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those results obtained in [1].

1. Introduction

Let p > 1 and @ denote the set of all real-valued sequences. The Banach space £, is the set of all real sequences x = (x);"_, € ® such that

o 1/p
llxlle, = <Z Xkl”) < oo,
k=0

We use the notations AP and AF to indicate the backward and forward difference matrices, respectively. These matrices are defined by

1 k=j 1 k=j
§h=9 -1 k=j-1 and 87, =% -1 k=j+1 1.1
0  otherwise, 0  otherwise.

Also Roopaei in [2] has introduced the notations ¢ p(AB ) and ¢, (AF) for the backward and forward difference sequence spaces defined by,

E,,(AB):{Xz(xn) : ixnxn1|p<oo},

and
€p<AF>—{x—<xn) : Z|xn—xn+1|P<oo},
n=1

respectively. The domains co(AF), ¢(AF') and £..(AF") of the forward difference matrix A” in the spaces cg, ¢ and /., are introduced by
Kizmaz [3]. Aftermore, the domain bv,, of the backward difference matrix AB in the space ¢ » have recently been investigated for 0 < p < 1
by Altay and Bagar [4], and for 1 < p < e by Basar and Altay [5].

The infinite Cesaro operator is defined by

1 .
= Osks)
I 0 otherwise,

Email address and ORCID number: lkarimi @hut.ac.ir, 0000-0002-2725-7960 (L. Karimi), marysinaei@yahoo.com, 0000-0002-4414-524X (M.
Sinaei)



https://orcid.org/0000-0002-2725-7960
https://orcid.org/0000-0002-4414-524X

20 Journal of Mathematical Sciences and Modelling

for all j,k € N. That is,

1 0 o0
/2 1/2 0
C=11/3 1/3 1/3

This operator has the £,-norm ||C||;, = p*, where p* is the conjugate of p i.e. % + % =1

Suppose that N > 1 is a real number. The generalized Cesaro matrix, CY = (C[JV o)

1 .
No=l pw Osksy
0 otherwise,

has the £,-norm ||CN||gp = p* ([6], Lemma 2.3), and the entries

1
N 0 0
B S 0
ol I L LA
2+N 2#N 2%
Note that, C! is the well-known Cesaro matrix C. For more examples
/2 0 o - /3 0 0
/3 1/3 0 - 1/4 1/4 0
/5

C=|1/4 1/4 14 ...| and C=|1/5 1/5 1

There are several research on the problem of finding the norm of operators on matrix domains while there are very limited papers about the
norm of difference operators. Roopaei has recently computed the norm of backward difference operator on some sequence spaces and the
present study is a complement for those results obtained in [1].

2. Norm of operators on matrix domains

The operator 7' is called bounded, if the inequality || 7|, < K||x||¢, holds for all sequences x € £p,, while the constant K is not depending on
x. The constant K is called an upper bound for operator 7 and the smallest possible value of X is called the norm of 7.
The domain X7 of an infinite matrix 7 in a sequence space X is defined as

Xr={xew:TxeX}

which is also a sequence space. It is easy to see that for an invertible matrix 7', the matrix domain 7}, is a normed space with [|x[|7, := ||Tx]|,-
By using matrix domains of special triangular matrices in classical spaces, many authors have introduced and studied new Banach spaces.
For the relevant literature, we refer to the papers [7, 8, 9, 10, 11, 12, 13] and textbook [14]. Recently, Roopaei has computed the norm of
operators on several matrix domains in [2, 15, 16, 17, 18, 19, 20, 21].

Lemma 2.1 ([18], Lemma 3.1). Let U be a bounded operator on £, and A, and B, are two matrix domains such that A, ~ ().
- If BT is a bounded operator on Lp, then T is a bounded operator from £y, into B, and ||T ||, s, = || BT ||, -
- If T has a factorization of the form T = UA, then T is a bounded operator from the matrix domain Ay, into £y and ||T ||a, ¢, = [|U||¢,-
- If BT = UA, then T is a bounded operator from the matrix domain A into B, and
ITNa,5, = Ulle,-
In particular, if AT = UA, then T is a bounded operator from the matrix domain A into Ap and ||T ||a, = ||U||¢, - Also, if T and A commute
then ||T||a, = [T,

2.1. Norm of difference operator on the Hilbert sequence space

Recall the definition of Hilbert matrix H = (h;x), which is defined by

1
hjp=—"— i,k=0,1,...).
Jk ]+k+1 (]7 s Ly )
That is
112 173
12 1/3 1/4

H=11/3 1/4 1/5
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We know that H is a bounded operator on £, with ||H||;, = wese(/p) ([22], Theorem 323).
The sequence space associated with the Hilbert matrix, H,,, is defined by

o | o I3
Hp—{x—(xk)ea):jz%)k;)jﬁz;l <°°}7
and has the following norm
|| |5 x|
XHH,, = <};O kgom > .

