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Abstract

In recent years, the research of fixed point theorem is a hot topic all the time. In this paper, we proposed
the notion of a new mapping, that is, a general LW-type Lipschitz cyclic mapping, in complete b-metric-like
spaces. Then, we obtained the existence and uniqueness theorems of its fixed point. Moreover, we give some
examples to illustrate the main results in this paper.
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1. Introduction

Fixed point theory play an important role in the field of functional analysis, even in the whole math-
ematical field. With the development of generation of metric space ([I, 2, B, 11, 12} 13]), the fixed point
theory is further extended.

Next, we introduce the concept of a metric space as follows.

Definition 1.1. Let X be a nonempty set, d : X x X — [0,00) be a function such that for all z,y € X
the following three conditions satisfy:

(d1) d(z,y) > 0, d(z,y) =0z =1y;

(d2) d(z,y) = d(y, z);

(d3) d(z,y) < d(x,z)+d(z,y).

Then, the pair (X, d) is called a metric space.

Example 1 Usually, we define the metric by the absolute value, that is, d(z,y) = |z — y|. It is easy to
verify that a metric defined like this satisfies the conditions d1 — d3.
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The concept of b-metric-like space was introduced in[4] as follows.

Definition 1.2. A b-metric-like on a nonempty set X is a function D : X x X — [0, +00) such that for
all x,y,z € X and a constant K > 1 the following three conditions hold true:

(D1)if D(z,y) = 0= = =y;

(D2) D(z,y) = D(y,z);

(D3) D(z,y) < K(D(z,2) + D(z,y)).

The pair (X, D) is called a b-metric-like space.

Example 2 Let X = [0,00) and let 7 : X x X — [0,001) be defined by r(z,y) = (x + y)2. Tt is easy to
know that s =2 and (X, r,2) is a complete b-metric-like space.

Ezxzample 3 Let X = C([0,T]) be the set of real continuous functions on [0,T]. We endow X with the
b-metric-like

Roo(u,v) = sup (|u(t)| + [v(t)])?, for all u,v € X.
t€[0,T

Clearly, (X, R, 2) is a complete b-metric-like space.

In a metric space, Banach contractions principle is a classical result in fixed point theory. Here, we state
the concept of contractive mapping as follows.

Definition 1.3. Let X be a metric space, T : X — X be a mapping, if there exists a constant o € (0,1)
such that for all z,y € X, the following condition is satisfied:

d(Tz,Ty) < ad(z,y).

Then, T is called a contractive mapping.

It is natural that Banach contractions principle[5] is extended in kinds of metric space, for example,
partial metric space, b-metric space, b-metric-like space and so on.

In 2017, Lei and Wu [6] proposed the concept of LW-type cyclic mapping in a complete b-metric-like
space (especially, the meaning of b-metric-like is as Definition 1.2 ) as follows.

Definition 1.4. Let (X, ) be a b-metric-like space, G1, G2 be nonempty closed sets in (X, r). If (B, S)
is a pair semi-cyclic mapping in (G; X G5 and exists some nonnegative real constants =, d, ¢ such that for all
x € G1,y € G2 satisfy the following condition:

pr(z, Bx) + or(y, Sy) + tr(Bx, Sy) < r(z,y).

Then, (B, S) is called as a LW-type cyclic mapping.

They obtained the one main fixed point theorem as follows.

Theorem 1.1 Suppose that (X, r) is a complete b-metric-like space. Let (B, S) be a general LW —type
cyclic mapping, and G, G2 be nonempty closed sets in (X,r). If +0+1¢ > s, t > 1, then there exists a
unique z* € G1 [ G2 such that Bz* = 2* = Sz*, that is, B and S have a unique common fixed point.

In 2018, S.Q.Weng, Y.Zhang and D.P. Wu [7] proposed the concept of LW —type cyclic mapping in a
complete b-metric-like space as follows.

Definition 1.5. Let (X, r) be a b-metric-like space, G1, G2 be nonempty closed sets in (X, r). If (B, S5)
is a pair semi-cyclic mapping in G x G2 and exists some nonnegative real constants v, d,¢, Land L < vy+§+t
such that for all x € G,y € G4 satisfy the following condition:

pr(x, Bx) + ér(y, Sy) + tr(Bx, Sy) < Lr(z,y).

