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Abstract

In this paper we observe the operator D2 = D2(h, H, q, α), h, H ∈ R = R ∪ {−∞, ∞},
q(x) ∈ L2 [0, π], α ∈ (0, 1) and construct and partially transform its characteristic function.
Those transformations enable more complete asymptotic decomposition of the zeroes and
eigenvalues of the operator.
The goal of this paper is to contribute to the development of the spectral theory of differ-
ential operators with homogeneous delay.
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1. Introduction
The spectral theory is the part of mathematical analysis that studies sets of eigenvalues

– spectra, and eigenvectors of linear operators that are defined on infinitely dimensional
functional spaces. It is very efficient in solving wide classes of problems in mathematics,
physics, electronics, and other natural sciences. Results presented in [1] and [2] are the
most fundamental ones in this area. The most intensive development of this mathematical
discipline today represents inverse spectral problems that deal with the construction of the
linear operator from known spectral characteristics, which can be found in many scientific
papers. Many papers are devoted to solving direct and inverse spectral problems with
different types of delay. Some results for the constant delay can be found in [3,4,6,8–12].
Also, the operators with delay and advance are considered in [5]. This paper deals with a
homogeneous delay. Some results regarding this type of delay can be found in [7].

In this paper we solve the direct problem and give precise asymptotic behavior of the
operator D2 = D2(h, H, q, α) h, H ∈ R = R ∪ {−∞, ∞}, q(x) ∈ L2 [0, π] , α ∈ (0, 1), in
special case when h = ∞, H = 0 for the operator D2

01, and h = 0, H = ∞ for the operator
D2

10.
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2. Definition of operators and characteristic functions
For operators D2

01 and D2
10 defined by the differential equation

− y′′(x) + q(x)y(αx) = λy(x) = z2y(x), q(x) ∈ L2 [0, π] , α ∈ (0, 1) (2.1)
and with boundary conditions

y(0) = y′(π) = 0
y′(0) = y(π) = 0

we construct the characteristic functions and use some additional transformations of in-
tegrals that enable us to introduce auxiliary functions and more precisely decompose the
zeros of characteristic function and eigenvalues of the operators.

2.1. The construction of characteristic functions
Applying the method of variation of parameters and method of successive approxi-

mations on given boundary problems, we obtain the characteristic functions of observed
operators.

The equation (2.1) with the boundary conditions y(0) = 0 and y′(0) = 0 is equivalent
to the integral equations of the operator D2

01,

y(x, z) = sin zx + 1
z

∫ x

0
q(t1) sin z(x − t1)y(αt1, z)dt1, (2.2)

and operator D2
10

y(x, z) = cos zx + 1
z

∫ x

0
q(t1) sin z(x − t1)y(αt1, z)dt1. (2.3)

Introducing functions

as2(x, z) =
∫ x

0
q(t1) sin z(x − t1) sin zαt1dt1,

ac2(x, z) =
∫ x

0
q(t1) cos z(x − t1) cos zαt1dt1,

acs(x, z) =
∫ x

0
q(t1) cos z(x − t1) sin zαt1dt1,

asc(x, z) =
∫ x

0
q(t1) sin z(x − t1) cos zαt1dt1,

acsk(x, z) =
∫ x

0
q(t1) cos z(x − t1) · ask(αt1, z)dt1, k = 2, 3, . . . ,

askc(x, z) =
∫ x

0
q(t1) sin z(x − t1) · ask−1c(αt1, z)dt1, k = 2, 3, . . . .

(2.4)

and applying the method of successive approximations we obtain the solutions of integral
equations (2.2) and (2.3) in the form

y(x, z) = sin zx + 1
z

as2(x, z) + 1
z2 as3(x, z) + 1

z3 as4(x, z) +
∞∑

k=4

1
zk

ask+1(x, z) (2.5)

and

y(x, z) = cos zx + 1
z

asc(x, z) + 1
z2 as2c(x, z) + 1

z3 as3c(x, z) +
∞∑

k=4

1
zk

askc(x, z). (2.6)

Using conditions y′(π) = 0, and y(π) = 0, from (2.5) and (2.6) we obtain the original
form of characteristic functions Fj(z), j = 1, 2 of operators D2

01 and D2
10

F1(z) = z cos πz + acs(z) + 1
z

acs2(z) + 1
z2 acs3(z) +

∞∑
k=4

1
zk−1 acsk(z), (2.7)
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F2(z) = cos πz + 1
z

asc(z) + 1
z2 as2c(z) + 1

z3 as3c(z) +
∞∑

k=4

1
zk

askc(z), (2.8)

where as2(π, z) = as2(z), ac2(π, z) = ac2(z), askc(π, z) = askc(z), acsk(π, z) = acsk(z).
The obtained form of characteristic functions given by (2.7) and (2.8) is then trans-

formed by the introduction of so-called auxiliary functions, that have a fundamental role
in solving the inverse problem. Namely, these auxiliary functions will show to carry po-
tential q and coefficient of delay α.

