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Abstract

The sparse identification of nonlinear dynamics (SINDy), which is based on the sparse regression techniques to identify the nonlinear
systems, is one of the recent data-driven model identification methods. The model equations of the system are extracted from the data.
Although sufficient data is available from most of the engineering, healthcare, and economic sciences, there are few well-defined
models to represent the system behaviour that can also be estimated from data-driven methods. With this motivation in mind, this
study presents offline data-driven identification techniques to build the mathematical model of nonlinear systems. The data-based
sparse identification of nonlinear systems is elaborated with a number of examples. The performance of the identification procedure is
discussed in terms of quantitative metrics in the presence of noisy measurements.
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Seyrek Tanillama Yontemi ile Dogrusal Olmayan Dinamik Sistemlerin
Model incelenmesi

Oz

Dogrusal olmayan sistemleri tanimlamak i¢in seyrek regresyon tekniklerine dayanan dogrusal olmayan dinamiklerin seyrek
tanimlanmasi (SINDy) son yillarda ortaya konan veriye dayali model tanimlama yontemlerinden biridir. Sistem tanilamada sistemin
model denklemleri verilerden ¢ikarilir. Mithendislik, saglik hizmetleri ve ekonomi bilimlerinin ¢ogundan yeterli veri mevcut olmasina
ragmen, sistem davranisini temsil eden ¢ok az sayida iyi tanimlanmis model vardir. Sistemin davranigi, veriye dayali yontemlerden de
tahmin edilebilir. Bu motivasyon goz oniinde bulundurularak, bu ¢alisma dogrusal olmayan sistemlerin matematiksel modelini
olusturmak i¢in ¢evrimdigi veri odakli tanimlama tekniklerini ele alir. Dogrusal olmayan sistemlerin veriye dayali seyrek
tanimlanmasi bir dizi 6rnekle detaylandirilir. Tanimlama isleminin performansi, giiriiltillii 6l¢iimlerin varhiginda bir takim nicel
Olciimler iizerinden tartigilir.

Anahtar Kelimeler: Dogrusal Olmayan Sistemler, Seyrek Tanilama, Seyrek Regresyon, Model Kesfi, Sistem Tanilama.
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1. Introduction

The mathematical modelling of the real systems, which comprise complex nonlinear dynamics, is a tedious task due to uncertain
parameters, nonlinear components, as well as the time-varying nature of the system. Additionally, unlike linear systems, nonlinear
equations do not have a specific definition, besides, there is no specific approach or universal methodology in mathematical solutions.
Furthermore, closed-form expressions for the solutions of the linear systems are not possible to solve nonlinear systems. Therefore,
system identification as well as model discovery are extremely important tasks in the control systems engineering framework.

The advances in hardware and software have made it possible to make data-based predictions and modelling for highly complex
real-systems. The investigation of system dynamics and model discovery using measured data has been very attractive research in
mathematical physics and engineering. System identification enables modelling and design of high-performance systems. Thus,
system identification and data-driven modelling have been developing rapidly in the last decades (Ljung, 2010), (Brunton & Kutz,
2019), (Kaheman et al., 2020). Great research efforts have been devoted to developing the most efficient method.

The identification strategies are defined as parametric or nonparametric with respect to control criteria and architecture
limitations (Ayyad et al., 2020). Physical rules are paired with so-called white-box formulas in a conventional approach to achieving a
system model. Alternatively, grey box models that have a fixed model structure may be used, but the selected model parameters are
tuned by using measurement data (Fey et al., 2020).

System identification is challenging for complex nonlinear systems (Brunton et al., 2016), (Rankovi¢ et al., 2012). There is no
specific mathematical approach for the solution of nonlinear systems, which may exhibit chaotic behaviour (Lusch et al., 2018),
(Kadah, 2019). However, a breakthrough was made in data analysis with the advancements in artificial intelligence and machine
learning (Ayyad et al., 2020), (Brunton et al., 2016), (Zucatti et al., 2020). It is to be noted that data-based model discovery was first
tried in the studies of Kepler and Newton. Both scientists explored the dynamic relationship between variables using data (Brunton et
al., 2016), (Niall M. Mangan, Steven L. Brunton, Member, Joshua L. Proctor, 2016), (Cortiella et al., 2020). Recently, much faster and
more effective methods are used for data-driven modelling by using methods such as machine learning, artificial neural networks, and
deep learning. However, these methods require large datasets and time to characterize dynamics (Quade et al., 2018), (Callaham et al.,
2019).