Theorem 2.2 ([22], Theorem 275). Let p > 1 and T = (t} ) be a matrix operator with tj ;. > 0 for all j, k. Suppose that C, R are two strictly
positive numbers such that

ilj,k <C forallk, itj_kSR forall j,
j=0 k=0
bounds for column and row sums respectively. Then
IT|lg, <RVP'C'P.
The above theorem also known as Schur’s theorem.

Theorem 2.3. The £, norm of the backward difference operator on the Hilbert matrix domain Hy, is the £,-norm of forward difference
operator on H,, and

(@)[|AB ||, 1, = IAT |,
(B)148]lg, 1, < 1.

Proof. (a) Let A= HA®. The matrix A = (a;) has the entries
5 1 1 1

a; = h; 67, = — = .
ik ,zgﬂ WU k1 itk t2 (k) (it k+2)

Obviously, A is a symmetric matrix which implies that HA® = AP H. Now,

B |HAPx|l,, ||A" Hxllq,
8% e, 1, = T S
e, |xlm,  xen, [Hxq,
AF
. A" ylle, _ 167
vet, I¥lle,

b) Let A be the matrix defined in part (a). According to Lemma 2.1 part (i
p g p
181lg, 11, = HAP g, = IAll,

AR

By a simple calculation

where 1y is the k" column sum of A. Since 1 =uy > u; > --- and A is symmetric, hence R and C are both 1 in Schur’s theorem. Therefore
[Allg, < 1. O

2.2. Norm of difference operator on the Cesaro sequence space

In this part of study, we intend to compute the norm of backward difference operator on the Cesaro sequence space. To do this we need the
definition of the generalized Cesaro matrix domain.
The matrix domain associated with the generalized Cesaro matrix [15] is the set
i P
Sy B
oo
=0/ +N 7

1
i o IP\7
=0 JtN .

Note that, by letting N = 1 we obtain the well-known Cesaro sequence space.

CQ/ = {x—(xk)ea):
Jj=0

which has the following norm

Iﬂq=<2

Jj=0
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Remark 2.4. In [23], Ng and Lee introduced the Cesaro sequence spaces X), and Xe, of non-absolute type as the domains of Cesaro matrix
Cy of order one in the spaces £}, and l., where 1 < p < oo, Recently, Sengoniil and Basar [24] studied the Cesaro sequence spaces ¢y and ¢
of non-absolute type as the domains of Cesaro matrix C1 of order one in the spaces co and c, also Roopaei et al [25] and Roopaei and Basar
[10] have investigated the Cesdro space C’; for p>1and0 < p < 1, respectively.

Theorem 2.5. The backward difference operator AB is a bounded operator from ¢ p into the generalized Cesaro matrix domain c,’)’ and

1

B -
[|A He‘p,cg =N
In particular, the backward difference operator is a bounded operator from {, into C,, and | AB|| 0,c, =1

Proof. Let D= CNAB. By a simple calculation, we deduce that the matrix D = (d i &) is a diagonal matrix with entries

oS o

U 2.1

Now, according to Lemma 2.1

1

B N AB

18%e,.cy = IC7A"lg, = [IPllg, = supd;,j = .
J

pLp t N
In particular, for N =1, C; is the well-known Cesaro matrix domain C),. Therefore we have the result. O

Corollary 2.6. The generalized Copson operator is a bounded operator from £, into the forward difference matrix domain £, (AF) and
1
Nt o
1E™ e, 0,87 = 3

In particular, Copson operator is a bounded operator from €,y into £,,(AF) and ||C'| b, (aF) = 1.

Proof. According to Lemma 2.1 and previous theorem

ICY e, 0,ary = 11ATCY I, = I(CVAPY g,
1
N’

ID"|l¢, = supd; j =
J

where D is the diagonal matrix defined in the relation (2.1). O

Theorem 2.7. The backward difference operator is a bounded operator from the generalized Copson space into the generalized Cesaro
matrix domain and

1A% o o = 1A I,
PP

In particular, the backward difference operator is a bounded operator from the Copson matrix domain into the Cesaro matrix domain and
B F
1A% ey e, = 1A g,

Proof. Through the proof of Theorem 2.5 we knew that C¥AP = AFCN | Now, according to Lemma 2.1 we have

Wlpey = sp 1ol ICTesl
PG T S Tlley  ed OV,
_ A" CNxllg, (ATl
©reoy 1€V, yer, I,
= A",
that completes the proof. O

Corollary 2.8. The generalized Copson operator is a bounded operator from the backward difference matrix domain { p(AB ) into the
forward difference space €,(Af") and

I I, (a8).0, (a7) = P*-

In particular, Copson operator is a bounded operator from £, (AB) into £, (AF) and ||C* ||é‘,,(AB),£ (aF) = p*.

