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ABSTRACT. In recent times, quantitative Voronovskaya type theorems have been presented in spaces of non-periodic
continuous functions. In this work, we proved similar results but for Fejér-Korovkin trigonometric operators. That is
we measure the rate of convergence in the associated Voronovskaya type theorem. Recall that these operators provide
the optimal rate in approximation by positive linear operators. For the proofs, we present new inequalities related
with trigonometric polynomials as well as with the convergence factor of the Fejér-Korovkin operators. Our approach
includes spaces of Lebesgue integrable functions.
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1. INTRODUCTION

In recent times, there have been some interests in studying quantitative Voronovskaya-type
theorems, but almost all the papers are concerned with positive linear operators in spaces of
non-periodic functions. The methods used in those papers are not useful in dealing with peri-
odic functions for two reasons (at least). First they use different kinds of Taylor’s formula and
second, in the non-periodical case do not appear conjugate functions.

It is known that the Voronovskaya-type theorems are related with the saturation class of
some families of operators. We have noticed that in the case of trigonometric polynomial ap-
proximation process the Voronovskaya-type theorems depend on particular properties of the
operators. In [1], the authors considered this kind of problem for Fejér sums. In this paper, we
consider the Fejér-Korovkin operators.
Let C2π denote the Banach space of all 2π-periodic, continuous functions f defined on the real
line R with the sup norm

‖f‖∞ = max
x∈[−π,π]

| f(x) | .

For 1 ≤ p <∞, the Banach space Lp consists of all 2π-periodic, p-th power Lebesgue integrable
functions f on R with the norm

‖f‖p =
( 1

2π

∫ π

−π
| f(x) |p dx

)1/p
.

In order to simplify, we write Xp = Lp for 1 ≤ p < ∞ and X∞ = C2π . By W r
p , we mean

the family of all functions f ∈ Xp such that f, . . . ,Dr−1(f) are absolutely continuous and
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Dr(f) ∈ Xp. Here, D(f) = D1(f) = f ′ and Dr+1(f) = D(Dr(f)). Recall that for f ∈ L1 and
k ∈ N0, the Fourier coefficients are defined by

ak(f) =
1

π

∫ π

−π
f(t) cos(kt)dt and bk(f) =

1

π

∫ π

−π
f(t) sin(kt)dt,

and the (formal) Fourier series is given by

f(x) ∼ a0(f)

2
+

∞∑
k=1

(ak(f) cos(kx) + bk(f) sin(kx)) :=

∞∑
k=0

Ak(f).

For n ∈ N, the Fejér-Korovkin kernel is defined by

Kn(x) =
1

n+ 2
sin2 π

n+ 2

cos2((n+ 2)x/2)

(cos(π/(n+ 2))− cosx)2

for x 6= ±π/(n+ 2) + 2jπ, j ∈ Z. For f ∈ X1 and n ∈ N, the Fejér-Korovkin operator is defined
by

Fn(f, x) =
1

2π

∫ π

−π
f(x+ t)Kn(t)dt.

Some Voronovskaya type theorems for the operators Fn are known.

Theorem 1.1. (Korovkin, [6]) If f ∈ C2π , x ∈ [−π, π] and f ′′(x) exists, then

Fn(f, x)− f(x) =
π2

2n2
f ′′(x) + o(n−2).

Theorem 1.2. (Butzer and Görlich, [2, page 385]) If 1 < p <∞ and f ∈W 2
p , then

lim
n→∞

∣∣∣∣∣∣n2(Fn(f)− f)− π2

2
f ′′
∣∣∣∣∣∣
p

= 0.

The main purpose of the paper is to present a quantitative Voronovskaya-type theorem for
the operators Fn. That is we want to estimate the rate of convergence to zero in the results
presented above. This will be accomplished in the last section of the article, where the case
p = 1 is also included.

The work is organized as follows. In Section 2, we include a collection of known definitions
and results which will be used later. For instance, in the non-periodic case conjugate functions
are not needed, but for our approach they are important. In Section 3, we prove some inequal-
ities related with trigonometric polynomials (we think that they have independent interest).
Section 4 is very technical. It involves complicated computations related with the convergence
factors of Fejér-Korovkin operators. In Section 5, we include the main result (Theorem 5.7). The
most important idea is to prove first a Voronovskaya theorem limited to polynomials (Proposi-
tion 5.8).