Using trigonometric product formulas in (2.4) with x = π and using the appropriate
substitution we can form auxiliary functions

q̃j(θ) =


0, θ ∈

(1+α
2 π, π

]
1

1+αq
( 2θ

1+α

)
, θ ∈

(1−α
2 π, 1+α

2 π
]

1
1+αq

( 2θ
1+α

)
+ (−1)j 1

1−αq
( 2θ

1−α

)
, θ ∈

[
0, 1−α

2 π
]
,

j = 1, 2

and get

as2(z) =
∫ π

0
q̃1(θ) cos z(π − 2θ)dθ = ã(1)(z),

ac2(z) =
∫ π

0
q̃2(θ) cos z(π − 2θ)dθ = ã(2)(z),

asc(z) =
∫ π

0
q̃2(θ) sin z(π − 2θ)dθ = b̃(2)(z),

acs(z) = −
∫ π

0
q̃1(θ) sin z(π − 2θ)dθ = −b̃(1)(z).

Furthermore, the additional transformations of multiple integrals are made and auxiliary
functions are introduced. This enables a more complete asymptotic decomposition of the
zeros of the characteristic function, and eigenvalues of the operator.

Let us now introduce functions

Q̃21(θ, q(θ)) = 1
2

(
Q̃

(1)
2 (θ, q(θ)) + Q̃

(2)
2 (θ, q(θ)) − Q̃

(3)
2 (θ, q(θ)) − Q̃

(4)
2 (θ, q(θ))

)
,

and

Q̃22(θ, q(θ)) = 1
2

(
Q̃

(1)
2 (θ, q(θ)) − Q̃

(2)
2 (θ, q(θ)) + Q̃

(3)
2 (θ, q(θ)) − Q̃

(4)
2 (θ, q(θ))

)
,

for j = 1, 2, where
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Q̃
(1)
2 (θ, q(θ)) =


0, θ ∈

(
1+α2

2 π, π
]

∫ π
2θ

1+α2
q(t1)q

(
2θ

1+α − 1−α
1+α t1

)
dt1

1+α , θ ∈
(

1−α
2 π, 1+α2

2 π
]

∫ 2θ
1−α

2θ
1+α2

q(t1)q
(

2θ
1+α − 1−α

1+α t1
)

dt1
1+α , θ ∈

[
0, 1−α

2 π
] ,

Q̃
(2)
2 (θ, q(θ)) =


0, θ ∈

(
1+α

2 π, π
]

∫ π
2θ

1+α
q(t1)q

(
t1 − 2θ

1+α

)
dt1

1+α , θ ∈
(

1−α2

2 π, 1+α
2 π

]
∫ 2θ

1−α2
2θ

1+α

q(t1)q
(
t1 − 2θ

1+α

)
dt1

1+α , θ ∈
[
0, 1−α2

2 π
] ,

Q̃
(3)
2 (θ, q(θ)) =


0, θ ∈

(
1−α2

2 π, π
]

∫ π
2θ

1−α2
q(t1)q

(
2θ

1−α − t1
)

dt1
1−α , θ ∈

(
1−α

2 π, 1−α2

2 π
]

∫ 2θ
1−α

2θ
1−α2

q(t1)q
(

2θ
1−α − t1

)
dt1

1−α , θ ∈
[
0, 1−α

2 π
] ,

Q̃
(4)
2 (θ, q(θ)) =


0, θ ∈

(
1+α

2 π, π
]

∫ π
2θ

1+α
q(t1)q

(
1+α
1−α t1 − 2θ

1−α

)
dt1

1−α , θ ∈
(

1+α2

2 π, 1+α
2 π

]
∫ 2θ

1+α2
2θ

1+α

q(t1)q
(

1+α
1−α t1 − 2θ

1−α

)
dt1

1−α , θ ∈
[
0, 1+α2

2 π
] .

