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Abstract

In the present paper, for a positive integer r, we study bi-periodic r-Fibonacci sequence and
its family of companion sequences, bi-periodic r-Lucas sequence of type s with 1 < s < r,
which extend the classical Fibonacci and Lucas sequences. Afterwards, we establish the
link between the bi-periodic r-Fibonacci sequence and its companion sequences. Further-
more, we give their properties as linear recurrence relations, generating functions, explicit
formulas and Binet forms.
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1. Introduction

Recently, many authors have studied generalizations of Fibonacci and Lucas sequences.
Edson and Yayenie [6] defined the bi-periodic Fibonacci sequence (py,)n by

_ { apn—1 +pPn—2, if n =0 (mod 2),
P bpn—1+ pn—2, if n=1(mod 2),
for n > 2 with initial conditions pg = 0,p1 = 1 and nonzero real numbers a,b. Bilgici [4]
defined its companion sequence the bi-periodic Lucas sequence (gy), by
[ bgn—1+ Gn—2, if n=0(mod 2),
= agn—-1+qn—2, 1f n=1 (HlOd 2),

for n > 2 with initial conditions ¢y = 2, q1 = a.

For positive integer r and positive real numbers a, b, Yazlik et al. [12] introduced the
sequences (fy)n and (I,), as follows:

_ afn—l + fn—r—la 'Lf n=>0 (HlOd 2)7
fn= { bfpn-1+ fnr—1, if n=1(mod 2),
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and
L — bly—1+1lyr—1, if n=0 (mod 2),
" alp—1 + lpep—1, if nm=1(mod 2),

for n > r 4+ 1 with initial conditions fo = 0, fi = 1, fo = a, ..., fr = al"/2pl=1/2] and
lo=r+1,1 =a,ly=ab, ...l = aTD/2pl7/2] regpectively.

It is clear to see that when a = b =1 and r = 1, the sequences (f,), and (l,), reduce to
the Fibonacci and Lucas sequences, respectively.

Raab [8] introduced the generalized r-Fibonacci sequence, for a positive integer r and
real numbers x and y, by

70 =1, 1 410

- —r—1
for n > r+1 and initial conditions Tér) =0, T,E,T) =zF 1 withl1 <k <r. Whenz =y =1,
the numbers T#}”) reduce to the r-Fibonacci numbers.
Abbad et al. [1] defined its family of companion sequences; the r-Lucas sequences of type
s, for a positive integers r, s with 1 < s < r and real numbers z and y, by
Z(r,s) _ ﬂ?Z(T_’Sl) + yZ(T’S)

n - n n—r—1°

for n > r + 1 and initial conditions Zér) =s+1, Z,S") =zF with1 <k <r.

Our study consists of two aspects. The first one, is to introduce the parameters ¢ and
d in the expression of the recurrence sequences given by Yazlik et al. in [12]. The second
one, is to define a family of companion sequences as introduced in [1] for the bi-periodic
case.

The outline of this paper is as follows. In Section 2, we give the expression of the
bi-periodic r-Fibonacci sequence (U,S’“))n and its linear recurrence relation. Then, we
introduce a family of its companion sequences indexed by the parameter s; with 1 < s < r;

named the bi-periodic r-Lucas sequence of type s, ( ér’s))n. After that, we express Vér,s)

in terms of UT(LT) and s. Section 3 is devoted to the generating functions of the bi-periodic
r-Fibonacci sequence and its companion sequences. In Section 4, we propose an explicit

formulas, which generalize the results given in [10,11]. In Section 5, we give the Binet

forms of U7(f) and Vn(r’s). Finally, in Section 6, we present some examples for different
values of r and s.

2. The bi-periodic r-Fibonacci and r-Lucas sequences

In this section, we define bi-periodic r-Fibonacci sequence ( T(LT))n and we introduce the

family of its companion sequences, bi-periodic r-Lucas sequence of type s, (Vnr’s))n, then
(r,5) (r)

we express Vj in terms of Un ’ and we give their linear recurrence relations.

Definition 2.1. For nonzero real numbers a,b, c,d and positive integer r, bi-periodic
r-Fibonacci sequence (Ug))n is defined by

n

U —
bU +au™ | if n=1(mod 2),

n

{ aU(Ql—i-C 757;)7"71, if n=0(mod 2), (2.1)

for n > r + 1 with initial conditions Uér) =0, Ulr) =1, Uz(r) =a,..., Uy) = qlr/2plr=1)/2]

We give the first values of the bi-periodic r-Fibonacci sequence.
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(1) For r =1,

vV = 0,uV =1,U" =a, UM = ab+d, UM = a2+ a(d + ¢),

U = a6+ ab(2d + ¢) + d?, UL = ab? + a®b(2d + 2¢) + a(d? + de + ¢2).
(2) For r =2,

v = 0,U? =1,UP =a, U = ab,UP = a®b + ¢, U = a®b® + (be + ad),
U6(2) = a®b® + a(2bc + ad).

The bi-periodic r-Fibonacci sequence can be expressed by the following linear recurrence
relation.

