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Ugur DURAN™

Abstract

Saif et al. (J. Math. Comput. Sci. 21 (2020) 127-135) considered modified Laplace transform
and developed some of their certain properties and relations. Motivated by this work, in this
paper, we define modified Sumudu transform and investigate many properties and relations
including modified Sumudu transforms of the power function, sine, cosine, hyperbolic sine,
hyperbolic cosine, exponential function, and function derivatives. Moreover, we attain two
shifting properties and a scale preserving theorem for the modified Sumudu transform. We give
modified inverse Sumudu transform and investigate some relations and examples. Furthermore,
we show that the modified Sumudu transform is the theoretical dual transform to the modified

Laplace transform.

Keywords: Gamma function, Sumudu transform, Laplace transform, convolution

1. INTRODUCTION

Throughout this paper, the symbols C, R, Z,
N and N, are referred to the set of all complex

numbers, the set of all real numbers, the set of all
integers, the set of all-natural numbers, and the set
of all non-negative integers, respectively.

Integral transforms have been played a key role to
solve the differential or integrodifferential
equations cf. [1-12]. One of the most useful
integral transforms is the Laplace transform, for
f being a function defined for t >0, defined by

F(s)=(f(1)=] e (t)d, (1.1)

provided that the integral converges. It has
powerful applications, not only in applied
mathematics but also in other branches of science
such as astronomy, engineering, physics, etc., cf
[5-9]. Also, diverse integral transforms such as
Sumudu, Fourier, Elzaki, and M -transforms have
been considered, and their properties and
applications have been examined in detail by
many scientists, cf. [1-12] and see also the
references cited therein. The Laplace transform is
the theoretical dual transform of the Sumudu
transform which is introduced by Watugula [10],
given by
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G(u)=S[ f(t)]=["e"f (ut)dt

=2 fOduc(nn) a2

over the set of functions
I

A =1 f(t)aM,7,7,>0|

Several applications of Sumudu transform have
been investigated and studied by many physicists
and mathematicians, cf. [1-4, 6, 10-12]. For
instance, Watagula [11] defined two variables
Sumudu transform and provided an example
solving partial differential equations with known
initial conditions. Weerakoon [12] attained the
Sumudu transform of partial derivatives and
proved its applicability demonstrated utilizing
three different partial differential equations.
Kilicman et al. [6] studied some properties of the
Sumudu transform and relationship between
Sumudu and Laplace transforms, and then gave an
application of the double Sumudu transform to
solve the wave equation in one dimension having
singularity at initial conditions. Asiru [1]
provided Sumudu transform of several special
functions and derived some applications with
Abel’s integral equation, an integrodifferential
equation, a dynamic system with delayed time
signals and a differential dynamic system.
Belgacem et al. [2] developed fundamental
properties including scale and unit-preserving
properties of Sumudu transform and proved a
solution to an integral production-depreciation
problem. Belgacem [3] analyzed deeper Sumudu
properties and connections. Belgacem et al. [4]
generalized all existing Sumudu integration,
differentiation, and Sumudu shifting theorems
and convolution theorems. In this study, we
introduce modified Sumudu transform and
investigate many properties and relations
including modified Sumudu transforms of the
power function, sine, cosine, hyperbolic sine,
hyperbolic cosine, exponential function, and
function derivatives. Moreover, we obtain two
shifting properties and a scale preserving theorem
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f())<Me I ifte(~1)Ix[0,00) (.

for the modified Sumudu transform. We provide
modified inverse Sumudu transform and derive
some relations and examples. Furthermore, we
show that modified Sumudu transform is the
theoretical dual transform to modified Laplace
transform. Lastly, we give duality between the
modified Laplace transform and the modified
Sumudu transform.

The Sumudu transformation satisfies the
following operational properties, cf. [2,4]:
S[l] =1 S [sin (at)] = l_::‘a
S[tl=u S [cos (at)] = m
S[t"] = n'u" S [sinh (at)] = =55
S[e™] = S [cosh (at)] = Higag
17 (@h)] =  (am) | 1 (0] = =6 (%)

Let f(t),g(t)eA be Sumudu transforms

M(u) and N(u), respectively. Then the
Sumudu transform of the convolution of f and
g is given by

S[(f*g)(t)]=uM (u)N(u), (1.4)

where the convolution integral is given by (cf.