It should be pointed out that complex dynamics affect the systems, which may behave uniquely at different times (Champion et
al., 2019). Therefore, it is crucial to model the system mathematically for controlling the nonlinear system dynamics. Towards this
goal, data-based learning online and offline methods have been developed to model dynamical systems (Quade et al., 2018),
(Maheshwari et al., 2018). Moreover, generating models and estimating system parameters from observed data can effectively be used
for systems comprising complex and chaotic behaviour. It is the sparse identification method, which is widely used in the literature
and one of the most effective methods to generate models from data (Cortiella et al., 2020), (Maheshwari et al., 2018), (Wen et al.,
2020). A few approaches exploit sparse approximations for system identification. However, all these methods are mainly based on
sparse regression.

In this work, an offline identification method is proposed to obtain the mathematical model of the system by making use of the
data of the system dynamics. To do this, SINDy (Sparse Identification of Nonlinear Dynamics) algorithm, which is a recent invention
for system identification, is used through the sparse regression method (Chu & Hayashibe, 2020), (Horrocks & Bauch, 2020). Also,
the equations of dynamical systems can be identified via SINDy from measurement data. SINDy technique essentially is based on the
notion of the Koopman operator and of sparsity (Fey et al., 2020). In this algorithm, a library containing the variation of linear or
nonlinear candidate basis functions is created first. Secondly, the active terms of the coefficients vector are computed via sparse
regression. Finally, the model is updated with active terms and the remaining terms are ignored depending on the regularization
parameter using the sparse regression. This method has been used successfully by many researchers to diagnose different systems
(Brunton & Kutz, 2019), (Bhadriraju et al., 2019), (Goharoodi et al., 2018). The scheme of data-driven modelling is depicted in Fig. 1.
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Matrices
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Fig. 1. The scheme of SINDy
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In this study, the dynamics of different systems are measured, and the models are estimated with the SINDy method. One of the
major challenges in data-driven modelling via the SINDy method is undoubtedly noisy measurements. A number of problems can
occur in the presence of noise. To mention a few, noise may cause erroneous parameter estimates (Cortiella et al., 2020). Further, the
computing of the derivatives of the states will be big trouble, especially in data measurements. Thus, pre-processing methods such as
noise filtering methods are suggested to reduce the effect of noise (Brunton & Kutz, 2019), (Chartrand, 2011), (H. Li et al., 2020).

The contributions of this study are given as follows: Models of nonlinear systems are discovered by using SINDy method in the
presence of noisy measurement data. The robustness of sparse regression is investigated through some applications on several
benchmark systems.

This paper is organized as follows: The theoretical background of the elaborated strategies is given in the second section. The
sparse identification of nonlinear systems is also addressed in the second section. Different applications are highlighted in the third
section. Finally, concluding remarks are given in the last section.

2. Material and Method
2.1. Theoritical Background

In this section, the central notion of the algorithm is investigated theoretically. A commonly used model for the dynamical system

x’(t)z ot :f(x(t)) 1)

f is dynamic, X = [X1 X, - Xn] e R" is state vector and the components of f are sparse in a given function space. The discrete-

time dynamical system of eq. (1) is
Xy = F (Xk ) = Xy +Axk )

where X, can be got by sampling the trajectory.

Discretization is the process of separating continuous functions and equations into discrete components in mathematic. This is
referring to the discretization of features and variables in machine learning as well as statistics.

In this paper, Euler Step Method is used for discretization. Since the Euler step gives time step of t+ AT . Hence, this structure
gives a time map of the data. Numerically discretization would be used for a time map in the future.

e Input is the state of the system at time t
o Output is the state of the system at time t + AT

The discrete-time F is given by the flow map (Champion et al., 2019):
(k+1)At
F(%)=X+ j f(x(r))dz 3)

kAt

M step of time-series data is collected from eq. (1) and given as a data matrix X :

X'y I
X=|: =1 X X, X . X, | T time (4)
X' I

T
where [] donates transpose of the matrix and M is the count of measurements. Similarly, the derivative of (4) yields by shifting the

data
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R I I B I

"IE X X X, e x| T time (5)

.
A I 1 B I I

The central derivative method (6) can be used to compute the numerical derivative of a function f . In this paper, X" will be

generated by using the first-order central derivative method from the measured data. The first-order central derivative can be given as
follows:

f (x+Ax)—f (x—Ax)

f'(x)= T (6)

2.1.1. Time-Delay Embedding

It is significant to make measurements accurately, in data-driven modelling, control, and prediction. However, the measurement
data may not contain all the dynamics of a system. Time-delay embedding method can be implemented to reconstruct the system from
a sequence of observations of the state and an idea about the dynamics of the system can be obtained with this method (Brunton &
Kutz, 2019), (Champion et al., 2019), (Brunton et al., 2017), (De Silva, Callaham, et al., 2020).