Theorem 2.2. Let a,b,c,d be nonzero real numbers and r be a positive integer. The
bi-periodic r-Fibonacci sequence satisfies the following linear recurrence relation:
Forn > 2r+ 2,

UM = abU”y + (a8 + el — () edU Dy, (22)

r—1—¢(r+1)

with initial conditions UST) =0, Ul = 1, UQ(T) =a,..., U,g ") = alr/2plr=1)/2]
forr+1<m<2r+1,

o3l + (ngrjd—i— {m}’”*lJC) aLm}T?lJbngizL if r is odd,
USD =0 al Lot 4 mer ol 22yl 22 @
+{meT*1JaLm§T | m=g=s | 0 if r is even,

where (k) = 2(k/2 — |k/2]) is the parity function.
Proof. Note that {(n+m) = &(n) + {(m) — 25(n)é(m).
Formula (2.1) can be rewritten as

U =g~ smpemy ™) 4 =t gemy ™

—£(n)p€(n) (a (n )bl—ﬁ(n)US’_)Q + En )dl_g(")UéT_)r_Q)
+ =€) gEm) (af(nm sty ) gl—glntr) U}Q%,Q
—abU", + (a1—§<n) BEM) £(m) gl—E(n) | 1-€(n) ds(n>a£(n+r>b1—§<n+r)) v,

+ el Em) ge(n) Lntn) gl—tnan ()
When r is odd, we get
Ul = abU'", + (al—sm) pE() £(n) gL=€(n) Cl—f(n)ds(mal—s(n)bs(n)) v

4el=En) gé(n) (1=€(n) g€(n )

— abU", 4 =€) b&(n)zci dQ)Ufl Nyt AU gy,

= abUy + (c+d) (U, = =My, ) 4 H-mgxmy D,

- abU“" +(c+ AU, + (e g — (c + )t ED) U0,

= U, + e+ AU, (OEIRER) _ 2ot i) _ 1o e ),
— abU(’" + (c+ d)Unr,)r,l - Cde(er—za
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when r is even, we get

U =apU", 4+ (alfé(n)b&(n)cﬁ(n)dli(n) i lei(n)dﬁ(n)aé(n)blfﬁ(n)) A

+ e g Em gt =emy ),

:abUér_)Z “I‘ (ad “l’ bC)U(r_)T._Q + CdU(T_)QT._Q.

n n

O

Now, we introduce a family of companion sequences related to the bi-periodic r-Fibonacci
. . . T,S)
sequence, called bi-periodic r-Lucas sequence of type s, (Vi 7).

Definition 2.3. For nonzero real numbers a, b, ¢, d and integers r, s such that
1 < s < r, bi-periodic r-Lucas sequence of type s is defined by

V(Tvs) —

n

an(ﬁ) + an(E:)_l, if n=0(mod 2),
aVrEi’i) + cVéfi),l, if n=1(mod 2),

for n > r + 1 with initial conditions VO(T’S) =s+1, Vl(r’s) = a, VQ(T’S) = ab,.. .,VT(T’S) =
alr+1)/2]plr/2]

We give the first values of the bi-periodic r-Lucas sequence of type s.

(1) Forr=s=1,
Vo(l’l) =2, Vl(l’l) =a, V2(1’1) = ab + 2d, V3(1’1) = a?b + 2ad + ac,
VM = 20?4 3abd + abe + 242, VAU = 636 + 3a%bd + 2a%be + 2ad® + 2adc + ac?.
(2) For r =2 and s € {1, 2},
VO(Q,S) T V1(2,s) — V2(2,8) — ab, V3(2,5) = a2+ (s + 1)c, {/4(275) = a’b® + (s + 1)bc + ad,
Vi) = @32 + (s + 2)abe + a’d.

The bi-periodic r-Fibonacci sequence (UT(LT))n and the bi-periodic r-Lucas sequence of type

(] . . . . .
s, (Vé ))n can be seen as a generalization of the Fibonacci and Lucas sequences, we list
some particular cases.

efora=b=c=d=1and r =s =1, we get the classical Fibonacci and Lucas
sequences.

e Fora=b=2c=d=1and r =s =1, we get the classical Pell and Pell-Lucas
sequences.

e For a,b nonzero real numbers, c = d =1 and r = s = 1, we get the bi-periodic
Fibonacci and bi-periodic Lucas sequences.

e For a, b nonzero real numbers, c =d = 2 and r = s = 1, we get the Jacobsthal and
the Jacobsthal-Lucas sequences.

e For a = b, ¢ = d nonzero real numbers, we get the r-Fibonacci sequence and the
r-Lucas sequence of type s.
For more details on these sequences, we refer the reader to [1,4,6,8,12].

Each sequence in the family of companion sequences, the bi-periodic r-Lucas sequence of
type s, satisfies the following linear recurrence relation.
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Theorem 2.4. Let a,b,c,d be nonzero real numbers and r,s be integers such that 1 <
s < r. The bi-periodic 7-Lucas sequence of type s satisfies the following linear recurrence
relation:

Forn > 2r+ 2,

Vn(r,s) _ aan(f;) + (ai(r—s-l)d + b&(r—&-l)c)vn(ivi)_l_f(rﬂ) . (_1)r+1chTEE;)T;27 (2.4)

with initial conditions VO(T ®) — g4 1, V(r ) — =a, Vz(r’s) =ab,..., V;(T’S) = qlr+1)/2]plr/2]
forr+1<m<2r+1,

o5 pl%] 4 ((34- V’“;HJ) d+ V%"”Jc) aL%JbLmjilL if r is odd,

V() = ol L] 4 (5 + {m—QT—HJ) L=l e o (2.5)
m_rt1 || mer—2 if v is even.
+L%Jat 2 JbL 2 Jd7
Proof. The proof is done using Definition 2.3. g

Theorem 2.5. Let r and s be positive integers, such that 1 < s < r, the bi-periodic
r-Fibonacci sequence and the bi-periodic r-Lucas sequence of type s satisfy the following
relationship

U,(szl + sty_)w n>r, if v is odd,

V() = (2.6)
Ur(Ql + schy(f_)T_l + schér_)Qr_l, n>2r+1, ifr is even.

