo,n=n+-,j=12,
n? 2

where the given number sequences are

dé]n)l :/0 4;(0) cos 2n16d6,

Q

B9 — / Qs;(6,¢(6)) cos 2n, 04,

2n1

b)) :/0 4;(0) sin 2n16d6,
3&21 :/ 0q;(0) sin 2n,6d6,
éif / Q2 (0, q(0))sin 2n10d60, j =1,2.

4. Conclusion

In this paper, we have constructed the characteristic functions of the operators D%l
and D%, by applying additional transformations on multiple integrals and by introducing
auxiliary functions. Herewith, more complete asymptotic behavior of zeros of the charac-
teristic functions was enabled. The importance of these transformations is reflected in the
fact that it was observed that a complete transformation could yield the general terms of
the asymptotic decomposition of the zeros of the characteristic function. This represents
a significant contribution to the theory of inverse spectral problems with homogeneous
delay. This is also important in solving inverse problems and particularly in calculating
regularized traces of their operators since they are obtained by using that decomposition.
This leads to further exploration in that direction.
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