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Original Article

Abstract − In this paper, we first introduce the evolute offset of non-cylindirical
ruled surfaces with B-Darboux frame in Euclidean 3-space. Then some geometric
properties of this evolute offset of non-cylindirical ruled surface are studied. That
is, we examine the striction curve, distribution parameter, orthogonal trajectory of
evolute offset of ruled surfaces in terms of B-Darboux frame of given ruled surfaces,
and we study the developability of ruled surface generated by B-Darboux vectors in
three dimensional Euclidean space.
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1. Introduction

In geometry, a ruled surface in three dimensional space is a surface which is stated as the set of
points swept by a moving straight line. By using the directions, many offset of this surface such as
parallel, Bertrand, Mannheim, involute-evolute, and Smarandache have been defined. In kinematics,
mechanism, geophysics, Computer-Aided Geometric Design, and geometric modelling, both offsets and
ruled surfaces are extensively worked on. In general, offsets of surfaces are usually more complicated
than their origin surfaces. Because of this, analysing offsets surfaces or curves by the help of the
properties of the base surface or curve is important. Therefore, many researchers have been working
on this subject.

After [1] Pottmann et al. in 1996 studied rational ruled surfaces and their offsets, Kasap et al.
in [2], Akyigit et. al. in [3] had a research on the involute-evolute offsets of ruled surface in 2009 and
involute-evolute curves in Galilean Space in 2010, respectively. The involute evolute partner of both
d-curves in Euclidean 3-space and pseudo null curves in Minkowski 3-space found in [4]- [5]. While
Yoon worked on, in 2016, the evolute offsets of ruled surfaces in three dimensional Lorentzian space [6],
recently, Senturk and Yuce in [7]- [8] studied evolute offsets of ruled surfaces using Darboux frame in
3 dimensional Euclidean space.

In this paper, after giving necessary definitions and theorems in preliminary section, the evolute
offset of ruled surfaces with B-Darboux frame is defined in the following chapter. Some geometric
properties of this evolute offset of non-cylindirical ruled surface are studied. That is, we examine the
striction curve, distribution parameter and the developability of evolute offset of given ruled surfaces
in terms of B-Darboux frame in Euclidean 3- space.
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2. Preliminary

Let M(u(s), v(s)) be an oriented surface and α(s) be a unit speed curve on M in E3. If t is the unit
tangent vector of α, U is the unit normal vector of M and V = U ∧ t, then {t,V,U} is called the
Darboux frame of α(s). Therefore, the Darboux formulas are written as

d
ds

 t
V
U

 =

 0 κg κn
−κg 0 τg
−κn −τg 0

 t
V
U

 (1)

where
κg =

〈
t′,V

〉
, κn =

〈
t′,U

〉
, τg =

〈
V′,U

〉
(2)

are called the normal curvature, geodesic curvature and the geodesic torsion of α, respectively [9].
As an alternative to the Darboux frame, B-Darboux frame is defined as a new adapted frame on the
surface [10], [11]. Its mathematical properties derive from the observation that, while the tangent
vector t for a curve on a surface is unique, we can pick any practical arbitrary basis vectors B1 and
B2 for the remainder of the proposed frame in the normal plane of the surface.

Theorem 2.1. [12] Assume that r(s) = M(u(s), v(s)) is a unit speed curve on a surface M in E3.
Let us consider the Darboux frame {t,V,U} along this curve on the surface. Then, the variation
equation of the B-Darboux frame {t,B1,B2} on the surface given as

d

dt

 t
B1

B2

 =

 0 n1 n2
−n1 0 0
−n2 0 0

 t
B1

B2

 , (3)

where the B-Darboux curvatures are obtained as

n1 = κg sinφ+ κn cosφ

n2 = κn sinφ− κg cosφ,
(4)

where the angle φ between the vectors U and B1 are obtained by

φ− φo =

∫
τgdt (5)

here φo is an arbitrary integration constant.

A straightforward computation shows that the following relations among the B-Darboux curva-
tures, the normal curvature and the geodesic curvature holds:

κ2g + κ2n = n21 + n22. (6)

If α(s) be a curve and X(s) be a generator vector, then the parametrization of ruled surface ϕ(s, v) is

ϕ(s, v) = α(s) + vX(s). (7)

The striction curve on the ruled surface consists of the foot of the common perpendicular line of the
consecutive rulings on the main ruling. It is written as

c(s) = α(s)− 〈αs,Xs〉
〈Xs,Xs〉X(s). (8)

Theorem 2.2. The ruled surface is developable if consecutive rulings intersect [13].