The time-delay embedding method allows reconstructing data of dynamic systems. With this method, a one-dimensional data set
is configured to be multi-dimensional. Thus, it is possible to enrich x(t) measurement by using x(t — ), which are delay coordinates
(Brunton et al., 2017), (Brunton & Nathan Kutz, 2019). This method does not reconstruct the properties or behaviour of the dynamic
system, but only changes its structure in phase space.

2.1.2. Hankel Matrix and Singular Value Decomposition

Hankel matrix is the time-shift “ AT > of the previous rows. It is a time-delay embedding. So, the Hankel matrix H can be
generated from a time-series of measurement (Brunton & Kutz, 2019), (Brunton et al., 2017), (Jain & Pachori, 2014), (Jain &
Pachori, 2015).

| M)l g

_x(tp) Y(tp) - X(t,),

Then dominant time-delay coordinates are found by taking SVD of Hankel Matrix. Moreover, the order of the system can be
defined by the Hankel matrix rank and this order can be computed with the left-singular vector of SVD (Champion et al., 2019),
(Brunton et al., 2017), (Lim et al., 1998).

H=UXV" ©)

where “*” denotes the conjugate transpose of the matrix. SVD, which is one of the most useful matrix decompositions, can be applied
to any matrix in linear algebra (Ford, 2014). SVD allows us to decompose the matrix as the product of three matrices. U and V are

the unitary or orthogonal matrices and . is a diagonal matrix. SVD is also a coordinate transformation or mapping strategy, thus it is
not unique (Brunton & Kutz, 2019).

2.2. Sparse ldentification of Nonlinear Dynamics (SINDy)

The performance of data-driven identification can reduce for strongly nonlinear and high dimensional systems. However, SINDy
is a perfect method in the low-data limit (Quade et al., 2018), (Kaiser et al., 2018). SINDy method can discover mathematical
equations of a system with the comparatively little data-set provided that calculates the derivative (Champion et al., 2019).

This algorithm is mainly concerned with the dominant terms of the function and ignores the terms that low effect (Brunton et al.,
2017). Because the function f , which contains the dynamics of the system, is dominantly affected by only a few terms (De Silva,
Higdon, et al., 2020).
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SINDy that uses sparse regression to find coefficients from measured data. Each of the constants is the coefficients of terms that
affect system dynamics. Then, the mathematical model of the system is created by using dominant terms from the library that contains
all candidate terms of a dynamic system. This library contains all possible combinations of terms (Niall M. Mangan, Steven L.
Brunton, Member, Joshua L. Proctor, 2016), (Quade et al., 2018), (Champion et al., 2019), (Kaiser et al., 2018).

Consider a library of possible nonlinear functions @(X ) that may consist of polynomial terms, trigonometric functions or etc.,

(Corbetta, 2020), see Eq. (9).

(N I P | S
O(X)=[1 X X2 ... X* cos(X) - e* - )

Equation (9), the matrix @(X) contains many columns and each of these columns represents one of the candidate nonlinear

functions. The matrix of coefficient = has only a few active or dominant terms. The remaining terms are almost zero (Quade et al.,
2018), (Brunton & Kutz, 2019), (Brunton et al., 2017), (Rudy et al., 2017).

I
E= 41 Gy oee é/m (10)
I

2.3. Sparse Regression Method

Most of the nonlinear systems may contain polynomial terms. However, only a few of these terms affect or represent system
dynamics, while many are insignificant, therefore they can be removed. To calculate the subset of candidate terms of the system,
sparse regression method like “least absolute shrinkage and selection operator (LASSO)”, ElasticNet, “least-square method (LSM)”
and “sequential thresholded least-squares (STLSQ)” can be used. Unlike other methods, LASSO and STLSQ have noise elimination
and improved robustness performance (Brunton & Kutz, 2019), (Brunton et al., 2017), (Rudy et al., 2017), (Kukreja et al., 2006),
(Calafiore et al., 2015).

"Minimum norm least-square", “Moore-Penrose Pseudoinverse methods” and “backslash” are also regression methods, which can
be used for linear systems represented by Ax =b. However, none of these methods has penalty parameters. Therefore they do not
provide performance like LASSO or ElasticNet (Brunton & Kutz, 2019).

