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Geodesics on the Cotangent Bundle with Vertical
Rescaled Cheeger-Gromoll Metric
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Abstract

In this paper, we introduce the vertical rescaled Cheeger-Gromoll metric (deformation in the vertical bundle) on
the cotangent bundle 7*M over a Riemannian manifold (M, g) and we investigate the Levi-Civita connection of this
metric. We study the geodesics on the cotangent bundle with respect to the vertical rescaled Cheeger-Gromoll
metric. Afterward, we establish the necessary and sufficient conditions under which a curve be geodesic respect
to this metric. Finally, we also construct some examples of geodesics.
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1. Introduction

In the field, one of the first works to deal with Riemannian metrics on cotangent bundles is that of Patterson, E.M., Walker, A.G.
[5], who constructed from an affine symmetric connection on a manifold a Riemannian metric on the cotangent bundle, which
they call the Riemann extension of the connection. A generalization of this metric had been given by Sekizawa, M. [7] in his
classification of natural transformations of affine connections on manifolds to metrics on their cotangent bundles, obtaining the
class of natural Riemann extensions which is a 2-parameter family of metrics, and which had been intensively studied by many
authors. On the other hand, inspired by the concept of g-natural metrics on tangent bundles of Riemannian manifolds, Agca, F.
considered another class of metrics on cotangent bundles of Riemannian manifolds, that he called g-natural metrics [1]. Also,
there are studies by other authors, Salimov, A.A., A8ca, F. [2, 6], Yano, K., Ishihara, S. [8], Ocak, F. [4], Gezer, A., Altunbas,
M. [3] etc.

The main idea in this note consists in the deformation (in the vertical bundle) of the Cheeger-Gromoll metric on the cotangent
bundle [2]. We introduce the vertical rescaled Cheeger-Gromoll metric on the cotangent bundle 7*M over a Riemannian
manifold (M,g) and we investigate the Levi-Civita connection (Theorem 5). We study the geodesics on the cotangent
bundle with respect to the vertical rescaled Cheeger-Gromoll metric. First, we establish necessary and sufficient conditions
under which a curve be geodesic respect (Theorem 10 and Corollary 11). As well when is the horizontal lift is geodesic
(Corollary 12). We also construct some examples of geodesics (Example 15 and Example 16). Finally, we also mention special
cases (Theorem 17 and Corollary 18).

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, 7*M be its cotangent bundle and 7 : 7*M — M the natural projection.
A local chart (U,x),_1— on M induces a local chart (=1 (U),x',x' = p;)

—_ * . 1
—Tom i=Tomi=m+i o0 T"M, where p; is the component of

covector p in each cotangent space T M, x € U with respect to the natural coframe dx'. Let C*(M) (resp. C*(T*M)) be the
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ring of real-valued C* functions on M(resp. T*M) and 3%(M) (resp. 3%(T*M)) be the module over C*(M) (resp. C*(T*M))
of C* tensor fields of type (r,s). Denote by Ff»‘j the Christoffel symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on 7*M, the vertical distribution VT*M = Ker(dn) and the horizontal distribution
HT*M that define a direct sum decomposition

TT*M =VT*"M&HT*M. (nH

Let X = X/ % and ® = @dx’ be a local expressions in (U,x'),_i;, U C M of a vector and covector (1-form) field
X € 34(M) and ® € 39(M), respectively. Then the complete and horizontal lifts X€, X € 3 (T*M) of X € 3} (M) and the

vertical lift ® € 3 (T*M) of @ € 39(M) are defined, respectively by

. d ox" 9

X¢ = X'— —p—— 2
oxi Ph oxt Jxi’ @
; d ; d

X = X'o— +p X/~ 3
axl+ph ij axi? ( )

d
{Z— .
0 = o pwe 4
. d 4 .
with respect to the natural frame {ﬁ’ 8—1_}, (see [8] for more details).
x
From (3) and (4) we see that (%)H and (dx')V have respectively local expressions of the form

B d.y 0

= (3xi) T ox *palli oxh’ ©)
; d

5. A

& = (dx')' = Eh (6)

The set of vector fields {&;} on 77! (U) define a local frame for HT*M over 7' (U) and the set of vector fields {&} on
7~ 1(U) define a local frame for VT*M over 7! (U). The set {é4} = {&;,&;} define a local frame on 7*M, adapted to the

direct sum decomposition (1). The indices @, 3, ... = 1,2m indicate the indices with respect to the adapted frame.
Using (3), (4) we have,
‘ i
X" = Xléi,XH<)(‘)>, ™
~ 0
o' = o, wv=(wi>, ®)

with respect to the adapted frame {éa}a:m, (see [8] for more details).