[2,4])
(f*g)(t):J';g(x)f(t—x)dx (1.5)

for f(t) and g(t) are piece-wise continuous

and of exponential order.
The gamma function is defined by the
following improper integral (cf. [5-9]):

=[etd, (1.6)

where $ is a complex number with Re(s)>0.

The gamma function satisfies the following
relations

['(s+1)=sI(s)and '(n+1)=
for N being a non-negative integer.

2. MODIFIED SUMUDU TRANSFORM

In [9], the modified Laplace transform of a
function f(t) which is peace-wise continuous
and of exponential order is considered as follows
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L(T(1)=

where Re(s)>0 and ae(0,%)\{l}. Note that

upon setting a=¢€, modified Laplace transform
reduces to usual Laplace transform in (1.1). Then
the authors gave several basic properties of
modified Laplace transform and provided
connections with different functions in [9].

F(s;a):J':a‘“f (t)dt, (2.1

Motivated by the above, we define modified
Sumudu transform as follows.

Definition 1 Let a€(0,00)\{1} and

Ay = {f(t)\al\/l 71,75, >0 such that \f(t)\<Mal/Tj (‘t‘),ifte(—l)jx[o,oo)}.
(2.2)

Then, for f (t) e A,, we define modified Sumudu

transform by the following improper integral:

(t)dt,ue(-7,7,).
2.3)

G,(v)=s[f()]=1[arf

We note that
sLFM]=s[f ()]
Let f(t),9(t)€A, and y,0<R. The modified

Sumudu transformation is a linear transform,
namely

s[r1(0)+on(t)]= J [ (+00(0]%
Zj dt+ ja g
=yS,[ f t]+a)Sa[g )]-
By Definition 1, for f (t) =1, we observe that
S[]=1 (e dt= fim L [ o et
a[]_ajoa _Llﬂla oe
R
—iloga —Bloga
=L jim | = fim| S
uR_mo_Eloga R —Eloga IOga
u 0 u
:i |Oga>0
loga’ U
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and for f(t)=t with 1292 5 ¢,

u
,t R
m -t
Sa ——j ta dt—||m _la +L av
ro=| loga| loga“°
0
u [ u
=—lim a'| dt=———,
FHoo(loga)2 o (Ioga)2
which gives the following theorem.
Theorem 1 We have
1 loga
5[]=—— =250 (2.4)
loga u
and
s [t]=—Y 92, (2.5)
(loga) u
By Definition 1, for f (t)=t" with neN and
Ioga>0 we observe that
u
S [t“}:ijwt“aUdt-—j t"™a v dt
a u 0
(=Y przg g =
(loga)” “°
n-1 —t n
_ nhlu _(“avdt = nlu _
(loga) *° (loga)
and for f(t)=e",
1w o
bt | — bt
s, le }—Ejoe aldt
loga R
b—"’ia 1 et[b_ng
——je Jot= Ly &
UrR->», lOga
h——=2%
u o
f p_loga
_1|_ e( “j 1
U R b_Ioga IO_Ioga
u u
_ 1 b< Ioga’
loga—bu u

which provides the following theorem.
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Theorem 2 Let ne N We have

loga
S, | t" ——1, 0<—== (2.6)
[ J (loga)™ u
and

1 loga
S.|e”|= , b< . _
a[ } loga—bu u @7)

From Definition 1 and using formula (2.7), we
have

s,[sin(bt)]=, [eb;_eb}

= (s.[e"]-s.[e™])

_1 1 1
B Z_(Ioga—lbu loga+ ibu}
_ bu
) (loga)’ +b?u?
and

5, [cos(bt)]=, {#}

=SS [e s [e])

T
2\ loga—ibu loga—ibu

_ loga

) (loga)’ +b%u?’
where i=+/—1. Thus we give the following
theorem.

Theorem 3 We have

bu loga
and S, | cos(bt) |F——F——. (2.8
[ ] 2+b2u2 ( )

Sa[sin(bt)]=W (loga)

By Definition 1, and utilizing formula (2.7), we
derive

M e bu

bt
. 2 } (loga)® ~b*u?