Now, we can write

acs2(z) =
∫ π

0
Q̃21(θ, q(θ)) cos z(π − 2θ)dθ = a(2,1)(z),

as2c(z) = −
∫ π

0
Q̃22(θ, q(θ)) cos z(π − 2θ)dθ = −a(2,2)(z).

Similarly,

acs3(z) = −
∫ π

0
Q̃31(θ, q(θ)) sin z(π − 2θ)dθ = −b(3,1)(z),

as3c(z) =
∫ π

0
Q̃32(θ, q(θ)) sin z(π − 2θ)dθ = b(3,2)(z),

where

Q̃31(θ, q(θ)) = 1
4

(
− Q̃

(1)
3 (θ, q(θ)) − Q̃

(2)
3 (θ, q(θ)) + Q̃

(3)
3 (θ, q(θ)) + Q̃

(4)
3 (θ, q(θ))

− Q̃
(5)
3 (θ, q(θ)) − Q̃

(6)
3 (θ, q(θ)) + Q̃

(7)
3 (θ, q(θ)) + Q̃

(8)
3 (θ, q(θ))

)
,

Q̃32(θ, q(θ)) = 1
4

(
Q̃

(1)
3 (θ, q(θ)) − Q̃

(2)
3 (θ, q(θ)) + Q̃

(3)
3 (θ, q(θ)) − Q̃

(4)
3 (θ, q(θ))

+ Q̃
(5)
3 (θ, q(θ)) − Q̃

(6)
3 (θ, q(θ)) + Q̃

(7)
3 (θ, q(θ)) − Q̃

(8)
3 (θ, q(θ))

)
.
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Here
Q̃

(7)
3 (θ, q(θ)) =

=



0, θ ∈
[

1+α2

2 π, π
]

∫ π

2θ
1+α2

1
1 − α

q(t1)
∫ αt1

2θ
1+α

− 1−α
1+α

t1
q(t2)q

(
t1 + 1 + α

1 − α
t2−

− 2θ

1 − α

)
dt2dt1,

 θ ∈
[

1+α3

2 π, 1+α2

2 π
]

∫ π

2θ
1+α3

1
1 − α

q(t1)
∫ 2θ

1+α2 − 1−α

1+α2 t1

2θ
1+α

− 1−α
1+α

t1
q(t2)q

(
t1 + 1 + α

1 − α
t2−

− 2θ

1 − α

)
dt2dt1+

+
∫ 2θ

1+α3

2θ
1+α2

1
1 − α

q(t1)
∫ αt1

2θ
1+α

− 1−α
1+α

t1
q(t2)q

(
t1 + 1 + α

1 − α
t2−

− 2θ

1 − α

)
dt2dt1,


θ ∈

[
1−α

2 π, 1+α3

2 π
]

∫ 2θ
1−α

2θ
1+α3

1
1 − α

q(t1)
∫ 2θ

1+α2 − 1−α

1+α2 t1

2θ
1+α

− 1−α
1+α

t1
q(t2)q

(
t1 + 1 + α

1 − α
t2−

− 2θ

1 − α

)
dt2dt1+

+
∫ 2θ

1+α3

2θ
1+α2

1
1 − α

q(t1)
∫ αt1

2θ
1+α

− 1−α
1+α

t1
q(t2)q(t1 + 1 + α

1 − α
t2−

− 2θ

1 − α

)
dt2dt1,


θ ∈

(
0, 1−α

2 π
]

and other auxiliary functions can be obtained analogously.
Using obtained transformations we get the asymptotic decomposition of characteristic

functions

F1(z) = z cos πz − b̃(1)(z) + 1
z

a(2,1)(z) − 1
z2 b(3,1)(z) + O

(a(3,1)(z)
z3

)
, (2.9)

F2(z) = cos πz + 1
z

b̃(2)(z) − 1
z2 a(2,2)(z) + 1

z3 b(3,2)(z) + O
(a(3,2)(z)

z4

)
. (2.10)

3. Asymptotics of zeros of the characteristic functions and eigenvalues of
the operators

Now we will find the asymptotic of zeros of the characteristic function, as well as
eigenvalues of the operator.

We search the asymptotic of zeros of Fj(z), j = 1, 2 in the form

zn1j = n1 + C1j(n1)
n1

+ C2j(n1)
n2

1
+ C3j(n1)

n3
1

+

+ o
(C3j(n1)

n3
1

)
, n1 −→ ∞, n1 = n + 1

2
, j = 1, 2

(3.1)

From the asymptotic expansions

zn1 · cos zn1 = (−1)n+1
(
πC1(n1) + πC2(n1)

n1
+

πC3(n1) − 1
6π3C3

1 (n1)
n2

1
+ o

(C1(n1)
n2

1

))
,

cos zn1 = (−1)n+1
(πC1(n1)

n1
+ πC2(n1)

n2
1

+
πC3(n1) − 1

6π3C3
1 (n1)

n3
1

+ o
(C1(n1)

n3
1

))
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−b̃(1)(zn1) = (−1)n+1
∫ π