2. KNOWN RESULTS

The convolution of f, g ∈ L1, g an even function, is defined by

(f ∗ g)(x) =
1

π

∫ π

−π
f(x+ t)g(t)dt =

1

π

∫ π

0

(f(x+ t) + f(x− t))g(t)dt.

It is known that if f ∈ Xp and g ∈ X1, then f ∗ g ∈ Xp and

(2.1) ‖f ∗ g‖p ≤ ‖g‖1 ‖f‖p.
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For f ∈ X1, the conjugate function is defined by

f̃(x) = − 1

2π

∫ π

0

f(x+ t)− f(x− t)
tan(t/2)

dt = − lim
ε→0

1

2π

∫ π

ε

f(x+ t)− f(x− t)
tan(t/2)

dt,

whenever the limit exists. It is known that if f ∈ Xp with 1 < p <∞, then f̃ ∈ Xp, and that is
not the case for p = 1 and p =∞. Recall that for n ∈ N and f ∈ X1, the Fejér sum of order n is
defined by

σn(f, x) =

n∑
k=0

(
1− k

n+ 1

)
Ak(f, x).

Throughout the paper, we use the following notations. Tn denotes the family of all trigono-
metric polynomials of degree no greater that n, and T0

n is the family of all T ∈ Tn with mean
zero, that is ∫ π

−π
Tn(x)dx = 0.

Proposition 2.1. ([1, Prop. 2.4]) For each n, r ∈ N and T ∈ Tn, one has

(I − σn)r(T ) =


(−1)r/2

(n+ 1)r
Dr(T ), r even,

(−1)(r−1)/2

(n+ 1)r
Dr(T̃ ), r odd.

Theorem 2.3. ([9, p. 215]) If 1 ≤ p ≤ ∞, r, n ∈ N and T ∈ Tn, then

(2.2) ‖Dr(T )‖p ≤
( n

2 sin(nh/2)

)r
‖∆r

hT‖p

for any h ∈ (0, 2π/n). Moreover ‖Dr(T̃ )‖p ≤ nr ‖T‖p.

For r ∈ N, a function f ∈ Xp, and h > 0, the usual modulus of smoothness of order r is
defined by

(2.3) ωr(f, t)p = sup
|h|≤t

‖(I − Th)r(f)‖p,

where Th(f, x) = f(x + h) is the translation operator. We also use the notations ∆r
hf(x) =

(I − Th)r(f). For 1 ≤ p ≤ ∞ and f ∈ Xp, the best approximation of f by elements of Tn is
defined by

En,p(f) = inf
T∈Tn

‖f − T‖p.

Theorem 2.4. (Foucart et al, [5, Theorem 2.5]) If 1 ≤ p ≤ ∞, f ∈ Xp, and n ∈ N, then

En,p(f) ≤ 5ω1

(
f,

2π

n+ 1

)
p
.

The following result is easy to prove (see [3, p. 77]).

Proposition 2.2. Assume 1 ≤ p ≤ ∞ and

Qn(x) =
1

2
+

n∑
k=1

λk,n cos(kx)

is a non-negative trigonometric polynomial. If g ∈W 2
p , then

‖g − g ∗Qn‖p ≤
π2

2
(1− λ1,n)‖D2(g)‖p.
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We need some results taken from the Zygmund book [10, pages 93 and 183].

Proposition 2.3. If {cn} is a convex and bounded sequence, then {cn} decreases, n∆1cn → 0, and
∞∑
n=0

(n+ 1)∆2cn = c0 − lim
n→∞

cn.

Proposition 2.4. If {cn} is a convex sequence which converges to zero, then the series

c0
2

+

∞∑
k=1

ck cos(kx)

converges for all x 6= 0 to a nonnegative and integrable function.

3. INEQUALITIES FOR TRIGONOMETRIC POLYNOMIALS

Proposition 3.5. The function

ϕ(x) =

∞∑
k=1

cos(kx)

k
, x 6= 0,

is integrable. Moreover

‖ϕ‖1 ≤
3

2
.

Proof. If we consider Proposition 2.4 with the sequence {an}, given by a0 = 3/2 and ak = 1/k
for k ∈ N, then

3

4
+

∞∑
k=1

cos(kx)

k
≥ 0

for x 6= 0. But

1

2π

∫ π

−π

∣∣∣ ∞∑
k=1

cos(kx)

k

∣∣∣dx ≤ 3

4
+

1

2π

∫ π

−π

∣∣∣3
4

+

∞∑
k=1

cos(kx)

k

∣∣∣dx
=

3

4
+

1

2π

∫ π

−π

(3

4
+

∞∑
k=1

cos(kx)

k

)
dx

=
3

4
+

1

2

∞∑
k=0

(k + 1)∆2ak

=
3

2
,

where we use Proposition 2.3. �

Remark 3.1. In the proof of the previous Proposition, we can not take a0 < 3/2, because we
need that ∆2a0 = a0 − 2a1 + a2 = a0 − 3/2 ≥ 0.