S, [sinh(bt)]= S,

and

P bt
S, cosh(bt) =S, © +Ze_ }:(I Ic;gabz .
oga) —b’u

Sakarya University Journal of Science 25(2), 389-396, 2021

Therefore, we give the following theorem.

Theorem 4 We have

bu

(log a)2 ~b?u?

loga
(log a)2 -b%u?

(2.9)

S,[sinh(bt)]= and s, [ cosh(bt)]=

By Definition 1 and (1.6), for be R with b > —1,
we derive

S, [tb] = %I:tbautdt — u"* )b J‘:[t |0ug a)b eitlogadt

(loga
u® IV
=—(Ioga)b+1j te'dt = —(Ioga)bﬂf‘(bjtl).

Thus we give the following theorem.
Theorem 5 The following
S, |t =
[ ] Iog a)’

is valid for be R with b > 1.

+1

I'(b+1)

We now investigate some formulas for modified
Sumudu transform of derivatives of functions.

By Definition 1, for loga > 0, we see that
u
S[f(t ]——j )av dt——(logag( )-f(0)).

(2.10)
By means of (2.10), we acquire

s[10(1)]= % [ (t)asdt

= u—lz((log a)’ g, (u)-logat (0)-uf (0))

Continuing this process, we get

s.[10)]="2 6, ) 1 S ogay v 19 ),
(2.12)

By (2.11), we provide the following theorem.

Theorem 6 The following modified Sumudu
transform

s[f7@m]= ('oga) g, (u) ——Z(Ioga Ut (0).
(2.12)
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loga S

is valid for ne N and y 0. bt __J‘ ab“da) g(bu)
By Definition 1, for Ue (—rl, rz) , We observe that Thereby, we give the following theorem.
d 1 oo loda Theorem 8 The following
Ega(u)z—u—zjoau f(t) g ja tf )dt S,[ f(bt)]=G, (bu) (2.13)
holds.
:_%ga(u)+I092a
Let &(t—c) be unit step function given the
d? d( 1 loga below:
— =—|-= S, [t (t
du? ga(u) dU( uga(u)+ 02 a[ ()]j §(t—C):{.O,X<C,1,XZC.
= Lo, 0)-3[-ta@+ 8t r 0] Zafrw) e weo .
Tee, 0 1= av loga
101 loga S[s(t-c)|==(0avdt+=[ avdt= , —2>0.
+ —Esa[tf(t)}—u2 Sa[tzf(t)}j [o(t=c)] u.[o +UL loga’ U
2 _3+loga loga . r., By Definition 1, for &,[f(t)]=G,(u), we
_uzga(u) — S, [t (1) ]+ = S,[tf(t)]. observe
and ; lbu u
3 tf == t = -
Taw)= o 26, 0)- 2192 s [ )]+ B2 s [er 0] s[a f 206 (l—buj
6 12+6loga and
=30, () + =0 s, 1 (1)] -

s[f (t—c)é(t—c)]:%roa“ f(t—c)dt

(log a)2+4loga , (I ga ~tie
AR e s [ ] =lat ra=ats 1]
Therefore, we give the following theorem.

Hence, two shifting properties of modified

Theorem 7 For Ue(-7,7,) and 1292 5 0, we Sumudu transform are given by the following
u theorem.
have
:_uga(“) - —lga(u)+'°iasa [t (t)] Theorem 9 Let &, [ f (t)] =G, (u). Each of the

following properties

d? 2 3+Ioga Ioga

- == 2o |t (t tof (t

e G, (u)=—G,(u)- 0 [t ()] + 0 [ ()] Sa[ab‘f (t)]=Ga (ﬁj (The first shifting property)
—bu

and
d’® _ 6 12+6loga and C
W G (U) - _Fga (U)+ u—48a [tf (t)] S,[f(t—c)s(t—c)]=a *S,[f(t)] (Thesecond shifting property)
(log a)2 +4loga (log 2 holds for 1292 - ¢,

) s, [et (1)) u

u
From Definition 1, we obsterve that . By (1.5), it can be readily shown that the set of all
1 ¢ - 1 — modified Sumudu transformable functions form a
- u - bu
S, [f (bt)] B jo f (bt)a at jo f (bt)a at commutative semigroup with respect to the
and setting o = bt , then convolution operator *.