Then, (B, S) is called as a LW-type cyclic mapping.

They obtained the one main fixed point theorem as follows.

Theorem 1.2 Suppose that (X,r) is a complete b-metric-like space. Let (B,.S) be a general LW —type
Lipschitz cyclic mapping, and G1, G2 be nonempty closed sets in (X,r). If L <t¢,L = max{3,0},8 # 6,
and s € [1, ‘é%(g'), then there exists a unique z* € G1 () Gg such that Bx* = z* = Sz*, that is, B and S have
a unique common fixed point.
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In 2019, S.Q.Weng [8] proposed the concept of a general LW -type cyclic mapping in a complete b-metric-
like space as follows.

Based on this, we propose the notion of a mapping, and named it as a general LW -type cyclic mapping
as follows.

Definition 1.6. Let (X, ) be a b-metric-like space, G1, G2 be nonempty closed sets in (X, r). If (B, S)
is a pair semi-cyclic mapping in G7 X G2 and exists some nonnegative functions «,d,t such that for all
x € G1,y € G satisfy the following condition:

B(r(z,y))r(z, Bx) + 0(r(x,y))r(y, Sy) + t(r(z,y))r(Bz, Sy) < r(z,y),

where 7,4 : [0, +00) — [0,400), t : [0,4+00) — [1,+00). Then, (B,S) is called as a general LW-type cyclic
mapping.

They obtained the one main fixed point theorem as follows.

Theorem 1.3 Suppose that (X, r) is a complete b-metric-like space. Let (B, S) be a general LW —type
cyclic mapping, and Gy, G2 be nonempty closed sets in (X, r). If it exists some A such that the following
conditions are satisfied: (1) max{ 6(12_)?&1), 5(1;)?5_(:()2)’2 € [0,00)} < A <1, (2) As < 1. Then there exists a
unique z* € G1 [ G2 such that Bx* = 2* = Sz*, that is, B and S have a unique common fixed point.

Based on this, inspired by Definition 1.5 and Definition 1.6, we propose the notion of a mapping, and
named it as a general LW —type cyclic mapping as follows.

Definition 1.7. Let (X, ) be a b-metric-like space, G1, G2 be nonempty closed sets in (X, r). If (B, S)
is a pair semi-cyclic mapping in GG; X G2 and exists some nonnegative functions v, d, ¢ and a nonnegative real
number L such that for all x € G1,y € G2 satisfy the following condition:

B(r(z,y))r(x, Bx) + 0(r(x,y))r(y, Sy) + t(r(x,y))r(Bz, Sy) < Lr(x,y),

where v,d : [0,400) — [0,400), t : [0,+00) — [1,+00). Then, (B,S) is called as a general LW-type
Lipschitz cyclic mapping.

Later, we will show that the number L is constrainted by function ¢(x) within a range.

In fact, it is easy to know that the general LW —type Lipschitz cyclic mapping is more general than
the LW —type cyclic mapping. In fact, it is obvious that a general LW —type Lipschitz cyclic mapping is a
general LW —type cyclic mapping when L = 1. Therefore, we extended the previous research work.

2. Preliminaries

We collect some necessary definitions, which will be used in next section.

Definition 2.1. [4] Let (X,r) be a b-metric-like space, and let {z,,} be a sequence of points of X. A
point z € X is said to be the limit of the sequence {z,} if lim, o r(x,2,) = r(z,z), and we say that the
sequence {z,} is convergent to x and denote it by x,, — x as n — 0.

In the previous, we have given the definition of the quasi-B metric space, now we give the definition of
cauchy sequence and convergence in the b-like-metric space.

Definition 2.2. [4] Let (X, r) be a b-metric-like space.

(1) A sequence {x,} is called Cauchy if and only if lim,,_,o 7(2p, T, ) exists and is finite.

(7i) A b-metric-like space (X,r) is said to be complete if and only if every Cauchy sequence {x,} in X
converges to © € X so that

m%izrgoor(xn,mm) =r(z,x) = nh_)rrgo r(xp, ).