LASSO, which is a widely used regression method for data-driven modelling, learns the linear relationship between a dependent
variable and explanatory variables (Misra et al., 2020), (J. Li & Li, 2020). Besides, LASSO is used extensively for the model or
feature selection and system identification in statistics, machine learning, and control theory (Brunton & Kutz, 2019), (Kukreja et al.,

2006), (Calafiore et al., 2015), (J. Li & Li, 2020). LASSO implements an fl regularization term that can produce sparse coefficients.

LASSO algorithm is expressed as
.1
min X[ + 2w, a

where X and Y represent the input and target vector; W is sparse or coefficients vector and N is the number of sample data. It is to

be noted that LASSO requires the determination of a regularization term that penalizes the £, norm, which is A for the penalty
parameter. £, norm forces particular elements to be exactly zero. As the value of A parameter decreases, the degree of sparsity

decreases and consequently the error in the model decreases. Because, when the value of A rises more terms are ignored (Corbetta,
2020), (Calafiore et al., 2015), (Misra et al., 2020), (Tibshirani, 1996).

Finally, the mathematical model of the dynamical system can be generated from (12) for continuous and discrete-time systems.
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X'z®(X (t))
Xy z®(Xk)

[1]

(12)

[1]

3. Results and Discussion

The application of SINDy for nonlinear systems is discussed in this section. Two nonlinear systems namely, Rossler and Lotka-
\olterra equations are chosen for system identification applications. Suppose that in the first example, initially only one state is
measured to calculate the number of states. However, suppose in the second step, all states are measured for both applications. All
results and simulations are generated using MATLAB 2020a.

3.1. Rossler Attractor System

In the first case study, predictions will be made about the behaviour of a system with limited measurements of the trajectory data.
Also, in the case of full-state measurements, the equations of the model are identified correctly by SINDy.

Rossler attractor equation is a very popular example of a nonlinear system. Consider Rdssler system represented by three
differential equations as follow:

X'=-y-z
y =x+ay (13)
I'=p-yz+xz

with the numerical parameters « =04, f=2 and y =4.

Firstly, Data will be collected from (13) only for one dimension (X) or variable for random initial conditions. Then using the
time-delay embedding method, Hankel Matrix will be generated.

Secondly, the SVD of the Hankel matrix can be calculated. The rank of this system can be obtained with SVD of the Hankel
Matrix. The first three modes of the Hankel matrix are dominants as can be seen in Fig. 2. Thus, it can be truncated at three (X, Y, Z).

Dominant Modes of Systems
1 . ¥ ¥ T T T T T T
0.9r 7
0.8 .
® 0.7 r 7
=
S 06 .
B Three modes
&J 05 L —— i m i
o
£ 04t -
[=]
=
0.3 7
0.2 7
01T 7
] L. *+— . & & . .  J
0 1 2 3 4 5 G T 8 2] 10
Numbers of States via SWVD

Fig. 2. Selection of dominant states of system
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The type of functions, which can be used to represent the system, is obtained when the left-singular value matrix (U ) created by

SVD is examined. The system has nearly polynomial degrees for Rossler attractor. So, the time-delay embedding of Hankel Matrix
produces the basis set of candidate functions.

Time-delay embedding theorem reconstructed manifold produced from lags of a single variable. Each point in the three-
dimensional reconstruction can be thought of as a time segment with different points capturing a different segment of the history of
variable X and the reconstructed manifold is then the library or collection of the historical behaviour of lags. This method represents
a one-to-one mapping between the original manifold and reconstruction, see Fig. 3.

Time-Delay Embedding Coordinate System

0.06

0.04

0.02

-0.02

0.02

0.02 -0.01

Fig. 3. Phase space mapping

Vectors of all possible polynomial nonlinearities can be structured from data as in (14). Then regression is applied to find which
linear combination of these nonlinearity terms represent x', y', and z'. These three variables will actually be the state equations of
the system. Because the arithmetic sequence of the term and coefficient of each state variable will be generated.

[X'y Z]=[1xy z X xyxz.. ([§¢& &] (14)
X 0 T T Y R B

o(X)

Finally, the coefficients of the dominant term are obtained with the SINDy algorithm. Basically, the equation of the nonlinear
system is represented by (12).