Theorem 3.5. For 1 ≤ p ≤ ∞, each n ∈ N and T ∈ Tn, one has

‖(I − σn)(T )‖p ≤
3(n+ 1)

2
‖(I − σn)2(T )‖p,

where σn denotes the Fejér sum. Moreover, if T ∈ T0
n, then

‖T‖p ≤
3(n+ 1)

2
‖(I − σn)(T )‖p.
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Proof. Define τn : T0
n → T0

n by the equation

(3.4) τn(T ) = (n+ 1)

n∑
k=1

Ak(x)

k
,

where T (x) =
∑n
k=1Ak(x). Notice that, for each T ∈ T0

n, it follows from (2.1) that

‖τn(T )‖p ≤ (n+ 1)‖ϕ‖1‖T‖p ≤
3(n+ 1)

2
‖T‖p,

where ϕ is the function in Proposition 3.5. On the other hand, if T is given as in (3.4), then

(3.5) τn((I − σn)(T ), x) = τn

( n∑
k=1

k

n+ 1
Ak, x

)
=

n∑
k=1

Ak(x) = T (x).

Therefore, for any T ∈ Tn, if we set T ∗ = T −A0(T )/2, then

‖(I − σn)(T )‖p = ‖(I − σn)(T ∗)‖p
= ‖τn((I − σn)2(T ∗)‖p

≤ 3(n+ 1)

2
‖(I − σn)2(T ∗)‖p

=
3(n+ 1)

2
‖(I − σn)2(T )‖p.

Finally, if T ∈ T0
n, it follows from (3.5) that

‖T‖p = ‖τn((I − σn)(T ))‖p ≤
3(n+ 1)

2
‖(I − σn)(T )‖p.

�

Intermediate derivatives have been used by several authors. Here, we present some partic-
ular constants.

Corollary 3.1. If n ∈ N and T ∈ T0
n, then

‖T‖p ≤
9

4
‖T ′′‖p, ‖T‖p ≤

27

8
‖D3(T̃ )‖p,

‖T̃ ′‖p ≤
3

2
‖T ′′‖p, ‖T̃ ′‖p ≤

9

4
‖D3(T̃ )‖p

and
‖D3(T̃ )‖p ≤ 2(n+ 1)‖T ′′‖p.

Proof. The result follows from Theorem 3.5 and Proposition 2.1. For instance,

‖T‖p ≤
3(n+ 1)

2
‖(I − σn)(T )‖p ≤

9(n+ 1)2

4
‖(I − σn)2(T )‖p =

9

4
‖T ′′‖p

and

‖T‖p ≤
27(n+ 1)3

8
‖(I − σn)3(T )‖p =

27

8
‖D3(T̃ )‖p.

On the other hand,

‖T̃ ′‖p = (n+ 1)‖(I − σn)(T )‖p ≤
3

2
(n+ 1)2‖(I − σn)2(T )‖p =

3

2
‖T ′′‖p

and
‖T̃ ′‖p ≤

9

4
(n+ 1)3‖(I − σn)3(T )‖p =

9

4
‖D3(T̃ )‖p.
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Finally,

‖T̃ ′′′‖p = ‖(T̃ ′′)′‖p = (n+ 1)‖(I − σn)(T ′′)‖p ≤ 2(n+ 1)‖T ′′‖p.
�

4. ESTIMATES RELATED WITH CONVERGENCE FACTORS

Proposition 4.6. The Fejér-Korovkin kernel can be written in the form

Kn(x) =
1

2
+

n∑
k=1

ζn

( k

n+ 2

)
cos(kx) =

1

2
+

n∑
k=1

%k,n cos(kx).

The numbers %k,n are usually called the convergence factors. Representations for the con-
vergence factors of Fejér-Korovkin operators appeared in different places. For instance, see [8,
p. 1098 ]. We set

(4.6) ζn(x) = (1− x) cos(πx) +
1

n+ 2
cot

π

n+ 2
sin(πx).