Proof. We prove the theorem by induction on n, using Definition 2.3 and relations (2.3),

(2.5) in Theorem 2.2 and Theorem 2.4 respectively.
O

3. The generating functions

In this section, we give the generating functions of the bi-periodic r-Fibonacci sequence
and the bi-periodic r-Lucas sequence of type s.

Theorem 3.1. Let r be a positive integer, the generating function of (Uff))n is

z + az? 4 (—1)§0) egr 2

G(z) = 1 —abz? — (a1 d 4 P+ c)gr+1+60r+1) — (—1)7edp2r+2”

(3.1)

Proof. The formal power series representation of the generating function for (Un(r) )n gives

2%1 Uk: — abx? 251 U}gr)mk _ (ag(rﬂ)d + bg(r+1)c)xr+1+5(r+1) "~ ZT:+ )U(r) k
k=0

Glz) = =0

1 — abx? — (ag(r—‘rl)d 4 b{(r+1)c)xr+1+§(r+1) _ (_1)rcdx2r+2
Indeed, we suppose that r is odd, we write

- U

k>0
then
—abr?G(z) = —ab Z U,gT)a:kJrQ
k>0
(—(d+ )" G(x) = —(d+¢) S U2k

k>0

(Cd) 27‘+2G = cd Z U k+2r+2
k>0
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The relation (2.2) in Theorem 2.2 gives
(1 — abz? — (d + )" + cdz® )G () :UOT) + Ulr)xl +- 4+ UQ(QHCC%—H
- abUér)x2 - abUl(T)a:?’ — = abUéQ@ZTH
—(d+ c)Uér)wTH —(d+ c)Ul(r)x’”rQ — ...

- (d+ C)U’,g'r)x?r—s—l
2r+1 2r—1

= Z U,y)xk — abx? Z U,gr):ck
k=0 k=0

—(d+c)x™ ) U,ET)xk,
k=0

using relation (2.3) given in Theorem 2.2, we obtain

x4 ax? — cx"t?

G(z) = :
(z) 1 —abx? — (d + ¢)z™ 1 + eda?r+2

Similary, if r is even, we get

_ x4 ax? + ca™t?
1 —abx? — (ad + be)x"+2 — cdx?r 2’

G(x)

O

Remark 3.2. If we take r = 1, we obtain the generating function of the bi-periodic
Fibonacci sequence given by Sahin [9].

The following theorem express the generating function of (Vér’s))n.

Theorem 3.3. Let r and s be positive integers, such that 1 < s < r, the generating
function of ( ,E“S))n is

(5 4+ 1) + ax — absz® + (—1)§0) (s 4+ 1)ea" ! + (=1)80+ D adsar+2

H(x) = 1 — abz? — (afr+Dd 4 bE(r+1) ) gr+1+E0r+1) — (—1)reda?r+2

(3.2)

Proof. For odd r, relation (2.6) gives
H(z) = Z Y, (rs) gm

n=0
= Z U,(le" + sd Z UY(LT_)T:L‘”
n=0 n=r
1 1 -
= - Z U7(:_21:1:"‘F + sdx” Z Ufli)r:n” "
n=0 n>r
1
_ - (r),.n r (r) ,.n
$2Unx + sdz ZUnaz
n=0 n=0
1+ azx —cz" 1 sd(z™ + az™? — cx?H?2)

1 —abx? — (d+ c)x"t! + cdx?r+2 T (d+ c)ar+! + cda?r+2
1+ az — ca™ + sda™! + sadx™? — sedx® 2

1 —abz? — (d+ c)a™+! + cda?rt2
(s +1) + ax — absz® — (s + 1)cz" ™! + adsz™ 2

1 —abx? — (d+ c)x"t! + cdz?r+2
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For even r, relation (2.6) gives

l‘) _ Z Vn(r,s)xn

n=0
Z 11: +scb Y U e+ sed > U N an
n=0 n=>r+1 n=>2r+1
Z T(;r)lxnﬂ + sebp™ ! Z Un " seda?r Z U(r g
n>0 n>r+1 n>2r+1
== Z UMzm + schr™+ Z UM z" + seda® Z Urgn
x n=0 n=0 n=>0
1
( + scha" T+ seda® ) Y Uy
n=0

(L + scba™ + seda® 1) (z + az?® + ca™t?)
1 — abz? — (ad + be)x™2 — eda?r+2
1+ ax + ca"™t + s — sabx? — sadx™ 2 + scx" 1 (abx? + cbr"™? + adx"T? + cdz??)
B 1 — abz? — (ad + be)a™+2 — cdz?+2
(s+1) +azx — absa® + (s + 1)ea™ ! — adsz™2
1 — abz? — (ad + be)a™+2 — cdz?+2

O

Remark 3.4. If we take r = 1 and ¢ = d = 1, we obtain the generation function of the
bi-periodic Lucas sequence given by Bilgici [4].

4. Explicit formulas
(r)

In this section, we will state explicit formulas for (U, '), and ( ,5’”’5))”, to generalize
the explicit formulas of bi-periodic Fibonacci and Lucas sequences.
We use the following notation for the multinomial coefficient, given in [2],
for all k,k1,ko, ..., km € Z,

k!
’ = kilko! . k! if ki+ke -+
k17k2; ,k’

0 otherwise .

Belbachir and Bencherif [3], gave a formula expressing the general terms of a linear recur-
rence sequence cited in the following lemma.

Lemma 4.1 ([3]). Let (tun)n>—m the sequence of elements over an unitary ring A, defined

by
uj; =0 1<7<m—1,
Un = a1Up—1 + GUL—2 + - + ApUn—m n > 1.