The data of the library containing the system dynamics are calculated, but the dominant ones of these variables are used. To do
this, three type regression model is used. In Fig. 4, the values of the polynomial terms, which are obtained by the regression method,
are given. In addition, clearly active terms and coefficients can be seen from this figure.

Minimum Norm Least-Squares Backslash Moore-Penrose Pseudoinverse
2 2 2
%" 0 L L B B D D e B S | g 0 LA [ I . L S B B S | %‘ Q L L S S B B D B B
L IS LA LIS
2 | | | A T R N .2 . " S S I — 2 || | T S R |
1 X ¥ z 2 ?z 2 %y ey sif)ocosi) 1 3 y L R SR - sin(x) cos(x) 1 X y z ¢ @ ow e yzosinx) cosly)
2 2 2
» ~ * *
Zop e L e e e e L M B R | ol LI ST S S T
2 | | | | N .2 . L L I L L L 2 || | T S R |
1 X ¥ FR: ?z 2wy e vz dn(xcosl 1 b3 y A A sin(x) cos(x) 1 X y 7 YE 72wy x@  yz sinix)cosfx)
5 5 5
[ ] - L N [
= . = . . e e e = NI . » e s v o % 4 4 8
=0 [ I . & @ L B B =0 =
5 . » L . -5 - p — 5 Y - - !
Tox oy oz @ gy ey sn(eosy) Tox oy oz oy oyt 2w oy osin(xjeosfy) Tox oy oz @ A o xe yzosinfx) cosl)

Fig. 4. Determined active terms of the library for Rossler system
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Using SINDy with Minimum norm least-square, backslash and Moore-Penrose Pseudoinverse methods, it is determined that Eq.
(15) of the system consists of three state variables.

x'=-y-0.99z
y' =x+0.4y (15)
7'=2-3.982+xz

3.2. Lotka-Volterra System

In this application, the system is identified by using SINDy when the system dynamics are measured full-state and noisy.

Consider the Lotka-Volterre system in (16) with numerical parameters =2.5, f=-5=-0.1 andy =-1. x (t) and x, (t) are
predator and prey population respectively.
X| = aX; + ¥ X
1’ 1T XX, (16)
X, = 0X X, + X,
Data matrices will be generated from (16) for both states with initial conditions x,(0)=8 and x,(0)=3, and noisy

measurement. Then, derivative matrices are created for both states by first-order central derivative method with the collected data.
Then, candidate library of possible nonlinear terms can be structured from data as in (17).

L e |
[X X ]=] % X XX, ...sin(X) ... |[& &] 17)
[ O

Finally, the LASSO regression is applited to find the linear combination of these nonlinearity terms represented by xl' and xé.

These two variables will be the state equations of the system. Since, the arithmetic sequence of the term and coefficient of each state
variable will be generated. Towards this goal, LASSO regression model is used and as a result, non-dominant terms are eliminated.

In Fig. 5, the coefficients of possible terms that represent the system are given. In addition, active terms can be easily recognized
from this figure.

Active Terms of Identified Lotka-Volterra System
3 -
.
sl
< 1
0r L - - - - - - -
4 . I . I . I . |
%, %, XX xf x§ x_‘xg xzxi sinfx,)  cosx,)
9
1}
T » . . . . ] ]
1 -
-2 - 1
X, X, XAy xf J‘g J‘#ﬁ "‘2"? sinfx,)  cosx,)

Fig. 5. Determined terms of the library for Lotka-Volterra system

As a result, using SINDy, it was determined that the equation (18) of the system consists of two state variables, and this is
achieved despite being noisy data.

e-1SSN: 2148-2683 261



Avrupa Bilim ve Teknoloji Dergisi

X = 2.48% —0.01x,X,

/ (18)
X, = —0.1x, + 0.01x X,

4. Conclusions and Recommendations

This paper investigates the modelling of dynamical systems using SINDy method, with an emphasis on different regression
methods. The modelling of nonlinear dynamical systems from data that is collected or measured from the system is a key insight for
“System Identification”. SINDy method, which is based on sparse regression, performs quite satisfactory results for full-state
measurements. However, the time-delay embedding method allows the designer to construct dynamic models in the presence of
partial measurements. Also, this study has been verified in which Lasso regression can find the best coefficient vector. This makes the
equation of the system simpler and easier to understand.

This manuscript contributes to the behaviour of system variables, the system model, and methods to predict the system's future
plots. It was also emphasized that the model of an unknown system can be easily obtained with measurements. Moreover, SINDy
method can be easily integrated with areas such as controller design and model prediction.
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