Corollary 4.2. For each n > 1, one has

%1,n = cos
π

n+ 2
, %2,n = 1− 2(1− cos2

π

n+ 2
)
(

1− 1

n+ 2

)
and

4− 1− %2,n
1− %1,n

= 2− 2 cos
π

n+ 2
+

2(1 + cos(π/(n+ 2)))

n+ 2
.

We need some estimates related with the convergence factors. In what follows, we set

an =
1

π

(
1− π

n+ 2
cot

π

n+ 2

)
,

(4.7) Hn,1(x) = (1− x) cos(πx) +
sin(πx)

π
+
π2

2
x2 − π2

3
x3,

(4.8) Hn,2(x) = an(sin(πx)− πx)

and

(4.9) λk,n = 1− ζn
( k

n+ 2

)
− π2

2

k2

(n+ 2)2
+

π2k3

3(n+ 2)3
− πan

k

n+ 2
.

Lemma 4.1. For 0 < x ≤ π, one has

1− x2

2
≤ x cotx ≤ 1− x2

3
.

In particular,

an ≤
π

2(n+ 2)2
.

Proof. The first assertion follows from standard arguments. For the second one,

an =
1

π

(
1− π

n+ 2
cot

π

n+ 2

)
≤ 1

π

π2

2(n+ 2)2
.

�
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Lemma 4.2. Let x0 ∈ (0, π/2) be defined by the Equation 3 tan(πx0) = π(1 − x0). For x ∈ [0, x0],
one has

π(1− x)(1− cos(πx)) + sin(πx)− πx ≥ 0.

Moreover, x0 > π/6.

Proof. For 0 < x ≤ 1,
−4 cos(πx)− π(1− x) sin(πx) ≤ 0.

Therefore, the function f1(x) = −3 sin(πx) + π(1− x) cos(πx) decreases in [0, 1]. But f1(x0) = 0
if and only if

tan(πx0) =
π

3
(1− x0).

Hence,f1(x) ≥ 0 for x ∈ [0, x0].
With similar arguments, we verify that the function f2(x) = −2+2 cos(πx)+π(1−x) sin(πx)

increases in [0, x0]. Thus, f2(x) ≥ 0 for x ∈ [0, x0].
If f3(x) = π(1− x)(1− cos(πx)) + sin(πx)− πx, then f ′3(x) = πf2(x) ≥ 0, for x ∈ [0, x0].

�

Lemma 4.3. Suppose that n,m ∈ N, n ≥ m ≥ 5 and Hn,1 is defined by (4.7), then∣∣∣1−Hn,1

( m

n+ 2

)∣∣∣ ≤ π4m4

6(n+ 2)4

(1

4
− m

5(n+ 2)

)
,

0 ≤ Hn,1

( m

n+ 2

)
−Hn,1

(m− 1

n+ 2

)
≤ π3(m− 1)3

4(n+ 2)4

and, for 0 ≤ k ≤ m− 2,∣∣∣Hn,1

(k + 2

n+ 2

)
− 2Hn,1

(k + 1

n+ 2

)
+Hn,1

( k

n+ 2

)∣∣∣ ≤ π4(k + 1)2

2(n+ 2)4
.

Proof. Notice that

H ′n,1(x) = −π(1− x) sin(πx) + π2x(1− x) = π(1− x)(πx− sin(πx))

and
H ′′n,1(x) = π

(
π(1− x)(1− cos(πx)) + sin(πx)− πx

)
.

(i) If xm = m/(n+ 2), then

| 1−Hn,1(xm) | =| Hn,1(0)−Hn,1(xm) |

=

∣∣∣∣∫ xm

0

H ′n,1(s)ds

∣∣∣∣
= π

∫ xm

0

(1− s)(πs− sin(πs))ds.

For 0 ≤ y ≤ 1, one has

0 ≤ (1− y)(πy − sin(πy)) ≤ π3y3

6
(1− y),

hence, for 0 ≤ z ≤ n+ 2, the function

F (z) =

∫ z/(n+2)

0

(1− s)(πs− sin(πs))ds− π3

6(n+ 2)4

(z4
4
− z5

5(n+ 2)

)
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decreases. Taking into account that F (0) = 0,

| 1−Hn,1(xm) |= πF (m) ≤ π4m4

6(n+ 2)4

(1

4
− m

5(n+ 2)

)
.

(ii) On the other hand, if y = (m− 1)/(n+ 2),

0 ≤ Hn,1

( m

n+ 2

)
−Hn,1

(m− 1

n+ 2

)
=

∫ y+1/(n+2)

y

H ′n,1(s)ds

= π

∫ y+1/(n+2)

y

(1− s)
(
πs− sin(πs)

)
ds.