In particular if & be a local covector field constant on each fiber T M i.e. (22 = p = p;dx'), the vertical lift 2V is called
the canonical vertical vector field or Liouville vector field on T*M.

Lemma 1. [8] Let (M™,g) be a Riemannian manifold, V be the Levi-Civita connection and R be the Riemannian curvature
tensor. Then the Lie bracket of the cotangent bundle T*M of (M™,g) satisfies the following

1. [@¥,08Y]=0,
2. [xH.6V]=(Vx0)",
3. XM YH] = [X, Y]+ (pROX.Y)),
forallX,Y € 3L(M) and ®,6 € 39(M).
Let (M, g) be a Riemannian manifold, we define the map

£:3% (M) = (M)
o — to

by for all X € 3}(M), g(1@,X) = w(X), the map £ is C*(M)-isomorphism.
Locally for all @ = aydx’ € 39(M), we have fo = g/ a)i%, where (g'/) is the inverse matrix of the matrix (g;;).
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For each x € M the scalar product g~! = (g"/) is defined on the cotangent space T; M by g~ (®,0) = g(f®,16) = g" 0;6;.
If V be the Levi-Civita connection of (M, g) we have

Vx(fo) = #(Vxo), 9
Xg '(0,0) = g '(Vx0,0)+g (0, Vx0), (10)

forall X € (M) and @,0 € 39(M).
From now on, we noted @ by @ for all w € 3(1)(M).

3. Vertical rescaled Cheeger-Gromoll metric

Definition 2. Let (M™,g) be a Riemannian manifold and f : M —]0, 40| be a strictly positive smooth function on M. On the
cotangent bundle T*M, we define a vertical rescaled Cheeger-Gromoll metric noted g by

gy = g(X,7) =g(X,¥)om, (11)
g x".6") = o, (12)
¢0.0") = Lig (0,015 .08 (60.0). (13)

forall XY € 3L(M), ®,0 € 39(M) where a = 1+ ||p||* and || p|| = /g ' (p, p) is the norm of p with respect to the metric g.

Note that, if f = 1, then g/ is the Cheeger-Gromoll metric [2].

Since any tensor field of type (0,s) on T*M where s > 1 is completely determined with the vector fields of type X/ and @"
where X € 3} (M) and @ € 39(M) (see [8]). In the particular case the metric g/ is tensor field of type (0,2) on T*M. It follows
that g/ is completely determined by its formulas (11), (12) and (13).

By means of (2) and (3), the complete lift X© of X € 3} (M) is given by

x¢ = x"—(p(vx))", (14)
i ox" Ny
where p(VX) = p,(VX)ldx' = ph(W +T7X7)dx'.
Taking account of (11), (12), (13) and (14), we obtain

f

g (XYY = (e (p(VX),p(VY) +&~ (p(VX), p)g~ (p(VY), ) +8(X,Y)", (15)

where
g ' (p(VX),p(VY)) = g pup(VX)H (VY ),

g ' (p(VX),p) =" pup;(VX)].

Since the tensor field g/ € Sg(T*M ) is completely determined also by its action on vector fields of type X© and Y (see
[8]), we say that the formula (15) is an alternative characterization of gf .

