Turk. J. Math. Comput. Sci.
12(2)(2020) 157-160

© MatDer

DOI : 10.47000/tjmcs.822830

On The Solution of an Infinite System of Discrete Equations

ANAR ApiLo&Lu Nagiev!* @, MeaMeT GURDAL?

' Department of Computer Engineering, Siileyman Demirel University, 32260 Isparta, Turkey.
2Department of Mathematics, Siileyman Demirel University, 32260 Isparta, Turkey.

Received: 07-11-2020 e  Accepted: 13-12-2020

ABSTRACT. In this work, we construct the transformation operator for the infinite system of the difference equations
ap-2Yn-2 + bnflynfl + CnYn + bnywrl + ApYn+2 = /lyn (n = la 2’ )’

wherea, # 0, b,, ¢, (n = 1,2,3,...) are given complex numbers, investigate some important properties of the special
solutions of the difference system.
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1. INTRODUCTION

Consider the linear difference equation of the second order

ap-1Yn-1t bnyn + apYn+1 = /lymn = 1’ 27 (11)

oo

where {y,},~, is an unknown infinite vector called a solution, A is a complex parameter and a, # 0, b, are given
complex numbers. G.Sh. Guseinov [1] investigated this infinite system of difference equations to define the three
diagonal Jacobi matrix by the scattering data. He proved that if a, > 0,Imb, =0 (n =1,2,...) and

2l = anl + lbal + le) < oo

n=1
then the scattering data for the equation (1.1) uniquely defined the sequences (a,) and (,). In this work G.Sh. Guseinov
improved the Marchenko method for the difference system (1.1) by constracting an analogue of the transformation
operator for the Sturm-Liouville operator. Direct and inverse spectral problems for nonselfadjoint Jacobi matrices also
were investigated by G.Sh. Guseinov [3] who gave a procedure for construction of a spectral function for the system
(1.1). The full line inverse scattering problem for the second order difference system (1.1) in various statements were
investigated in [2,4, 5] by using transformation operators and with application of the Marchenko method.

Nonselfadjoint difference operators of an even order was considered by Yu.L. Kishakevich [6] for constructing the

Parsevall-Marchenko identity. Using matrix moment problem he showed how to obtain the Parsevall identity for the
selfadjoint case. Recently , S. M Zagorodnyuk in the series of his studies [8, 9] has considered the direct and inverse
spectral problems for (2N + 1)- diagonal Jacobi matrices. In these works the author used a different method for
the construction of the spectral function and extended Guseinov’s results to the case of (2N + 1)-diagonal complex
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symmetric matrices. But in these studies the special Fourier type series representations of the solutions of an even
order difference system was not considered and logically the direct and inverse scattering problems for the (2N + 1)-
diagonal Jacobi matrices as generalization of G.Sh. Guseinov’s result have not yet investigated.

In this work, as the first step of the investigation the direct and inverse scattering problems for the five-diagonal
Jacobi matrices by the Marchenko method, we construct the transformation operator for the infinite system of the
difference equations

An2Yn-2 *+ Duo1Yn-1 + CpYn + bpYnr1 + @Yz = Ayp, n=1,2,... (1.2)
where a, # 0, b,, c, (n = 1,2,3,...) are given complex numbers, and investigate some important properties of the
special solutions of the system (1.2).

2. THE TRANSFORMATION OPERATOR FOR THE FIVE DIAGONAL JAcOBI MATRIX
We consider the infinite system of discrete equations
ciy1 +biyz +arys = Ay,

biy1 + c2y2 + bays + azys = Ayz,
An-2Yn-2 + bu_1Yn-1 + CuYn + buYns1 + @pYnsa = Ayn, n=3,4,... 2.1
where {y,}>~, is an unknown infinite vector called a solution, A is a complex parameter and a, # 0, b,,c, (n =
1,2,3,...) are given complex numbers such that the series

00

D1 = ay] + byl + e 2.2)
n=1
converges. The equation (2.1) is equivalent to defining a vector {y,},. _; which satisfies
An-2Yn-2 + bn-1Yn-1 + CoYn + DpYns1 + Anypi2 = Ay, n=1,2,...5a-1 =ap = 1,bp =0 (2.3)
under conditions
y-1 =0, y0=0. 24
This system of difference equations can be written by the help of the five-diagonal Jacobi matrix in the form
JY =Y

where Y = (y1,y2,...)" and
C1 bl a 0 0 0
by ¢ by a 0 0
J=| a b2 c3 b3 as 0
0 an b3 Cy b4 ag 0

Difference or discrete equations of type (2.3) often arises in various problems related to physics and engineering.
The second order difference equation
Ap-1Yn-1 + bnyn + apyn+1 = AYu, 1= L2,...
is a simple discretization of the Sturm-Liouville equation
-y +q(x)y = Ay
which has a lot of applications in physics and quantum mechanics [7].