The distribution parameter of the ruled surface is determined as (see [14], [15])

PX = det(αs,X,Xs)
〈Xs,Xs〉 . (9)

Theorem 2.3. The ruled surface is named as developable if and only if PX = 0 [13].
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The ruled surface is called as a non-cylindirical ruled surface if 〈Xs, Xs〉 6= 0.
A unit direction vector of straight line X is span by the vectors {t,B1}. Therefore, it is given as

X = cosφt + sinφB1. (10)

where φ is the angle between the vectors t and X [15]. In [12], the distrubition parameter and the
striction curve of ruled surface with B-Darboux frame are determined as

PX = n2 sinφ cosφ
(φ′+n1)2+(n2)2(cosφ)2

, (11)

and
c(s) = α(s)− (φ′+n1) sinφ

(φ′+n1)2+(n2)2(cosφ)2
X(s). (12)

respectively.
The ruled surface with B-Darboux frame is a developable provided that

n2 cosφ sinφ = 0. (13)

In that case, we have the followings:

i) If n2 = 0 then
κg
κn

= tanφ which is trivial. Specially, if φ = 0, then α is geodesic curve and never
asymptotic line.

ii) If cosφ = 0 then base curve is orthogonal trajectory.

iii) If sinφ = 0 then main ruled surface is the tangent developable.

An orthogonal trajectory of a family of curves is a curve which intersect each curve of the family
orthogonally. For the ruled surface ϕ(s, v), the orthogonal trajectory is

cosφds = −dv. (14)

3. Evolute Offsets of Ruled Surface with B-Darboux Frame

Definition 3.1. Two ruled surfaces ϕ(s, v) with B-Darboux frame {t,B1,B2} and ϕ∗(s, v) with B-
Darboux frame {t∗,B∗1,B∗2} are given

ϕ(s, v) = α(s) + vX(s) (15)

ϕ∗(s, v) = α∗(s) + vX∗(s). (16)

ϕ(s, v) is said to be involute offsets of ϕ∗(s, v) or ϕ∗(s, v) is said to be evolute offset of ϕ(s, v) if frame
vectors t of ϕ(s, v) and B∗1 of ϕ∗(s, v) are linearly dependent at the points of their corresponding
rullings.

A unit direction vector of straight line X∗ of ϕ∗ is spanned by the vectors {t∗,B∗1}. Therefore, it
is given

X∗ = cosφ∗t∗ + sinφ∗B∗1, (17)

where φ∗ is the angle between the vectors t∗ and X∗.

If t,B1 and B2 are the B-Darboux vectors of ϕ, then the B-Darboux vectors of evolute offset ϕ∗

of ϕ, as in Figure 1, are written as t∗

B∗1
B∗2

 =

 0 cosψ − sinψ
1 0 0
0 sinψ cosψ

 t
B1

B2

 , (18)

where the ψ is the angle between B2 and B∗2.
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Fig. 1. Relation between ϕ and ϕ∗.

It is easy to see that
α∗(s) = α(s) +Rt (19)

where R is the distance function between the corresponding points of the base curves α(s) and α∗(s),
and it is given as R(s) = c− s [4].

X∗(s) = sinφ∗t + cosφ∗ cosψB1 − cosφ∗ sinψB2 (20)

in terms of B-Darboux frame of ϕ. The parametrization of the offset ruled surface ϕ∗, using the
equations (19) and (20), can be stated

ϕ∗(s, v) = α∗(s) + vX∗(s)

= α(s) +Rt + v[sinφ∗t + cosφ∗ cosψB1 − cosφ∗ sinψB2].
(21)

Taking derivative of the equation (20) with respect to s, we get

X∗s = cosφ∗((φ∗)′ − n1 cosψ + n2 sinψ)t

+[sinφ∗(n1 − (φ∗)′ cosψ)− ψ′ cosφ∗ sinψ]B1

+[sinφ∗(n2 + (φ∗)′ sinψ)− ψ′ cosφ∗ cosψ]B2.