Definition 2.3. [4] Let G1, G2 be nonempty sets of metric space, if B(G1) C G, and S(G2) C G1, then
the mapping (B, S) : G1 x G2 — G2 x G is called as a pair semi-cyclic mapping, where B is said to be a
lower semi-cyclic mapping, S is said to be a upper semi-cyclic mapping. If B = S, then B is said to be a
cyclic mapping.

Definition 2.4. [9] If < is a partially ordered in b-metric-like spaces (X, r), then (X, r, <) is a partially
ordered b-metric-like space.
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3. Main results

Next, we give main results in this section.

Theorem 3.1 Suppose that (X, r) is a complete b-metric-like space. Let (B, S) be a general LW-type
cyclic mapping, and G1, G2 be nonempty closed sets in (X, r) and G1()Gs. If it exists some A such that
the following conditions are satisfied:

(1) max{ 55720k, 5596 2 € [0,400)} <A < 1,

(2) s <1,

(3) Le [1,t(z)].

Then there exists a unique z* € G; N Go such that Bx* = x* = Sx*, that is, B and S have a unique
common fixed point.

Proof. The sequence {z,} is defined as follows:
xg € G1, v1 = Bxg, o = Sx1, T3 = By, 4 = Sx3,..., n > 0.

Step 1 Prove that the sequence {z,} is a cauchy sequence. Because (B, S) be a general LW-Type cyclic
mapping, thus we have

Lr(zo,x1) > B(r(zo,x1))r(xo, Bxg) + 0(r(zo, z1))r(x1, Sz1) + t(r(xo, 21))r(Bxo, S1)
= B(r(xo, x1))r(x0, 1) + 6(r(x0, 1)) (21, 22) + t(r(20, 21))7 (21, 2),

so we obtain

L — B(r(zo, z1))
d(r(zo,x1)) + t(r(zo, z1))

r(x1,xe) < r(xo,x1). (3.1)

Similarly we have
Lr(ze,x1) > B(r(xe, x1))r(xe, Bxa) + 6(r(xa, x1))r(z1, St1) + t(r(xe, 21))r(Bxo, S21)
= B(r(z2, z1))r(z2, 23) + 0(r(z2, 21))r(21, 22) + t(r(22, 21))7 (23, 72)
and we have

r(x2,x1))

"2, zs) < B(r( 51327331 <) + t(r( $27$1))r($1’x2) (3.2)
— 6(r(w2, 1)) L B(r(z2,21)) (0, 21) .
B(r(ze,z1)) + t(r(ze,z1)) d(r(ze,x1)) + t(r(xe, 1))
Because of ma:r{é(lz i(t?) (1 )5(2(2),2 € [0,4+00)} <\ <1, then
L — B(r(x;, zi— L—0(r(x;, x;_ .
e £ o T B ) FC e € XM SASL ()
y (3.2) and (3.3), let r(xo, 1) = C, we have
r(z9, 23) < N2C. (3.4)
Let m > n, YVm,n € N, by As < 1, this shows
P (Zy Tm) < ST(Tn, Tng1) + 827 (Tngts Tna2) + oo + 8 (Zne1, Tm)
< sLr(z0, 21) + 2N (20, 21) 4+ .o + 8N (g, 21)
= [sA" 4+ A" 4 s e
= [(s\) 4 (sA\)? + ... + (s\)™ A 1C (3.5)
= 11(_8/(\8)/\)3)\"0
1

< n—1 .
—1- (S)\)A ¢
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From (3.4) (3.5), let n — oo, we get that

lim r(xp, xm) = 0. (3.6)

n—oo

This implies from (3.6) that the sequence {z,} is a Cauchy sequence. Due to, (X, ) is a complete b-metric-
like space, then there exists a sequence z € X such that

Ty, — 2 (N — 00).

Therefore,
Top = T3 Topt1 — ¢ (N — 00).

Because {z2,} C G1, {xont1} C Go, and Gy, G2 is closed, then
r € G1NGs.