P

Proof. The proof is similar to the proof of Theorem 2.7. O
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In sequel we intend to generalize the result of Theorem 2.7 for the backward difference operator of order n. At first we need some definitions.
Let us recall the backward difference matrix of order n, A" = (5}’ «)» Which is a lower triangular matrix with the entries

(lk: (71)<'i_k) (jﬁk) k§j§n+k»
I 0 otherwise.

This matrix has the inverse A™" = (5}

ik ) with the following entries

n+j—k—1 P>k
s (i) 2k 22
Jk { 0 otherwise. 2.2)

Note that, for n = 1, the backward difference of order 1 is A8 that was defined by relation (1.1).
The Hausdorff matrix H* = (h;x)7_o. is defined by:

hig = Jo (D)o (1—6)/~*du(e) 0<k<j
Jy 0 k>j’

where U is a probability measure on [0,1]. The Hausdorff matrix contains some famous classes of matrices. By letting du(6) =
n(1—6)""1d0 in the definition of the Hausdorff matrix, the Cesaro matrix of order n, C" = (c’}.k), is defined as follows

(n+/7k71)
) g<r<;
Gu=y T OEkES
0 otherwise.

Note that, C! is the well-known Cesaro matrix C.
The sequence space Cy is defined as the set of all sequences whose C"-transforms are in the space £p; that is

CZ={x:(xj)€a):i

which is a Banach space with the norm

M@(i

j=0

The Copson matrix domain Cg’ is defined similarly which is isomorphic to the £, space by Theorem 2.3 of [18]. Roopaei in [17], through the
proof of Corollary 3.6, has showed that C" A" is a diagonal matrix. Hence C" A" = A"F C™ | where A" is the forward difference operator of
order n.

Now, as a result of Lemma 2.1 part (iii), we have the following result.

Theorem 2.9. The backward difference operator of order n, A, is a bounded operator from the Copson matrix domain into the Cesaro
matrix domain and

A lcm cn = 1A" l¢, -

In particular, the backward difference operator is a bounded operator from the Copson matrix domain into the Cesaro matrix domain and
B F
1A% ey e, = 1A g,

We have also the following corollary which has a proof similar to the above theorem.

Corollary 2.10 ([18], Theorem 4.3). The Copson matrix of order n, C", is a bounded operator from £,(A"8) into £,,(A"") and

. _ T+ 1)r(1/p*)
Il o) ep00) = =R i /ey

In particular; the Copson matrix is a bounded operator from {,(AB) into £,(AF) and

[Clle, (a5).¢,ar) = P"-

Theorem 2.11. Let n,s and m are non-negative integers that n = s+ m. The backward difference operator of order n, A", is a bounded
operator from the matrix domain £,,(A™) into the Cesaro matrix domain C;, and

n p—
A" g, (ams) 5 = 1.
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Proof. From the relation (2.2), one can see that the Cesaro matrix of order n and its inverse can be rewritten based on the backward difference
operator and of order —n and its inverse. For j > k, we have
n+j—k—1 —n
ni( jfk)76j.k d o= §" n+k
€k = NG NG and Cix =%\ g )
J

Let us first compute the matrix CSA"5.
AfSBAV{B 1
SANBY . __ i Tk _ m
(C°A"™)jx=) GIRGD Ajke
! J
1

Hence, C*A"™ = UA"™, where U = (u; ;) is the diagonal matrix defined as u ; = (@R Now, according to the Lemma 2.1 we have
j

J

HAnBH sup HAanHCj, ”CSAan”fp

(’J A ‘C_&I == —_— = h T

() G sty ¥lle, am) — xegyamn) 147521,
wamsx,, Uyl

sup = sup
ety (amy 1A"x]lg, yer, [I¥lle,

[Ullg, = supu;,j=1.
J

O

Corollary 2.12. Let n,s and m are non-negative integers that n = s +m. The backward difference operator of order n, A8, is a bounded
operator from the matrix domain ,(A™?) into the matrix domain £,(A*®) and

“Anu ||[p(AmB),€p(AsB> =1.