Lemma 3. [9] Let (M™,g) be a Riemannian manifold and p : R — R a smooth function, we have the following:
1. x"(p(r?)) =0,
2. 0" (p(r) =2p'(r*)g" (@, p),
3. X" (g71(6,p)) =g '(Vx6,p),
4. 0V (g7'(0,p)) =g '(®,0),

forall X € 3\(M) and ,0 € 3V(M), where r* = g~ (p, p).
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Lemma 4. Let (M™,g) be a Riemannian manifold and (T*M, g") its cotangent bundle equipped with the vertical rescaled
Cheeger-Gromoll metric, we have:

LX (8" V) = Lx(p)ef(6" ")+ (Vx8) ") +g (6" (Vxn)"),

f
, 2 1 . ,
2. 0"g (6" n") = ——¢ 1(w,p)gf(9V>nV)+ag 1(w,f?)gf(nv,a@v)Jrag "w,n)g’ (87, 2"),
3.x"g7(0V,2") = X(f)g'(6,p)+fg ' (VxO,p),
4. 0"g(0Y,2") = fglw,0).

forall X € 3\(M) and ,0 € 3)(M), where PV is the canonical vertical vector field on T*M.
Proof. The results comes directly from Definition 2 and Lemma 3.

L XM (6" nY) = XP(L e 0m) +g 0.8 (.0)

= X)o7 @)+ 0.p)g (1.0 L (¢ (Vx0,m) 4671 (0,9xm)

+¢ '(Vx0,p)g” (n,p)) +£(8,p)g"" (Vxn,p)
= X (0" 0"+ (50 ") 476" (V).
2 0"g(0" ") = o (Ll (0.m)+¢ 7 (0.0) (1.p)
= —=5¢ (o,p)(g”'(6,1)+¢'(6,p)g ' (n,p))
+=(g ' (@,0)¢7 (n,p)+& '(6,p)g (@,1))
= 2 @p)gl (V) g (0,08 (0", )+ g 0, (87,2
The other formulas are obtained by a similar calculation. |

We shall calculate the Levi-Civita connection V of T*M with vertical rescaled Cheeger-Gromoll metric g/. This connection
is characterized by the Koszul formula:

28 (VuV.W) = U/ (V,W)+Ve! (W,U)—Wg/ (U,V)+g/ (W,[UV])+& (v,[W,U]) ¢ (U.[V,W]), (16)
forall U,V,W € S\ (T*M).

Theorem 5. Let (M™,g) be a Riemannian manifold and (T*M,g') its cotangent bundle equipped with the vertical rescaled
Cheeger-Gromoll metric, then we have:

1. VyuY? = (VxY)H+%(pR(X,Y))V,

2. Vyn0” = (VXG)V+%X(f)GVJr%(R(ﬁ,é)X)H,

3. V¥ = Y0’ + L RG.a)Y)

4. V8" = —%gawv,evxgmdnﬂ—a%(gf(wv,@V>9V+gf<evﬁv>wv>
+(O‘T+flgf(wv, 67) — o8 (0. 2" (V. 2)) 2",

forall X,Y € 3\(M) and @,0 € 3V (M), where " is the canonical vertical vector field on T*M.

Proof. The proof of Theorem 5 follows directly from Kozsul formula (16), Lemma 1, Definition 2 and Lemma 4 (See similar
calculations [9]). [ |
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4. Geodesics of vertical rescaled Cheeger-Gromoll metric

Let (M™,g) be a Riemannian manifold and y: I — M be a curve on (M™,g) (I C R). We define on T*M the curve C: [ — T*M
by C(t) = (y(¢),9(t)), for all r € I where ©(¢) € TygMie. ¥(r) is a covector field along ¥(z).

Definition 6. Let (M™,g) be a Riemannian manifold, C(t) = (y(t),0(t)) be a curve on T*M and V be the Levi-Civita
connection of (M™,g). If V7,19 = 0 the curve C(t) is said to be a horizontal lift of the curve Y(t), where Y the tangent field along

().

Lemma 7. [9] Let (M™,g) be a Riemannian manifold. If ® € 3%(M) is a covector field on M and (x,p) € T*M such that
Wy = p, then we have:

dyo(X,) = X[

v
wp) T (VXO) ),
forall X € 3\(M).