Then for all integers n > —m,

w= Y (1;§+ zjm>’“’“ﬁ;n (12)
1 42ko - +mkm=n 1, /2505 vm

Using this lemma, we give an explicit formula of the bi-periodic r-Fibonacci sequence.
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Theorem 4.2. For any integer r > 1, we have

> (ﬁ @ (ab)'(c+d)" " (—cd)*,  if r is odd,

2i4-(r+1)t+(r+1)k=n

Z (Z —: t) (li) (ab)i(ad + bc)t_k(Cd)k, if r is even.

2i+(r+2)t+rk=n

Proof. Considering the sequence qur) = US;ZI, then Wér) =1, WETJ) =0
for 1 < j < 2r+ 1, relation (2.2) gives

Wi = abI/V,ELT_)2 + (a8 Vg 4 bg(TH)C)W(T)

O et — (=) ey, . (4.3)

If r is odd, formula (4.3) reduces to

W = abW\y + (c+ W, —caw Dy, . (4.4)
Using Lemma 4.1, we get
, i+ i+ k ‘ ‘
Wy, = > ( I )(aw(c + df (—ecd)*
2i+(r+1)j+2(r+1)k=n s
- 3 (z T 4]; k) <J Z k) (ab)i(c + d) (—cd)¥
2i4(r+1)(j+k)+(r+1)k=n 7+

= Z <Z —; t) <li> (ab)!(c + d)!F(—cd)”.

2i4(r+1)t+(r+1)k=n

If r is even, formula (4.3) reduces to

W) = abW ", + (ad + bW, o+ cdW "y . (4.5)
Using Lemma 4.1, we get
, i+ k , .
Wi, = 3 (Z J Z )(ab)z(ad + be) (ed)*
2t(r+2)j+2(r+1)k=n \

_ 3 (Z ;i ; k) (j Z ’“) (ab)(ad + be) (cd)*

2i+(r+2)(j+k)+rk=n

= ) (’ . t) @ (ab)i(ad + be)' " (cd)*.

2i+(r+2)t+rk=n

Now, we give an analogous result for the bi-periodic r-Lucas sequence of type s.
Theorem 4.3. For any positive integers r and s, such that 1 < s < r, we have

yirs) — 5 <Z : t) (Z) (ab)i(c + d)t* (—cd)*

2i+(r+1)t+(r+1)k=n

+ sd Z <Z —: t) <It€> (ab)i(c + d)*F(—cd)¥,

2i+(r+1)t+(r+1)k=n—r—1
if r is odd.

V) — 3 (Z 7; t) (2) (ab)'(ad + be)* (cd)k

2i+(r+2)t+rk=n
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+ she 3 (Z Jtr t) (2) (ab)(ad + be) " (cd)*

2i+(r+2)t+rk=n—r—2
AN ;
+ sed > (l + ) (k) (ab)i(ad + be)'™F (cd)*,
2i4(r+2)t+rk=n—2r—2 t
if r is even.
Proof. We get the proof by using Theorem 2.5. U

Remark 4.4. Theorems 4.2 and 4.3 generalize the explicit formulas given in [10, 11].

5. The Binet forms

In order to obtain the Binet forms of the bi-periodic r-Fibonacci sequence and the
bi-periodic r-Lucas sequence of type s, we first express the characteristic polynomial.

Considering relations (2.2) and (2.4), we get the characteristic polynomial of (U,gT))n and
(Va" )

Y22 —aby® — (@S0 d 4 b))y (—1)80 ¢, (5.1)
putting = y?, we obtain
" — aba” — (oS d + bg(rﬂ)c):ct%lj — (=1)8ed. (5.2)

Before stating the main theorems of this section, the following lemma will be useful.

Lemma 5.1. Let K a field and P(x) = ag + a1 + agx® + -+ - + a,a" = > a;xt € K[x],

=0
a split polynomial on K with n roots, aq,aa,...,a, € K. The polynomial P(x) can be
written as P(x) = ap(z —aq)(x — ag) -+ (x — ap) and

G

op = > iy iy -, = (1P (5.3)
1<i1 <ig<-<ip<p+1 n

For any 1, j, we put 0; = ai&;71+5§, where 6; = > Qfy gy -+ - Oy -

1<k <ko < -<kpy1—;<r+1

k1,ko,.. k1570

Theorem 5.2. Let ay, 9, ...,qr+1 be the distinct roots of the characteristic polynomial

(5.2) associated with ( T(Lr))n and (Vn(r’s))n. We have

~(_1)igi 1) (r)
& ( j=1( Ly J U2r—2j+£(n) + U2r+£(n)
v =3 !

i=1 1<k<r+1
ki

> a}”/QJ,

(i — o)

and

~(_1Vigi () (r)
r+1 ( Z( 1 9 U2r—2j+£(n+1) +U2r+£(n+1)

i=1 [[ (- o)
1<k<r+1
k#i

V(rs) — N Njsi ()
' ( 2 (=105 Uy, g sensn

> (a}(nﬂ)m + SdOéZL(n_T)/QJ> . ifris odd,

(r)
) + U2r+£(n+1)>

=1 [T (ei—ag) o
' 1<k<r41 ' if r is even,
ki

% (aiL(nH)/zj n Scbai\_(nfrfl)/% n Scda}(n72r71)/2j) 7
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with initial conditions
U(]r) =0, Ulr) =1 U2T) =aq,..., UT(T) — aLT’/QJbL(Tfl)/QJ,
Vo(m) s+1 Vl(T 28) 7‘/Z(ﬁs) =ab,..., v(rs) — o Lr+1)/2]ylr/2]

r

Proof. As mentioned in [5], the general term of (Ué )) is given by U Z bi nox gn/ 2J,
=1

where b; ,’s are rational numbers. The system can be solved by Cramer’s rule with Van-

dermonde determinant, for more details, we refer to [7]. Using the initial terms of the

sequence (U}ﬁ)m forn=0,2,4,...,2r, we get

-1 (r)
11 1 - 1 U(E ) bin
T
Qap ap a3 v Qg U, b2,
2 2 2 2
ap oy oy e Qg U | =] bsm
o @y az occr oy U2(’") brt1n
.