As before, for z ≥ 0, the function

Gy(z) =

∫ y+z

y

(1− s)(πs− sin(πs))ds− π3((y + z)4 − y4)

24(n+ 2)4

=

∫ z

0

(1− (y + s))(π(y + s)− sin(π(y + s))ds− π3((y + z)4 − y4)

24

decreases and Gy(0) = 0. Therefore,

Hn,1

( m

n+ 2

)
−Hn,1

(m− 1

n+ 2

)
≤ π3((y + 1/(n+ 2))4 − y4)

24

=
π3

24

(
4

y3

(n+ 2)
+ 6

y2

(n+ 2)2
+ 4

y

(n+ 2)3
+

1

(n+ 2)4

)
=

π3

24(n+ 2)4

(
4(m− 1)3 + 6(m− 1)2 + 4(m− 1) + 1

)
=
π3(m− 1)3

24(n+ 2)4

(
4 +

6

(m− 1)
+

4

(m− 1)2
+

1

(m− 1)3

)
≤ π3(m− 1)3

4(n+ 2)4

for m ≥ 5.
(iii) Let x0 be given as in Lemma 4.2. Set z = k/(n+ 2). Note that

0 ≤ z < z +
2

n+ 2
≤ m− 2 + 2

n+ 2
≤ π

6
< x0.

Hence, if 0 ≤ s ≤ z + 2/(n+ 2),

0 ≤ 1

π
H ′′n,1(s)

= π(1− s)(1− cos(πs)) + sin(πs)− πs
≤ π(1− cos(πs))

< π
(πs)2

2
.
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Therefore,

0 ≤ Hn,1(z)− 2Hn,1

(
z +

1

n+ 2

)
+Hn,1

(
z +

2

n+ 2

)
=

∫ 1/(n+2)

0

(H ′n,1(z + s+ 1/(n+ 2))−H ′n,1(z + s))ds

=

∫ 1/(n+2)

0

∫ 1/(n+2)

0

H ′′n,1(z + s+ t)dtds

≤ π4

2

∫ 1/(n+2)

0

∫ 1/(n+2)

0

(z + s+ t)2dtds

=
π4

6

∫ 1/(n+2)

0

(
3

(z + s)2

n+ 2
+ 3

(z + s)

(n+ 2)2
+

1

(n+ 2)3

)
ds

=
π4

6

( 1

n+ 2

( 3z2

n+ 2
+

3z

(n+ 2)2
+

1

(n+ 2)3

)
+

3

2(n+ 2)3

(
2z +

1

n+ 2

)
+

1

(n+ 2)4

)
=

π4

6(n+ 2)4

(
3k2 + 3k + 1 + 3k +

3

2
+ 1
)

=
π4

6(n+ 2)4

(
3k2 + 6k +

5

2

)
<

π4

6(n+ 2)4

(
3k2 + 6k + 3

)
=

π4

2(n+ 2)4
(k + 1)2.

�

Lemma 4.4. If n,m ∈ N, n ≥ m ≥ 5, and Hn,2 is defined by (4.7), then∣∣∣Hn,2

( m

n+ 2

)∣∣∣ ≤ π4

12

m3

(n+ 2)5
,

∣∣∣Hn,2

(m− 1

n+ 2

)
−Hn,2

( m

n+ 2

)∣∣∣ ≤ π4

4

m2

(n+ 2)5
,

and, for 0 ≤ k ≤ m− 2,∣∣∣Hn,2

(k + 2

n+ 2

)
− 2Hn,2

(k − 1

n+ 2

)
+Hn,2

( k

n+ 2

)∣∣∣ ≤ π4(3k2 + 9k + 7)

4(n+ 2)5
.

Proof. (i) If x = m/(n+ 2), one has

| Hn,2(x) | = 1

π

(
1− π

n+ 2
cot

π

n+ 2

)
(πx− sin(πx))

≤ 1

π

π2

2(n+ 2)2
(πx)3

6

=
π4

12

m3

(n+ 2)5
.
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(ii) On the other hand, there exists θ ∈ (π(m − 1)/(n + 2), πm/(n + 2)) such that (see Lemma
4.1) ∣∣∣Hn,2

(m− 1

n+ 2

)
−Hn,2

( m

n+ 2

)∣∣∣ = an

∣∣∣ sin( πm

n+ 2

)
− sin

(π(m− 1)

n+ 2

)
− π

n+ 2

∣∣∣
=

πan
n+ 2

(1− cos θ)

≤ πan
n+ 2

θ2

2

≤ π4

4(n+ 2)3

( m

n+ 2

)2
≤ π4

4

m2

(n+ 2)5
.