Lemma 8. [9] Let (M™,g) be a Riemannian manifold and V denote the Levi-Civita connection of (M, g). If y(¢) is a curve on
M and C(t) = (y(t),0(t)) is a curve on T*M, then

C=7"+(vy0). (17)

Theorem 9. Let (M™,g) be a Riemannian manifold and (T*M,g') its cotangent bundle equipped with the vertical rescaled
Cheeger-Gromoll metric. If C(t) = (y(¢), 9 (¢)) is curve on T*M such ¥(t) is a covector field along y(t), then

. . | B - f L~ H
Vo = {V)ﬂ/—ﬁ@ ](V7197V,}./19)+g '(Vj«,ﬁ,ﬁ)z)gmdf—&-aR(&V)‘/ﬁ)Y} (18)
1
+{V7V719+(?

where V (resp. %) denote the Levi-Civita connection of (M™, g) (resp. (T*M,g’)).

, 2 _ 1 _ _ v
H)Vyd =g I(V)-,ﬁ,ﬁ)z)vj,ﬁ+ﬁ((a+l)g H(Vy0,V0) +g 1(V7,13,19)2)19} ,

Proof. Using Lemma 8 and Theorem 5 we obtain

Ve€ = Vi v,y P+
= yﬂy“’+vw v,0)Y —i—V(V.ﬁ)v?H—f-%(V,ﬁ)v(Vyﬁ)V

= T+ 5 ORGD) + (T390 + 3 HTy0) + o (R T70)7) + 5
f 1

+ 2 ROy = 28/ (V39)"(V39)" ) (grad )"
HE (759) (T3)Y) = 5o (79)"0Y)) 0"
= Ty 5o (67 (V9. Vy) 487 (V40 0)2) (grad )"
1

+(?

fY(f)(Vyﬁ)V

4ot (7)Y, 0) (V30"

f ~

+ < (R, Vy0) )" + (Vv y0)"
2 1
TNV =~ (V49,0)) (Vyd)" + 5 (0 +1)g™ (Vy0,Vy0) +g7 (Vy0,0)%) 8"

|
Theorem 10. Let (M™,g) be a Riemannian manifold, (T*M,g’) its cotangent bundle equipped with the vertical rescaled

Cheeger-Gromoll metric. If C(t) = (y(t), ¥(t)) a curve on T*M such ¥(t) is a covector field along y(t), then C(t) is a geodesic
on T*M if and only if

. 1, _ _ o= T35
Vit = o5 le H(Vy0,V50) +5 (Vy9,0)%)grad f — SR, V91, (19)
[ 2 2 1 2
\PAL —(?y(f)Vj,ﬁ—ag (Vy0,9) )Vj,ﬁ—?((aﬂ) (V B, Vy0)+g (Vyﬁ,qa) ). (20)
Proof. The statement is a direct consequence of Theorem 9 and definition of geodesic. |
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Corollary 11. Let (M™, g) be a Riemannian manifold and (T*M,g') its cotangent bundle equipped with the vertical rescaled
Cheeger-Gromoll metric. Then the curve C(t) = (Y(¢), 7(¢)) is a geodesic on T*M if and only if ¥(t) is a geodesic on (M™,g).

Proof. 7is the tangent field along ¥(¢), i.e. 7(t) € TM, then ¥(t) = }7(7) € T*M. From (9), we have V’-,F}'V/: %’/and y(t)is a
geodesic on M equivalent to Vj,)'/ = 0. Using Theorem 10 we deduce the result. |

Corollary 12. Let (M™,g) be a Riemannian manifold and (T*M, g’) its cotangent bundle equipped with the vertical rescaled
Cheeger-Gromoll metric. If C(t) = (y(t), 3(t)) be the horizontal lift of the curve y(t). Then C(t) is a geodesic on T*M if and
only if y(t) is a geodesic on (M™,g).

Proof. Let C(t) = (y(t),9(t)) be the horizontal lift of the curve ¥(¢), then Vj,ﬁ = 0. Using Theorem 10 we deduce the
result. n

Remark 13. If y(¢) is a geodesic on M locally we have:

= 17m7

2
vi—0 o Loy drdn o,

dﬂ P ,dt dt

IfC(r) = (y(r),(¢)) is a horizontal lift of the curve ¥(t), locally we have:
dﬂh m dy ayl o

Zr

Remark 14. Using Remark 13 we can construct an infinity of examples of geodesics on (T*M, g”).

Vi =0 h=T,m.