and forn =1,3,5,...,2r + 1, we get

Ve va o ya o e a0 o
Jar o @t JaE o Ja vy’ b2
var et at e anT o= e |

\/aZT"Fl \/@27"4’1 \/a7327'+1 . e ar+12’r+1 U2(772i_1 b,,,,_;’_l,n
T .
> (1) > Ay Ol - O U + )
12 r+1—j 7 2r—2 2
j=1 1<ky <ko<...<kpp1—;<r+1 +1-5 7 2r—2j+¢(n) r+€(n)

k1,ko,.kpyp1— 70

it results that b; ,, =

(@i —a)
1<k<r+1
ki
ZT:( )j zU( r) U("‘)
= 2r—2j+&(n ) 2r4-£(n)
using Lemma 5.1, we obtain b; , = ;
II (a5 —ay)
1<k<r+1
ki
S (_1)g0 ™) (r)
() r+1 ]El( ) UQT 2j+&(n) + U27"+§(n) In/2]
which gives Up ' = > o .
i=1 [T (ci— o)
1<k<r+1
ki
Using relation (2.6) in Theorem 2.5 for odd r, we get
V) =U), + sdul?,
3 igi ™ (r)
%:1 jz (=1)¢ U27~ 2j+&(n+1) + U2r+§(n+1) [(n+1)/2]
= Q;
[T (o — o) '
1<k<r+1

ki

r+1 Z(_l)jNi U(:)— j n—r +U(r) n—r
+1 = J F2r—2j+&(n—r) 2r+¢( )aL("_r)/QJ

7

(i — ag)
1<k<r+1
ki
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'
_1)igt 77
g:l g§1( 1) 9j U2r—2j+§(n+1
=, i
1<k<r+1
k#i

and using relation (2.6) in Theorem 2.5 for even r, we get

(")
)t Usrkenr) (

QLI | g golin-nf2l),
(i — o)

Vn(ﬂs) :UT(QI + schg_)T_l + SCdU(T—)Qr—l

n

S qViai () (r)
:Tf PR U2rf2j+£(n+1>+U2’“+§("+1)aL<n+1)/2J
s [T (ci— o) '
1<k<r+1
k£
r _1\isi (7“) (T)
+86b§ jgl( 1) 0 U2r_2j+€(n_r_1) +U2r+§(n—r—1)aL(n_T_1)/2J
— I (ei— o) l
i 1<k<r+1
ki
S (—1)igi g "
+scd7§ J';l( V005 Uyl gjvetn-ar—1) + Unys 5(”_27"_1)()}(71—276—1)/%
i=1 I (ai—an) Z
1<k<r+1
ki
r B =i (7‘) ('r)
r41 > (=1 J U2772j+§(n+1)+U2r+£(n+1)

DI
= I1
=1 1<k<r+1
ki

x (a2 L sl ol

(c; — o)

O

Remark 5.3. If we take ¢ = d = 1, we obtain the Binet form for the sequence (f, ), given
by Yazlik et al. [12].

Equivalently, we can express the Binet forms of (Uér))n and (VTET’S))n as follows.

Theorem 5.4. For any integer r > 1, we have

r+1
UP =3 APl

=1
and
r+1
> AZ(-nH) (cx}mﬂv2J + sda}(n_r)/ﬁ) , if v is odd,
i=1
Vn(r,s) _
T+l (n+1) [(n+1)/2] [(n—r—1)/2] [(n—2r—1)/2] . .
> A (ozi + scbay; + scday; ) , if r is even,
i=1
where

- i—(r+2)/2) : (r) (r)
_ag (af(r+1)d 4 b£(7+1)C)U2T_2j+£(n) + U2r+£

AP =
~ i1 (r)
J; —on(ab — @)Uy, Zoj gy +

i=1(r+2)/2]

(n)

4 2

aiL%J ((r—f— 1)04%J ~rabalt — V“J(a5(’“+1)d+b5(”1)0)>

)
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with initial conditions

" =0, =1,U8") =a,... UM = alr/2pler-1721

V) = 5 4 1,V = 0, V™) = ab, .. V) = gL /20plrr2)

r+1

Proof. Considering P(z) = 2"t — abz” — (afU*+Dd + bf(”l)c)xt Gl (—1)Med =
(r—aq)(x—ag) - (& — apy1), then for 1 <i <r 41, we get

i

_ L ((r—l— 1)aZLT;2J ~rabal®) V‘glJ (af(r+1)d+bg(r+1)c))

r;l
P(a;) = (r+1)af —raba) ' — V; 1J (afr g 4 IJE(T"'I)C)()zL =)

7 7

= II (@-a).