Proof. The proof is similar to the proof of the above theorem. O

Acknowledgement

The author wish to thank the referee for a careful reading and valuable comments on the original draft.

References

[1] H. Roopaei, D. Foroutannia, The norm of backward difference operator A" on certain sequence spaces, Oper. Matrices, 12(3) (2018), 867-880.
[2] H. Roopaei, Norm of Hilbert operator on sequence spaces, J. Inequal. Appl., 2020(117), (2020).
[3] H. Kizmaz, On certain sequence spaces I, Canad. Math. Bull., 25(2) (1981), 169-176.
[4] B. Altay, F. Basar, The fine spectrum and the matrix domain of the difference operator A on the sequence space {,, (0 < p < 1), Commun. Math. Anal.,
2(2) (2007), 1-11.
[5] F Basar, B. Altay, On the space of sequences of p-bounded variation and related matrix mappings, Ukrainian Math. J., 55(1) (2003), 136-147.
[6] C.P.Chen,D.C. Luor, Z. y. Ou, Extensions of Hardy inequality, J. Math. Anal. Appl., 273 (2002), 160-171.
[7] B. Altay, F. Basar, Certain topological properties and duals of the matrix domain of a triangle matrix in a sequence space, J. Math. Anal. Appl., 336(1)
(2007), 632-645.
[8] E.E.Kara, M. ilkhan, Some properties of generalized Fibonacci sequence spaces, Linear Multilinear Algebra, 64(11) (2016), 2208-2223.
[9] F. Basar, Domain of the composition of some triangles in the space of p-summable sequences, AIP Conference Proceedings, 1611 (2014), 348-356.
[10] H. Roopaei, F Basar, On the spaces of Cesaro absolutely p-summable, null, and convergent sequences, Math. Methods Appl. Sci., 44(5) (2021),
3670-3685.
[11] H. Roopaei, T. Yaying, Quasi-Cesaro matrix and associated sequence spaces, Turk. J. Math., 45(1) (2021), 153-166.
[12] H. Roopaei, M. {lkhan, Fractional Cesaro matrix and its associated sequence space, Concr. Oper., 8(1), (2021), 24-39.
[13] M. ilkhan, E. E. Kara, A new Banach space defined by Euler totient matrix operator, Oper. Matrices, 13(2) (2019), 527-544.
[14] F. Basar, Summability Theory and Its Applications, Bentham Science Publishers, Istanbul, 2012.
[15] H. Roopaei, D. Foroutannia, The norm of matrix operators on Cesaro weighted sequence space, Linear Multilinear Algebra, 67(1) (2019), 175-185.
[16] H. Roopaei, D. Foroutannia, The norms of certain matrix operators from £, spaces into £,(A") spaces, Linear Multilinear Algebra, 67(4) (2019),

767-776.
[17] H. Roopaei, Norms of summability and Hausdorff mean matrices on difference sequence spaces, Math. Inequal. Appl., 22(3) (2019), 983-987.

[18] H. Roopaei, A study on Copson operator and its associated sequence spaces, J. Inequal. Appl., 2020(120) (2020).

[19] H. Roopaei, A study on Copson operator and its associated sequence spaces I, J. Inequal. Appl., 2020(239) (2020).

[20] H. Roopaei, Bounds of operators on the Hilbert sequence space, Concr. Oper., 7 (2020), 155-165.

[21] H. Roopaei, Binomial operator as a Hausdorf{f operator of the Euler type, Constr. Math. Anal., 3(4) (2020), 165-177.

[22] G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities, 2nd edition, Cambridge University Press, Cambridge, 2001.

[23] NgP-N, Lee P-Y, Cesaro sequence spaces of non-absolute type, Comment. Math. Prace Mat., 20(2) (1978), 429-433.

[24] M. Sengoniil, F. Basar, Cesaro sequence spaces of non-absolute type which include the spaces cy and c, Soochow J. Math., 31(1) (2005), 107-119.
[25] H. Roopaei, D. Foroutannia, M. Ilkhan, E. E. Kara, Cesaro Spaces and Norm of Operators on These Matrix Domains, Mediterr. J. Math., 17, 121 (2020).
[26] G. Bennett, Factorizing the classical inequalities, Mem. Amer. Math. Soc., 576 (1996).



	Introduction
	Norm of operators on matrix domains
	Norm of difference operator on the Hilbert sequence space
	Norm of difference operator on the Cesàro sequence space