Ifa, = 1,b, = 0, ¢, = 0 then for A = 2cos2¢ Eq. (2.3) has the simple solution f2(&) = ¢™. Using this fact we
require that the problem (2.3)-(2.4) has a solution f,(£) which is presented as

fu) = ane™ (1 + ZK,,,me"mf], n=1,2,.... 2.5)

m=1

Here @, and K,,,, (n = 1,2, ...;m = 1,2, ...) are complex numbers and satisfy the conditions

lime,=1,limK,, =0m=1,2,..).

n—oo

We can extend K, , as K, ,, = 0 for m < 0 if we need it elsewhere.
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The solution (2.5) of the discrete system (2.3) is called transformation operator for the fourth order difference
operator and it is important in the investigation of the spectral problems, instantly, inverse scattering problems for the
equation (2.3) (see [1,3,7]). Substituting y, = f,(£) in equations (2.3) after some simple transformation we have

@y = Ap-20dn-2, (2.6)

Wp-1by-1 + @, K21 — @, Ky =0, 2.7

Cny + @Ky 22 — @, Ky + @y 1by 1 K11 = 0, (2.8)
ba@pi1 + @, Ky 23 — @, K3 + @p1bp1 K12 + @0, Ky = 0, (2.9)

ntly — @y + @Ky 24 — @, Kyg + @notbyo1 Koy 3+
+ Chy Ko + @pi10, K11 = 0, (2.10)
a’naiKnﬂ,m = & Kpm + @16, K1 i1 + Cnn Ky mia+
+ o 1bp 1 Kt iz + 0Ky 2 mid — @uKynea = 0, m> 1 (2.1
Now from the equations (2.6)-(2.11) we can find that all these equations are equivalent to the following equations:
Aptl

aiKnJrZ,m - Kn,m + _ann+l,m+l + CnKn,m+2+
n
ay—
+ byt Knmtnss + Kncomad = Kora = 0, m > 1, (2.12)
n
A+l
b, = (Kn+1,1 - Kn—l,l) ,n21, (2.13)
n
cn = Kn22 = Ku2 = K11 (Knjt = Kp21),n 2 1, (2.14)

at=1-Kyo4+Kya+Kyi13Kni —Kn21) = Kn2 [Knz — Kpoan —
- K11 (K1 — Ku—21)] = Kns11 [Kn3 = K23 — Knc12 (Kt = Kno,1)] —

— K1 [Kn2 — K22 = Kie11 (Kt = K21)],n > 1, (2.15)
Wy n=1,2,3. (2.16)
ap-2

Consequently we have that if @, and K,,,, are defined by the equations (2.12)-(2.16) then the sequence f,(£) which is
defined by Eq. (2.5) is the solution of equations (2.3). From Eq. (2.16) we immediately obtain that

o -1
@ = []_[az,,_,,] . 2.17)

p=n
Using the method of the successive approximation from the equations (2.7)-(2.11) it is not difficult to find that there
exists a the unique solution K, ,, for each m = 1,2, ... such that

| K| < Ca'(n + %]) nom>1 (2.18)
where,
o)=Y (|1 =ap|+[b,| + |y (2.19)
p=n

C > 0 is a constant not depending on 7 and m. Here [-] denotes the integer part of a reel number.
Further, from the estimation (2.18) and the continuity of the function f,(£) (-0 < & < +0co) we obtain that the
function f,(£) can be analytically extended to the upper semiplane Im z > 0 by the same formula

f(2) = a,e™ [1 + ZKn,mef’”Z), n=1,2,...;Imz>0. (2.20)
m=1

Now it is easy to obtain the asymptotic formula
f2(2) = @™ (1 + 0(e™)), z=&+it,7> 0, (2.21)
which is uniformly on z. We also have
fu@) = €™ (1 + 0(1)),n — oo, Imz > 0. (2.22)
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Finally from (2.20) we also have
Su(z +2m) = fu(2). (2.23)

Hence we have proved the following Theorem:

Theorem 2.1. If
D1 = agl + byl + e < 00
n=1

then for each value A = 2 cos 2¢ the problem (2.3)-(2.4) has the unique solution (f,(€)),~, which is represented as

&) = a’neimf (1 + ZKn,meimf) n=12,....
m=1

Moreover the following conditions are satisfied:

(a) the number sequences a, and K, », satisfy equations (2.12)-(2.16) and these numbers can be defined uniquely by
the sequences (ay), (by), (¢,);

(b) the estimation (2.18) is valid;

(c) fu(€) has properties (2.20)-(2.23).

Note that together with f,,(¢) the sequences f,(—&), fu(7m—¢&), fu(m+ &) are also solutions of the system of equations
(2.3).
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