1<k<r+1
ki

On the other hand, using Lemma 5.1 and formula (5.2) for odd r, we get

01 = Z Q5 = —Qp = ab,
1<i; <r+1
g9 = E Aj Uy = —Apr—1 = 0,
1<y <ig<r+1
_ _ —-1)/2 _
O(r-1)/2 = > iy iy -,y = (=)D 20, =0,
1§i1<i2<~~<i(r,1)/2§r+1
— . . . — r+1)/2
O(ry1)/2 = > Qi @iy i = (=)D 2060
1<y <dp <o+ <i(py1)/2<r+1
— (—1)(T+1)/2+1(C+d),
oy = > Gy Wy« .0, = (—1)"a; =0,
1<y <o <---<ipr <r+1
1 1 1
Ort1 = I1 Qi iy - - iy = (=1) T ag = (1) DTl ed = cd,
1< <o < <bpy1<r+1
Then
a1 = > Qg
1<i <r+1
' i1
5-5 = Z Qi Oy
1<i1 <ig<r+1
11,9271
~1 _
Or-1)/2 = > Qg Qg - Qg qy /05
1<y <dg <o <i(pyy 2 <r+1
. 01,8258 (r—1) /270
~1 J— . . .
Olrity)2 = > Qi Qg - - Qi) o
1<i) <dp <o <G(py1)/2<r+1
11,82, 058(r g 1) J2 70
o = I Oy Qg+ o2 O

1<y <ip < - <ip<r+1
i17i27~~-7i'r7é7;

thus
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&i = ab-— @i,

o = (—)o1 = (—ai)(ab — o),

0 = (—oi) " (ab— ),

52}—1)/2 (=) D/2 ab — i),

Flosrye = (DU (et d) 4 (—ap) T2 ab — o),

Glpyjzin = () (=) e d) 4 (—ai)(—a) T2 (ab — ay),
&%r+1)/2+2 = (=) (=)D e d) + (=) (=) T (ab — o),
Glrnyjors = (—a) (=)0 et d) + (—ag)* (—aq) TP (ab — ag),
5i = ;7 (=)™ (c+d) + (—a;) " ab — o).

Using Lemma 5.1 and formula (5.2) for even r, we get

g1 = Z QG = —Qp = ab,
1<i1<r+1
02 = Z ailaig = —Qpr_1 = O’
1< <ig<r+1
= — r/2 _
Or/2 = > Qg Qi -+ Oy = (—1) / y 241 =0,
1<y <ig <<y jp <r+1
- . . . — (_ r+2)/2
O(r+2)/2 = > iy iy - iy = (1) D20,

1Si1<i2<"'<i(r+2)/2§r+l

= (=1)+2/2+ (ad + be),

or = > Gy iy« .0, = (—1)"a; =0,
1<i1 <io <+ < <r+1
Ortl = H iy Qjy - QG = (_1)(7"-1—1)@0 — (_1)5(7"+1)+7‘+10d — Cd,
1<t <t < <trg1<7+1
then
&t = ab— o,
&4 = (—)o1 = (—ai)(ab — o),
Z = (~a) M (ab— ),
5-7"/2 ( al)r/Q_l(ab - ai)a
Glopy = (DU ad + be) + (—ai)?(ab — ),
&Er+2)/2+1 = (—a)(=1)*22H (ad + be) + (=) (ab — i),
Gy = (—00(~1)+D/2 ad 4 be) + (—as)/2#2(ab — o),
Shromyars = (—00 (~D0 D/ (ad 4 be) + (~a0)" /243 (ab - @),
5 — (—an) (1) (ad 1 be) + (—ai) (b — ).
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Considering that » > 2 and a1, a9, ..., a,41 are nonzero roots, the Binet forms of the

sequences (U,(f))n and (Vn(r’s))

corollaries.

n have two equivalent expressions given in the following

Corollary 5.5. For any integer r > 2, we have

r+1
U?’(LT) _ Z Bl(n)al\_n/%,
=1

and
r41
3 BZ-(HH) (a}(nﬂ)/2J + sda}(n#)/zj) , if v is odd,
i=1
V() =
r&l (n+1) [(n+1)/2] [(n—r—1)/2] [(n—2r—1)/2] . .
> B; (ai + scbay + scday; ) ,  if ris even,
i=1
where
L%QJ —od Y (ab — a;)UL" +Y (-1l g +ul
% ? r—27 n a;(—ay)r—d r—27 n T n
B(n) _ j=1 2 2J+§( ) j:L(T+2)/2J 1( ’L) 2 2]+§( ) 2 +£( )

aLTElJ <(7“ + 1)ozLi22J — raba

[ 7

15] _ {%J (aé(r+1)d+b§(r+1)c)>

with initial conditions
UOT) =0, UlT) =1, UQT) =aq,..., U7g7") — aLT/QJbL(T—l)/zj’
Vb(r’s) — 541, ‘/1(7“78) = a, ‘/2(7“78) =ab,..., VT(T’S) — olr+D)/2]plr/2]

Proof. Assume that r is odd, then

lelo] = Z i, = ab — ay,
1<i <r+1
i1
~i
Gy = Z i, i, = (—ag)(ab — ay),
1<i1<ia<r+1
11,9271

R

..

i—1
= E Qi) Qg - = (=)’ (ab — ay),
1<) <o << <r+1
11,82,0,05 70

5 = _ r—1)/2—1
O(r—1)/2 = Z Qi Qg - i,y y = (—ai)( )/ (ab — ),
1§i1<i2<"'<i(r_1)/2§T+1
1,02, (r 1) /270

5 = 3 . . _ r+1)/2+1
O(r+1)/2 = iy Qi+ Q) sy = (_1)( )/ (c+d)
1< <ia << pgy)y 2 <+l
il,ig,...,’i(r+1)/2;ﬁi

F (a2 gh gy = 4L
i (—ay) 2
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% 1
(673 (—Oéi)t’
cd 1
a; (—a;)?’
% 1
a; (—a;)’

694 N.R. Ait-Amrane, H. Belbachir
P A oy ) —
Op_y = Z Qg Qliy -+ Qg =

1< <o <<y <r+1
7:177:27~~ai(r—t)7£7:
=i . )
Gy o9 = Z Qi) g - - - G,y
1<y <o << (p_g)<r+1
11,82,...,8(p_2) F1
=i o ) —
g1 = Z Q) g - Q)
1<y < < <idgp_1)<r+1
11,82,..,8 (1) F1
i cd
g, = H Qi Ay o O = —
r 1 2 T Oéi