Finally, taking into account Lemma 4.1 and setting z = k/(n+ 2), one has

| Hn,2(z + 2/(n+ 2))− 2Hn,2(z + 1/(n+ 2)) +Hn,2(z) |
=an | sin(π(z + 2/(n+ 2))− 2 sin(π(z + 1/(n+ 2)) + sin(πz)) |

=π2 an

∣∣∣∣∣
∫ 1/(n+2)

0

∫ 1/(n+2)

0

sin(π(z + s+ t))dsdt

∣∣∣∣∣
=π an

∫ 1/(n+2)

0

(
1− cos

(
π(z + s+

1

n+ 2
)
))
ds

≤ π4

4(n+ 2)2

∫ 1/(n+2)

0

(
z + s+

1

n+ 2

)2
ds

=
π4

4(n+ 2)2

( 3

n+ 2

(
z +

1

n+ 2

)2
+

3

(n+ 2)2

(
z +

1

n+ 2

)
+

1

(n+ 2)3

)
=

π4

4(n+ 2)5

(
3(k + 1)2 + 3(k + 1) + 1

)
=

π4

4(n+ 2)5

(
3k2 + 9k + 7

)
.

�

Lemma 4.5. If n,m ∈ N, 5 ≤ m ≤ n and λk,n is defined by (4.9), then

| λm,n |≤
π4

24

m4

(n+ 2)4
, | m(λm−1,n − λm,n) |≤ π3m4

4(n+ 2)4

and ∣∣∣m−2∑
k=0

(k + 1)∆2λk,n+2

∣∣∣ < π4m3(m− 1)

(n+ 2)4
.

Proof. Notice that

1−Hn,1(x) +Hn,2(x) = 1− (1− x) cos(πx)− sin(πx)

π
− π2

2
x2 +

π2

3
x3 + an(sin(πx)− πx)

= 1− (1− x) cos(πx)− π

n
cot

π

n
sin(πx)− π2

2
x2 +

π2

3
x3 − anπx.
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Therefore,

λk,n = 1−Hn,1

( k

n+ 2

)
+Hn,2

( k

n+ 2

)
.

(i) If m ≥ 5, it follows from Lemmas 4.3 and 4.4 that

| λm,n | =
∣∣∣1−Hn,1

( m

n+ 2

)
+Hn,2

( m

n+ 2

)∣∣∣
≤ π4

6

m4

(n+ 2)4

(1

4
− m

5(n+ 2)

)
+
π4

12

m3

(n+ 2)5

≤ π4

24

m4

(n+ 2)4
.

(ii) On the other hand,

| m(λm−1,n − λm,n) | ≤ m
∣∣∣Hn,1

( m

n+ 2

)
−Hn,1

(m− 1

n+ 2

)∣∣∣+m
∣∣∣Hn,2

( m

n+ 2

)
−Hn,2

(m− 1

n+ 2

)∣∣∣
≤ π3m(m− 1)3

4(n+ 2)4
+
π4

4

m3

(n+ 2)5

≤ π3m3

4(n+ 2)4

(
m− 1 +

π

(n+ 2)

)
≤ π3m4

4(n+ 2)4
.

(iii) Finally, for 0 ≤ k ≤ m− 2, then

| ∆2λk,n+2 | ≤
∣∣∣Hn,1

(k + 2

n+ 2

)
− 2Hn,1

(k + 1

n+ 2

)
+Hn,1

( k

n+ 2

)∣∣∣
+
∣∣∣Hn,2

(k + 2

n

)
− 2Hn,2

(k + 1

n

)
+Hn,2

(k
n

)∣∣∣
≤ π4(k + 1)2

2(n+ 2)4
+
π4(3k2 + 9k + 7)

4(n+ 2)5

≤ π4

(n+ 2)4
(4k2 + 11k + 8).

Since

m−2∑
k=0

(k + 1)(4k2 + 11k + 8) =

m−2∑
k=0

(4k3 + 15k2 + 19k + 8)

= (m− 1)(m− 2)
(

(m− 2)(m− 1) + 15
(2m− 3)

6
+

19

2
+

8

m− 2

)
= m4 −m3.

Therefore, ∣∣∣m−2∑
k=0

(k + 1)∆2λk,n+2

∣∣∣ ≤ π4m3(m− 1)

(n+ 2)4
.