Example 15. Let R equipped with the Riemannian metric
g =e"dx.
The Christoffel symbols of Riemannian connection are given by

1 dgin  dgin  9gu
TNt
T =3¢ (8x1 + oxl  ox! )=

2
The geodesics y(t) such that Y(0) = a € R, ¥(0) = v € R satisfy the equation,

1
2

d*y dy dy’ TRV
dr? +Z dt dtr =0 7/+§(}/) =0

d
Then ¥/ (t) = 2_: ” and y(t) = V(I)E hence y(t) =a+2In(1+ %t)
m v
Z gij ¥ (1)dx' = gy (1)dx = PR

i,j=1
From Corollary 11, the curve Cy(t) = (y(t),7(¢)) is a geodesic on T*R.
2) If Co(t) = (y(¢),0(z)) is horizontal lift of the curve y(t) and ¥ (t) = ¥ (t)dx, then
4o i dY’

_ Ly _ 1
dt - jhﬁﬁ,—OC;ﬂl75191)/—0@1910)7/(exp(zj/(t))

v v
T =k. =k. —)dx.
hen 91 (t) =k exp(2+vt) and ¥(t) =k exp(2+vt)dx
From Corollary 12, the curve Cx(t) = (y(t),8(t)) is a geodesic on T*R.

Example 16. Let R? equipped with the Riemannian metric.
g =x*dx* +y*dy*.

The non-null Christoffel symbols of the Riemannian connection are:
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If y(t) = (x(2),y(1)) is geodesics on R?, then

2
LY & dYd x"+<x;) -
Y k _
d;2+z @ a0 o)
Y+ 2L 0.
X
Hence 7(t) = (av/i,bvi) and 7(0) = == 2+ 22 supere aper
ence Yl a and Y 2\/3)6 2\/3 where a,
2 ' B
— ) P .
t) szztlg,]}/ (t)dx zx/fdx+2\ﬁdy,

From Corollary 11, the curve C(t) = (y(t), ]7(7)) is a geodesic on T*R?,
2) IfC(t) = (y(t), 0 (1)) is horizontal lift of the curve ¥(t) i.e. V4 =0, then

/

B — T =0,
dﬁh 2m dy b
Zr = ;
¥ — L9, =0.
y
Hence 9(t) = kjav/tdx + kab\/tdy, where ky,k, € R.
From Corollary 12, the curve C(t) = (y(t),9(t)) is a geodesic on T*M.

Theorem 17. Let (M™,g) be a Riemannian manifold, (T*M,g') its cotangent bundle equipped with the vertical rescaled
Cheeger-Gromoll metric and y(t) be a geodesic on M. If C(t) = (y(t), 0 (¢)) is a geodesic on T*M such that V7~,19 # 0, then f

is a constant along the curve y(r).
Proof. Let ¥(t) be a geodesic on M , then V}-,)'/ = 0. From the equation (19) we obtain

1 f v

gVyt ) =0 = (g7 (Vy0,Vyd)+¢~ (Vy,0)*)g(grad f,7) — _g(R(3,Vy0)7,7) =
= (e (4, V30) + 57 (V9. 9)) 1) =0
= 7(f)=0.

Corollary 18. Let (M™,g) be a Riemannian manifold and (T*M, g”) its cotangent bundle equipped with the vertical rescaled
Cheeger-Gromoll metric. Then the curve C(t) = (y(t),9(t)) is a geodesic on T*M such that ||¥|| is constant if and only if we
have

. 1 f i o
Vit = 58 (VydVyd)grad f— = R(B,Vy0)7, (1)
1. o + 1 _
VyVy® = — i)y - g~ (Vy0,V40)0. (22)
Proof. We have 0 = 7g1(9,9) = Zg*‘ (Vyﬁ, ¥), from the equations (19) and (20) we obtain the result. [

5. Conclusions

In this work, we studied the geodesics on the cotangent bundle with respect to the vertical rescaled Cheeger-Gromoll metric
and we gave the necessary and sufficient conditions under which a curve be geodesic respect to this metric. Also we can study
the geodesics of an another metrics on the cotangent bundle by deformation in the vertical bundle or in the horizontal bundle.
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