1<i1 <ig <+ <ip <r+1
i17i27---air7éi

Assume that r is even, then

Jl = CEil = a’b - ai'}
1<ir <r+1
. i1
oy = > o, = (—ag)(ab — o),
1<ii<io<r+1
i1,i271
Lo = _ i—1
,; - . ) aila’ig o aij - (—Oéz)] (ab — Oéi),
1< <ip<+-<i;<r+1
i1 yi2yeyij £
5l = _ 2-1
Uﬁ/2 = D N S (—ay)"? 1 (ab — ),
1<i1 <ig <+ <dy g <rtl
01,82,.050p /270
5 = o . _ (_1\(r+2)/2+1
Olryy2 = 2 iy iy - i,y = (—1)TFD/2 (ad + be)
1§11<12<“‘<Z(T+2)/2§T+1
il,iz,A..,i(T+2)/27éz'
N(r+2)/2—1 N_¢cd 1
+ (—az)( )/ (ab— ;) = a; (Cap) T FD/2)
5 = o . _ed 1
Or_y = > iy iy - -+ Qi = G aryE
1§i1<’i2<'“<i(rft)§7‘+l
il,iz,u.,i(r_t)ii
5 = . . _cd_ 1
O _o = ) iy Qi+« i, o) = ooy
1<y <ip <o+ <i(p_g)<r+1
’il,’iz,...,i(r_Q);ﬁi
5t = v . _cd 1
Or—1 - Z O Oy o al(r—l) = o Can
1<y <ig <+ <1y <r+1
11,8250 (1) 74
5 = . o«
Ur - a21a12...alT = o
1< <io <+ <1 <r+1
i17i27--~7ir7£i
Corollary 5.6. For any integer v > 2, we have
) [n/2]
(r) _ n) |n
Un - ZCZ &, 3

i=1
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(n)

and

r+1

Z C'(nle ( ZWLJFI)/QJ + sdo L(n T)/2J) , if r is odd,
VTST,S) _

TH 1) (Lnr1)/2) |(n—r—1)/2] |(n—2r—1)/2] .

Z C; ( Q; + schboy; + scdoy; ) , if r is even,
where
o™ —

T lr/2]
j (r) r/2] (a8r D d4ps(r+1) (r) (r)

];1(_1)J al(_cadl) ) 2r—2j4+£(n) JE ( )]+L /214 ai(—ay)lr/2l=i 9 U2r72j+5( )+U2r+§

T <(r+ 1ol [2] _mbaL%J _ {%J (aE(T+1)d+bE(T+1)C)>

with initial conditions

u" =0,0" =1,U8" =a,..., UM = alr/2Aplr=D/2],

Vb('rzs) =s+1, ‘/1(7"»5) =a, ‘/Z(T’S) =ab,..., ‘/;*(T7S) — a|_(7"+1)/2Jb\_7'/2J .

6. Examples

In this section, we present some numerical results, for specific values of r and s.

(1)

(1)

9

For s = r = 1, we derive the bi-periodic 1-Fibonacci sequence (Uy ), and its

(1’1))

companion sequence, the bi-periodic 1-Lucas sequence of type 1, (V,

U _ aU() —|—CU(1), if n=0(mod 2),
" bU( )1+dU(_)2, if n=1(mod 2),

n

for n > 2 with Uél) =0, Ul(l) = 1 and nonzero real numbers a, b, ¢ and d.
Its linear recurrence relation is given by

UM = (ab+c+ AU, — cauV,,

for n > 4 with UM = 0,0 = 1,0V = o, U = ab + 4.
Its generating function is

x4 ax? — e

1 — (ab+c+ d)z? + cdz?t’

G(x) =

Its Binet form is

0 (1)
g _ [ Doree Fl@—ab—d=Ugq ) )
" 2a—ab—d—c

Uey =1 Uiy =ab+d, if n=1(mod?2),

where a and 3 are the roots of the quadratic equation 22 — (ab+c+d)z + cd = 0.

The bi-periodic 1-Lucas sequence of type 1, ( 751’1))”

s _ [ Vi +dvityif n=0(mod 2),
" V,fi}) v D F =1 (mod 2),
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for n > 2 with V" =2, v — ¢,
Its linear recurrence relation is given by

VD = (ab+ ¢+ VY — cavihy,

for n > 4 with %(1,1) =2, Vl(l’l) = a, V2(1’1) = ab + 2d, ‘/3(1’1) = a’b + 2ad + ac.
The link between US) and Vél’” is

v =gl 4 aut) n>1.
Its generating function is given by

H(x) = 2+ ax — (ab + 2¢)2? + adx®
11— (ab+c+d)a?+cdz*

Its Binet form is

(1,1) (1,1)
) _ (V2+s(n> +la—ab—d=ol,) ) oln/2

n 20—ab—d—c

(1,1) (1,1)
N (VM(n) +(B—ab—d -V, ) gln/2)

286 —ab—d—c
with
1,1 1,1 ) _
e i emoman
Ve =@ Vaiepm = a’b+2ad +ac, if n=1(mod 2).

We can also write

(1) 1)
an [ Yoremn (@ —ab—d = Uy, ( L(n+1)/2] L(nfl)/ZJ)
Vv = « + da
" 200 —ab—d—c

(1) (1)
U ey + (B —ab—d—UQ)
n n (nt1)/2] L(n-1)/2]
+( 28 —ab—d—c (5 +dp )

An explicit formula of (U,Sl))n is given by

uh= % ( ; t) (,ﬁ) (ab)'(c + d)' ™ (~ca),

2i+4+2t+42k=n

and an explicit formula of ( n(l’l))n is given by

AC R Z <Z 1_ t) (Z) (ab)i(c + d)!F(—cd)*

2i+2t+2k=n

tsd Y (i—;t><2>(ab)i(c+d)t_k(—cd)k.