Step 2 Prove that z is a fixed point of the mapping B and S, that is, Bx = z = Sx. Because (B, S) be
a general LW -type cyclic mapping, then we get that

B(r(x,x))r(z, Bx) + §(r(z,x))r(x, Sx) + t(r(z,x))r(Bx, Sz) < Lr(z,x),
Due to r(x,x) = limy, ;o0 7(Tm, n). Then, by (3.6) we have
r(z,Bx) =0, r(x,Sx) = 0. (3.7)

It implies that
Bx =x = Sx. (3.8)

Step 3 Prove that the mappings B and S have a unique common fixed point. Now, let z,2* € X are
the common fixed points of mappings B and S in X. Then, by Definition 1.8 and (3.8), we have
r(z,z*) > p(r(x,z*))r(z, Bx) + 6(r(z, 2"))r(z*, Sx*) + t(r(x,2™))r(Bz, Sx™)
> Br(e, 2)r(z,2) + 6(r(x,2"))r(",2%) + t(r(z,2*))r(z,2%)

=t(r(z,a))r(z,z").

X
x

That is,
Lr(z,z*) > t(r(x,z"))r(z,x").

Due to, L € [1,t(x)],that is L < t(x), this is a contradiction. Thus, we obtain that
r(z,x*) =0, that is, v = z*.
This completes the proof. O

Corollary 3.2 Suppose that (X, r) is a complete partially ordered b-metric-like space. Let (B, S) be a
general LW -type Lipschitz cyclic mapping, and G1, G2 be nonempty closed sets in (X,r) and G1 () Ga. If
the following conditions are satisfied:

(1) max{ 5(1;)%2), B(lz_)i(f()z),z €1[0,400)} <A< 1,

(2) s <1,

(3) L € [1,t(2)].

Then there exists a unique z* € G1 N Gy such that Bx* = z* = Sx*, that is, B and S have a unique
common fixed point.
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4. Tllustration of Results

In this section, we will give a concrete example to illustrate the effectiveness of a general LW -type cyclic
mapping and show the rationality of the obtained theorems.

Example 4.1 Consider X = {0,1,2},G; = {0,1},G2 = {1,2} and let 7 : X x X — [0,400) be defined
by

1 15 3
T(0,0) =0, T‘(l,l) = 5) T(2>2> = Za T(Oa 1) = 7‘(1,0) = ia

mam:mzm:;,MLm:mznza

It is clear that (X, r) is a complete b-metric-like space with constant s = %. This can see the reference[10].

Moreover, the mapping B and S be defined as B(0) =2,B(1) =1,5(1) =1,5(2) = 1.

According to the definition of a general LW -type cyclic mapping, we will choose proper functions 3,46,
to satisfy the conditions in Theorem 3.1.

We recall the definition of a general LW -type cyclic mapping, that is,

B(r(z,y))r(x, Bx) + d(r(x,y))r(y, Sy) + t(r(x,y))r(Bz, Sy) < Lr(z,y),

and let )
x x
Bla) = Jgs 8(a) = 15 Ha) =1+
In fact, we need to find a (Sproper number A to satisfy the conditions of Theorem 3.1 as follows:
1-B(z 1-0(z
(1) mam{(s(z)ig()z), ﬂ(z)jft()z),z €0,+00)} <A< 1,
(2) As < 1.

(3) L € [1,t(2)].

Taking L as 1 + %, that is L = 1 + t(zgfl, next, we will find A by some concrete calculation, we
will find A by some concrete calculation. Recall that the mapping B and S be defined as B(0) = 2, B(1) =
1,5(1) =1,5(2) = 1, so we obtain that it should take z as r(0,1),(0,2),r(1,1),7(1,2).

If we choose z = r(1,1) = 3, then

by L € [1,%] and let L = &, thus,

413 1659 417

—_— <A<l
638’ 2566} <

max{ = Gag =

If we choose z = r(0,2) = 3, then

by L € [1,5] and let L = %, thus,
141 291, 291

— — < 1.
250’542} A<

max{ BT
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If we choose z = r(1,2) = 3, then

=—,603)=—, t(3) =4
B3) = 15 63) = g 13) = 4
by L € [1,4] and let L = 3, thus,
. {57 75 57 <l
max{—,—} = — .
1127172 112 —
From above, it shows that we can choose A € [%, %), by virtue of s = %, and we obtain that As < 1.

This imply that the conditions given in Theorems 3.1 are feasible and meaningful. At the same time, we can
know that the mappings B and S have a unique common fixed point under that conditions.
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