By Definition 1 and (1.5), we attain

Sakarya University Journal of Science 25(2), 389-396, 2021 393
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S[(f*9)(1)]
=2[a (J

Setting t—w =y yields dt = dy and we have

f*g ——j j a S g

= U(EI:an (w)dw}(ajowa“g (y)dy}
=us, [t ()]s [o()]

Thus, we give the following theorem.

=%J:a_“t(f vg)(t)at

f(t- a))da))dt

(7)deody

Theorem 10 For f(t) and g(t) being piece-
wise continuous and of exponential order
functions on [0,], let S, f(t)]=G,(u) and
S,[9(t)]=H,(u). Modified Sumudu transform
of the convolution is as follows:

S[(f+9)(t)]=uG, (u)H, ().

3. FURTHER REMARKS

By (1.1) and (1.2), the Sumudu transform is the
theoretical dual transform to the Laplace
transform given below (cf. [2,4])

G(u)=M and F(s)=%/s). 3.1)

u
Using (2.1) and (2.3), for f(t)eA, and

7, <U<T,, we observe that

G,(u)=5,[f (t)]:%j:a_“tf (t)dt:%FG;aj
(3.2)

and

F(sia)=L.(f(1))= ii ‘Stf(t)dt:%Ga(%j

S
(3.3)
which are the modified version of the duality in
(3.1). Therefore, the relations (3.2) and (3.3)
between the modified Sumudu transform and the
modified Laplace transform means to acquire one

Sakarya University Journal of Science 25(2), 389-396, 2021

from the other when needed. For example, since

. b
La(smh(bt)):SZ(IOga)Z_bZ, recall from

Theorem 4, we have

SET S CLIRS ]
S(loga) —(1/s)"b*> s "\s

Hence, we can say from (3.2) and (3.3) that the

modified Sumudu transform is the theoretical

dual transform to the modified Laplace transform.

We now introduce modified inverse Sumudu

transform of a function f (t) as follows:

TSI
]—— ~,,a"G,(u)du, (7>0).

(3.4)
It can be readily seen that modified inverse
Sumudu transform is a linear transform, namely,

for g,weR,
;[ G, (u)+@H, (u)]
= B8 [ G, (u) ]+ @S, [ H, (u) ] = Bf (t)+wg (),

where S,[ f(t)]=G,(u) and S,[g(t)]=H,(u).
From (3.4) and Theorem 10, we get

f(t)=S*[G,(u

S [Gu(u)H, (u)] = £ (9 (1),

Some examples of the modified inverse Sumudu
transform are stated below.

S‘{ ! } 1 by (2.4)
loga

n+l pn
Sa’l[u“] = M by (2.5)
n!
St {—Iog al—bu =e" by (2.7)
g u _ sin(bt) by (2.8)
) (log a)2+b2u2_ b

_ 1 cos (bt
Sa{(loga)ﬁbzuzlz Iogga) by (28)

. u _sinh(bt)
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_ 1 cosh(bt
Sal{(loga)z_bzuz}: |og(a ) by (2.9).

4. CONCLUSIONS

Saif et al. [9] defined the modified Laplace
transform as follows:

— va) = [Ca-st

L(f(t)=F(s;a)=[ a*f(t)at,
if the integral converges. Several properties and
interesting formulas for modified Laplace
transform were investigated in [9]. Inspired by
this study, in this paper, we have considered
modified Sumudu transform by the following
improper integral:

—t
G, (u)=5,[ f (t)]=%_[oa“ f(t)dt,
ue(-z,7,)andae(0,:0)/{0}
for
t(t)ea, = {f(t)\aM 17175 >0 such that \f(t)\<Ma1/rj (\t\),ifte(—l)jx[o,oo)}.

Then, we have given many properties and
relations covering modified Sumudu transforms
of the power function, sine, cosine, hyperbolic
sine, hyperbolic cosine, exponential function, and
function derivatives. We also attained two
shifting properties and a scale preserving theorem
for the modified Sumudu transform. Moreover,
we have provided modified inverse Sumudu
transform and developed some relations and
examples. Furthermore, we have shown that the
modified Sumudu transform is the theoretical
dual transform to the modified Laplace transform.
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