2i4-2t+2k=n—2

(2) For r = 2, we derive the bi-periodic 2-Fibonacci sequence (U,SQ))H and its two

companion sequences, the bi-periodic 2-Lucas sequence of type s, (Vf’s))n with

se{l,2}

n

bUP | +dU?,, if n=1(mod 2),

n

U2 — { aUéQ_)l + CU(Z_)3, if n=0(mod 2),
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for n > 3 with Ué ) = 0, U(2) 1 U2( ) — 4 and nonzero real numbers a,b,c and d.
Its linear recurrence relatlon is
U® = abU'?, + (ad + be)U'?, — cdU'?,,

for n > 6 with U2 = 0,U® = 1,U? = 0,UP? = ab,UP = a2b + ¢, U =

ab? + be + ad.
Its generating function is
x4 ax? + cxt
1 — abx? — (ad + be)zt — cdab’

G(x) =

Its Binet form is

(2) (2) 2 (2)
o _ (U4+§(n) — (ab — oz)U2+§(n) + (o — aab — ad — bc)Ug(n) /2

3a2 — 2aba — ad — be

332 — 2abB — ad — be

(2) (2) (2)
U4+£(n) (ab— B)U2+£(n (52 — Bab — ad — bc)U £(n) n)2
+ B
(2)
Ue(n ))

(2) (2)
N U4+§(n) (ab — ’)’)U2+£(n) + (v — yab — ad — bc) /2],
372 — 2aby — ad — bc
with
UE((27)1) 0, U2(+) ¢n) = & UéE—Qi-)ﬁ(n) =a’b+c, if m=0(mod 2),
Uttn =1 Usjequy = ab Uy = 0 be+ad, if n=1(mod 2),

where a, 3 and « are the roots of the equation x3 — abx? — (ad + be)x — cd = 0.

If the roots are nonzero, we can write

@) ) ap®
(U4+s(n> = (ab = )Uy ey + TUgin >> n)2]

U® =

3a2 — 2aba — ad — be

2 ey r(2)
o [ Ysrem — (@b = B)Us ey + $Ustn gln/2
3532 — 2ab — ad — bc

(2) (2) 4o (2)
o [ e = (@0 = NWVsem + 5 Ui /2
372 — 2aby — ad — be '

The bi-periodic 2-Lucas sequence of type s, (Vrfz’s))n is defined by

2 _ { bV %9 4 qv @2 if n=0(mod 2),

aV(2 S) + CV(2 S), if mn=1(mod 2),

for n > 3 with %(2’8) =541, V( 8) — a, V2(2’5) = ab.

Its linear recurrence relation is given by
V29 = abV.®3) + (ad + be) V25 + eV,
for n > 6 with %(2,3) =s+1, Vl(g’s) =a, VQ(Q’S) = ab, Vg( ) = g2+ (s+1)c, V(2 o) =

a%b? + (s + 1)be + ad, Vi>¥) = a2 + (s + 2)abe + a?d.
The link between U7S2) and V(ZS) :

Vn(Z,S) — U( ) _|_ SCbU( )3 _|_ SCdU( ) n Z 5
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Its generating function is

s+1) +ax — absz® + (s + 1)cz® — adsa?
1 — abx? — (ad + be)zt — cda®

H(:):):(

Its Binet form is

(2,) (2,5) 2
) _ (V4+s(n> (ab— a)Vyi gy + (07 — cab —ad — be)V, ) /2]

" 3a2 — 2aba — ad — be

(2,s) (2,s)
o[ Varem — (@b =5 Waretn + (82 = Bab — ad — be) VG glns2)
332 — 2abﬂ —ad — be

(2.9 (2,9 2 (2,5
n Vitem) = (@b =9)VoYetm) + (07 —vab —ad — be) V) /2]
372 — 2aby — ad — be ’

with
(2,8) _ (2,5) (2,5) P
Vs((;)) —erl ‘§2+5< n) = @b Vil —(62‘2?2 (s + 1)be + ad, it n =0 (mod 2),
Vetm) =@ Volen) = a?b+ (s + 1), Vitem) = a®b? + (s + 2)abc + a’d, if n =1 (mod 2).

If the roots are nonzero, we can also write

2 2 9

3a? — 2aba — ad — be

(2) u® (2)
+<U4+£(n+1 (ab = B)Uy e sny + (B2 — Bab — ad — bc)U(nH))

3632 — 2abB — ad — be
x (B 4 scbBln9/2) 4 eqplin=5)/2)

2) 2) (2)
<U4+§(n+l (ab— 7)U2+§(n+1) +(7? = yab — ad — bC)U (n+1))

+ 372 — 2aby — ad — be

L0+0/2] 4 eyl (=9/2] 4 sodyl =92

An explicit formula of (U,SQ))n is given by

vd = Y (’jt> (Z)(ab)i(ad—i—bc)tk(cd)k,

2i+4t+2k=n

(2>3))

and an explicit formula of (V5

Ve =y (ltt> (2)(aby(ad+bc)t’f(cd)k

2i+4t+2k=n

+ sbe > <Z 1_ t) (2) (ab)i(ad + be)'™* (cd)*

2i+4t+2k=n—4

tsed Y (Ztt> <2>(ab)i(ad+bc)t—k(cd)k.

2i+4t+2k=n—6

n 1s given by
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