�
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5. MAIN RESULTS

Theorem 5.6. Assume 1 ≤ p ≤ ∞,m ∈ N andm ≥ 2. If g ∈W 2
p , T ∈ Tm, and ‖g−T‖p = Em,p(g),

then

(5.10) ‖g′′ − T ′′‖p ≤ 30 Em,p(g
′′).

Proof. It was proved in [1, Th. 3.4] that, for any r ∈ N, g ∈W r
p , T ∈ Tm, and m ≥ max{2, r}.

‖Dr(g)−Dr(S)‖p ≤
(

4 +
1

r
+ ln(2r)

)(
1 +

eπ

2

)
Em,p(D

r(g)),

when ‖g − S‖p = Em,p(g). Since

(
4 +

1

2
+ ln(4)

)(
1 +

eπ

2

)
< 30,

one has

‖D2(g)−D2(T )‖p ≤ 30Em,p(D
2(g)).

�

Proposition 5.7. If 1 ≤ p ≤ ∞ g ∈W 2
p , then

‖g − Fn(g)‖p ≤
π4

4(n+ 2)2
‖D2(g)‖p.

Proof. It follows from Proposition 2.2 and Corollary 4.2 that

‖g − Fn(g)‖p ≤
π2

2
(1− %1,n)‖D2(g)‖p

=
π2

2

(
1− cos

π

n+ 2

)
‖D2(g)‖p

≤ π4

4(n+ 2)2
‖D2(g)‖p.

�

Proposition 5.8. For each 1 ≤ p ≤ ∞, if n,m ∈ N, n ≥ m ≥ 5 and T ∈ T0
m, then

∣∣∣∣∣∣Fn(T )− T − π2

2(n+ 2)2
T ′′
∣∣∣∣∣∣
p
≤
( 9π3m4

(n+ 2)4
+

3π2

4(n+ 2)3
+

2π2(m+ 1)

3(n+ 2)3

)
‖T ′′‖p.
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Proof. Let λk,n be defined by (4.9). If T =
∑m
k=0Ak(x) ∈ Tn, with Ak(x) = ak cos(kx) +

bk sin(kx), then

T (x)− Fn(T, x) +
π2

2(n+ 2)2
T ′′(x)

=

m∑
k=0

(
1− ζn+2

( k

n+ 2

)
− π2k2

2(n+ 2)2

)
Ak(x)

=

m∑
k=0

(
1− ζn+2

( k

n+ 2

)
− π2

2

k2

(n+ 2)2
+

π2k3

3(n+ 2)3
− πan

k

n+ 2

)
Ak(x)

+

m∑
k=1

(
πan

k

n+ 2
− π2k3

3(n+ 2)3

)
Ak(x)

=

m∑
k=0

λk,nAk(x) +
πan
n+ 2

T̃ ′ − π2

3(n+ 2)3
T̃ ′′′.

We apply twice the Abel transformation to obtain
m∑
k=0

λk,nAk(x) = λm,n

m∑
k=0

Ak(x) +

m−1∑
k=0

(λk,n − λk+1,n)

k∑
j=0

Aj(x)

= λm,nT (x) + (λm−1,n − λm,n)

m−1∑
k=0

k∑
j=0

Ak(x) +

m−2∑
k=0

∆2λk,n

k∑
j=0

j∑
i=0

Ai(x)

= λm,nT (x) +m(∆1λm−1,n)σm(T, x) +

m−2∑
k=0

(k + 1)∆2λk,nσk(T, x),

where σk is the Fejér sum. It follows from Lemma 4.5 that∣∣∣∣∣∣ n∑
k=0

λk,nAk(x)
∣∣∣∣∣∣
p
≤
(π4

24

m4

(n+ 2)4
+

π3m4

4(n+ 2)4
+
π4m3(m− 1)

(n+ 2)4

)
‖T‖p

≤
( 1

24

16

5
+

1

4
+

16

5

) π4m4

(n+ 2)4
‖T‖p

≤ π3m4

(n+ 2)4
‖T‖p

≤ 4π3m4

(n+ 2)4
‖T‖p.

Now, taking into account Lemma 4.1, we obtain∣∣∣∣∣∣T − Fn(T ) +
π2

2(n+ 2)2
T ′′
∣∣∣∣∣∣
p
≤
∣∣∣∣∣∣ m∑
k=0

λk,nAk(x)
∣∣∣∣∣∣+

πan‖T̃ ′‖p
n+ 2

− π2‖T̃ ′′′‖p
3(n+ 2)3

≤ 4π3m4

(n+ 2)4
‖T‖p +

π2

2(n+ 2)3
‖T̃ ′‖p +

π2

3(n+ 2)3
‖T̃ ′′′‖p.