0
q̃1(θ) cos 2n1θdθ

+ (−1)n π2C2
1 (n1)

2n2
1

∫ π

0
q̃1(θ) cos 2n1θdθ − (−1)n 2πC2

1 (n1)
n2

1

∫ π

0
θq̃1(θ) cos 2n1θdθ

+ (−1)n 2C2
1 (n1)
n2

1

∫ π

0
θ2q̃1(θ) cos 2n1θdθ − (−1)n πC1(n1)

n1

∫ π

0
q̃1(θ) sin 2n1θdθ

+ (−1)n 2C1(n1)
n1

∫ π

0
θq̃1(θ) sin 2n1θdθ − (−1)n πC2(n1)

n2
1

∫ π

0
q̃1(θ) sin 2n1θdθ

+ (−1)n 2C2(n1)
n2

1

∫ π

0
θq̃1(θ) sin 2n1θdθ + O

(C3(n1)
n3

1

)
,

1
zn1

b̃(2)(zn1) = (−1)n 1
n1

∫ π

0
q̃2(θ) cos 2n1θdθ

− (−1)n π2C2
1 (n1)

2n3
1

∫ π

0
q̃2(θ) cos 2n1θdθ + (−1)n 2πC2

1 (n1)
n3

1

∫ π

0
θq̃2(θ) cos 2n1θdθ

− (−1)n 2C2
1 (n1)
n3

1

∫ π

0
θ2q̃2(θ) cos 2n1θdθ + (−1)n πC1(n1)

n2
1

∫ π

0
q̃2(θ) sin 2n1θdθ

− (−1)n 2C1(n1)
n2

1

∫ π

0
θq̃2(θ) sin 2n1θdθ + (−1)n πC2(n1)

n3
1

∫ π

0
q̃2(θ) sin 2n1θdθ

− (−1)n 2C2(n1)
n3

1

∫ π

0
θq̃2(θ) sin 2n1θdθ + o

(C3(n1)
n3

1

)
,

1
zn1

a(2,1)(zn1) = (−1)n 1
n1

∫ π

0
Q̃21(θ, q(θ)) sin 2n1θdθ

− (−1)n πC1(n1)
n2

1

∫ π

0
Q̃21(θ, q(θ)) cos 2n1θdθ

+ (−1)n 2C1(n1)
n2

1

∫ π

0
θQ̃21(θ, q(θ)) cos 2n1θdθ + O

(C2(n1)
n3

1

)
,

− 1
z2

n1

a(2,2)(zn1) = (−1)n+1 1
n2

1

∫ π

0
Q̃22(θ, q(θ)) sin 2n1θdθ

+ (−1)n πC1(n1)
n3

1

∫ π

0
Q̃22(θ, q(θ)) cos 2n1θdθ

− (−1)n 2C1(n1)
n3

1

∫ π

0
θQ̃22(θ, q(θ)) cos 2n1θdθ + o

(C2(n1)
n3

1

)
,

− 1
z2

n1

b(3,1)(zn1) = (−1)n+1 1
n2

1

∫ π

0
Q̃31(θ, q(θ)) cos 2n1θdθ + o

(C1(n1)
n2

1

)
,

1
z3

n1

b(3,2)(zn1) = (−1)n 1
n3

1

∫ π

0
Q̃32(θ, q(θ)) cos 2n1θdθ + o

(C1(n1)
n3

1

)
,

and Fj(z) = 0, j = 1, 2 we obtain constants

C1j(n1) = (−1)j

π
ã

(j)
2n1 , (3.2)

C2j(n1) = (−1)j−1

π
b

(2,j)
2n1 + 1

π
ã

(j)
2n1 · b̃

(j)
2n1 − 2

π2 ã
(j)
2n1 · ˆ̃b(j)

2n1 , (3.3)

C3j(n1) = O
(
a

(3,j)
2n1

)
. (3.4)
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Using (3.2), (3.3), and (3.4) we obtain from (3.1) the asymptotic (3.5). By squaring it,
having in mind that z2 = λ, we obtain the asymptotic of eigenvalues of the operator (3.6).

Herewith, we have obtained the main result of this paper.