(22)

Striction curve of the ruled surface ϕ∗ in terms of B-Draboux frame of ϕ is calculated by

c∗(s) = α(s) + (c− s)t− c−s
<X∗s ,X

∗
s>

(sinφ∗(n21 + n22 + (φ∗)′(n2 sinψ − n1 cosψ))

−ψ′ cosφ∗(n1 sinψ + n2 cosψ))X∗(s).

(23)

Distribution parameter of the evolute offset ϕ∗ in terms of B-Draboux frame of ruled surface ϕ is
given as

PX∗ = c−s
||X∗s ||2

(ψ′ cosφ∗ sinφ∗(n1 cosψ − n2 sinψ)− (φ∗)′(n1 sinψ + n2 cosψ)

− cos2(φ∗)(n2 sinψ − n1 cosψ)(n1 sinψ + n2 cosψ)).

(24)
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Corollary 3.2. If the tangent vector t∗ and X∗ are linearly dependent, then ϕ∗ is developable.

For the distribution parameters of ruled surfaces ϕt, ϕB1 , and ϕB2 , respectively, one can get

Pt = det(αs,t,ts)
〈ts,ts〉 = det(t,t,ts)

〈ts,ts〉 = 0,

PB1 = det(αs,B1,B1s)
〈B1s,B1s〉 = det(t,B1,−n1t)

〈−n1t,−n1t〉 = 0,

PB2 = det(αs,B2,B2s)
〈B2s,B2s〉 = det(t,B2,−n2t)

〈−n2t,−n2t〉 = 0.

(25)

Similarly, the distrubition parameters of evolute offsets of the ruled surface spanned by B-Darboux
frame vectors are calculated

Pt∗ = c−s
||t∗||2 (n1 cosψ − n2 sinψ)(n1 sinψ + n2 cosψ),

PB∗1
= 0,

PB∗2
= c−s

||B∗2||2
(n2 sinψ − n1 cosψ)(n1 sinψ + n2 cosψ).

(26)

Corollary 3.3. The ruled surface spanning t∗ is a developable only if n1
n2

= ± cotψ satisfies.

Corollary 3.4. The ruled surface spanning B∗1 is always developable.

Corollary 3.5. The ruled surface spanning B∗2 is a developable, either n1
n2

= tanψ or n1
n2

= − cotψ
satisfies.

When we take v is constant, we obtain the curve β∗(s) = α∗(s) + vX∗(s) on the evolute offsets of
ruled surface whose tangent vector field is calculated

T ∗ = v cosφ∗((φ∗)′ − n1 cosψ + n2 sinψ)t

+[Rn1 + v(sinφ∗(n1 − (φ∗)′ cosψ)− ψ′ cosφ∗ sinψ)]B1

+[Rn2 + v(sinφ∗(n2 + (φ∗)′ sinψ)− ψ′ cosφ∗ cosψ)]B2.

(27)

So, it is easy to get < T ∗, X∗ >= R cosφ∗(n1 cosψ − n2 sinψ).
The orthogonal trajectory of the evolute offsets ϕ∗ is written as

R cosφ∗(n1 cosψ − n2 sinψ)ds = −dv. (28)

Theorem 3.6. The shortest distance between the rullings of the evolute offset ϕ∗(s, v) = α∗(s) +
vX∗(s) along the orthogonal trajectories is given

v =
R(sinφ∗(n21 + n22 + (φ∗)′(n2 sinψ − n1 cosψ))− ψ′ cosφ∗(n1 sinψ + n2 cosψ))

< X∗s , X
∗
s >

.

Proof. Suppose α∗(s1) and α∗(s2) are two points in succesive rullings on evolute offset along the
orthogonal trajectories. The distance between these two points is given

l(v) =

∫ s2

s1

||T ∗||ds.

Calculating ||T ∗||, we get

l(v) =

∫ s2

s1

(R2(n21 + n22) + 2Rv(sinφ∗(n21 + n22 + (φ∗)′(n2 sinψ − n1 cosψ))

−ψ′ cosφ∗(n1 sinψ + n2 cosψ))− v2 < X∗s , X
∗
s >)

1
2ds.

(29)

In order to find the distance, we need to minimize the integrant. Therefore, using l′(v) = 0, we have

R(sinφ∗(n21 + n22 + (φ∗)′(n2 sinψ − n1 cosψ))− ψ′ cosφ∗(n1 sinψ + n2 cosψ))− v < X∗s , X
∗
s >= 0

which proves the theorem.
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