Each one of the norms given above can be estimated with the help of Corollary 3.1 (here the
condition T ∈ T0

m is needed). That is∣∣∣∣∣∣T − Fn(T ) +
π2

2(n+ 2)2
T ′′
∣∣∣∣∣∣
p
≤
( 9π3m4

(n+ 2)4
+

3π2

4(n+ 2)3
+

2π2(m+ 1)

3(n+ 2)3

)
‖T ′′‖p.
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�

Theorem 5.7. Assume 1 ≤ p ≤ ∞ and 0 < α < 1. If n+ 2 ≥ 72/α and f ∈W 2
p , then∣∣∣∣∣∣(n+ 2)2(Fn−2(f)− f)− π2

2
f ′′
∣∣∣∣∣∣
p
≤ 795π2

(n+ 2)2/3
‖f ′′‖p.

Proof. Fix m ∈ N such that

m+ 1 = [(n+ 2)α/2].

Note that

6 ≤ (n+ 2)α/2 − 1 < [(n+ 2)α/2] = m+ 1 < n.

Let Tm ∈ Tm be given by the condition Em.p(f) = ‖f − Tm‖p. Since

(n+ 2)2(Fn(f + c)− (f + c))− π2

2
(f + c)′′ = (n+ 2)2(Fn(f)− f)− π2

2
f ′′

and

Em,p(f + c) = Em,p(f),

for any real constant c, without losing generality, we can assume that Tm has mean zero. That
is Tm ∈ T0

m. Taking into account Proposition 5.7 and (5.10),∣∣∣∣∣∣(n+ 2)2(Fn(f)− f)− π2

2
f ′′
∣∣∣∣∣∣
p
≤ (n+ 2)2‖Fn(f − Tm)− (f − Tm)‖p

+
π2

2
‖f ′′ − T ′′m‖p +

∣∣∣∣∣∣(n+ 2)2(Fn(Tm)− Tm)− π2

2
T ′′m

∣∣∣∣∣∣
p

≤
(π4

4
+
π2

2

)
‖f ′′ − T ′′m‖p +

∣∣∣∣∣∣(n+ 2)2(Fn(Tm)− Tm)− π2

2
T ′′m

∣∣∣∣∣∣
p

≤ 30
(π4

4
+
π2

2

)
Em,p(f

′′) +
∣∣∣∣∣∣(n+ 2)2(Fn(Tm)− Tm)− π2

2
T ′′m

∣∣∣∣∣∣
p
.

From Proposition 5.8, we know that∣∣∣∣∣∣(n+ 2)2(Fn(Tm)− Tm)− π2

2
T ′′m

∣∣∣∣∣∣
p

≤
( 9π3m4

(n+ 2)2
+

3π2

4(n+ 2)
+

2π2(m+ 1)

3(n+ 2)

)
‖T ′′m‖p

≤
(9π3(n+ 2)2α

(n+ 2)2
+

3π2

4(n+ 2)
+

2π2(n+ 2)α/2

3(n+ 2)

)(
‖T ′′m − f ′′‖p + ‖f ′′‖p

)
≤
( 9π3

(n+ 2)2(1−α)
+

3π2

4(n+ 2)
+

2π2

3(n+ 2)1−α/2

)(
30Em,p(f

′′) + ‖f ′′‖p
)

≤31π2
(

9π +
3

4
+

2

3

) ‖f ′′‖p
(n+ 2)α

≤(31π)2
‖f ′′‖p

(n+ 2)α
.
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Moreover, taking into account Theorem 2.4, one has

30
(π4

4
+
π2

2

)
Em,p(f

′′) ≤ 150π2
(10

4
+

1

2

)
ω1

(
f ′′,

2π

m+ 1

)
p

= 450π2ω1

(
f ′′,

2π

m+ 1

)
p

≤ 450π2ω1

(
f ′′,

2π

(n+ 2)α/2 − 1

)
p
.

We have proved that∣∣∣∣∣∣(n+ 2)2(Fn(f)− f)− π2

2
f ′′
∣∣∣∣∣∣
p
≤ 450π2ω1

(
f,

2π

(n+ 2)α/2 − 1

)
p

+
(31π)2

(n+ 2)α
‖f ′′‖p.

This yields the result. �
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