Theorem 3.1. If q(x) ∈ L2 [0, π] then the zeroes of the functions (2.9) and (2.10) of the
operators D2

01 and D2
10 have the following asymptotic decomposition:

zn1j = n1 + (−1)j 1
n1

· 1
π

ã
(j)
2n1

+ 1
n2

1

((−1)j−1

π
b

(2,j)
2n1 + 1

π
ã

(j)
2n1 · b̃

(j)
2n1 − 2

π2 ã
(j)
2n1 · ˆ̃b(j)

2n1

)
+ O

(a
(3,j)
2n1

n3
1

)
, n1 = n + 1

2
, n ∈ Z, j = 1, 2,

(3.5)

and the eigenvalues of the operators have the asymptotic behavior

λn1j = z2
n1j = n2

1 + (−1)j 2
π

ã
(j)
2n1

+ 1
n1

(
(−1)j−1 2

π
b

(2,j)
2n1 + 2

π
ã

(j)
2n1 · b̃

(j)
2n1 − 4

π2 ã
(j)
2n1 · ˆ̃b(j)

2n1

)
+ O

(a
(3,j)
2n1

n2
1

)
, n1 −→ ∞, n1 = n + 1

2
, j = 1, 2,

(3.6)

where the given number sequences are

ã
(j)
2n1 =

∫ π

0
q̃j(θ) cos 2n1θdθ,

a
(3,j)
2n1 =

∫ π

0
Q̃3j(θ, q(θ)) cos 2n1θdθ,

b̃
(j)
2n1 =

∫ π

0
q̃j(θ) sin 2n1θdθ,

ˆ̃b(j)
2n1 =

∫ π

0
θq̃j(θ) sin 2n1θdθ,

b
(2,j)
2n1 =

∫ π

0
Q̃2j(θ, q(θ)) sin 2n1θdθ, j = 1, 2.

4. Conclusion
In this paper, we have constructed the characteristic functions of the operators D2

01
and D2

10 by applying additional transformations on multiple integrals and by introducing
auxiliary functions. Herewith, more complete asymptotic behavior of zeros of the charac-
teristic functions was enabled. The importance of these transformations is reflected in the
fact that it was observed that a complete transformation could yield the general terms of
the asymptotic decomposition of the zeros of the characteristic function. This represents
a significant contribution to the theory of inverse spectral problems with homogeneous
delay. This is also important in solving inverse problems and particularly in calculating
regularized traces of their operators since they are obtained by using that decomposition.
This leads to further exploration in that direction.



Spectral properties of some differential operators type 665

References
[1] V. Ambarzumjan, Über eine Frage der Eigenwerttheorie, Z. Phys. 53, 690–695, 1929.
[2] G. Borg, Eine Umkehrung der Sturm-Liouvilleschen Eigenwertaufgabe: Bestimmung

der Differentialgleichung durch die Eigenwerte, Acta Math. 78, 1–96, 1946.
[3] S.A. Buterin and V.A. Yurko, An inverse spectral problem for Sturm-Liouville oper-

ators with a large constant delay, Anal. Math. Phys. 9 (1), 17–27, 2019.
[4] M. Pikula, Opredelenie differencial’nogo operatora tipa Šturma-Liuvillya s zapazdy-

vayusim argumentom po dvum spektram, Mat. Vesnik 43, 159–171, 1991.
[5] M. Pikula, E. Čatrnja, and I. Kalčo, Spectral problems for operators with deviating

arguments, Hacet. J. Math. Stat. 47 (5), 1172–1183, 2018.
[6] M. Pikula, D. Nedić, and E. Čatrnja, Partial invese spectral problems for the Sturm-

Liouville operator with delay, Sarajevo J. Math. 16 (29), 41–54, 2020.
[7] M. Pikula, V. Vladičić, and D. Nedić, Inverse Sturm-Liouville problems with homo-

geneous delay, Siberian Math. J. 55 (2), 301-308, 2014.
[8] M. Pikula, V. Vladičić, and B. Vojvodić, Inverse spectral problem for Sturm-Liouville

operators with a constant delay less than half the length of the interval and Robin
boundary conditions, Results Math. 74 (1), 45, 2019.

[9] V. Vladičić and N. Djurić, Incomplete inverse problem for SturmLiouville type differ-
ential equation with constant delay, Results Math. 74 (4), 161, 2019.

[10] V. Vladičić and M. Pikula, An inverse problems for Sturm-Liouville-type differential
equation with a constant delay, Sarajevo J. Math. 12 (24), 83-88, 2016.

[11] V.A. Yurko, Recovering differential operators with a retarded argument, Differ. Equ.
55 (4), 510–514, 2019.

[12] V.A. Yurko, S.A. Buterin, and M. Pikula, Sturm-Liouville differential operators with
deviating argument, Tamkang J. Math. 48 (1), 49–59, 2017.


