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ABSTRACT

In this study, the (1/G') -expansion method was implemented to solve the Benney—Luke (BL) equation. Exact
solutions of the BL equation were obtained via this method. The solutions obtained from the BL equation were in
hyperbolic form. 3D, 2D and contour graphs of obtained solutions are presented. Results show that the (1/G’) -

expansion method provides an efficient and straightforward mathematical instrument for finding solutions of
nonlinear evolution equations (NLEES).
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Bu calismada, Benney-Luke (BL) denklemini ¢6zmek i¢in (1/G') -a¢ilim yontemi uygulanmustir. BL
denkleminin tam ¢6ziimleri bu yontem ile elde edilmektedir. BL denkleminden elde edilen ¢oziimler hiperbolik
formdadir. Elde edilen ¢oziimlerin 3 boyutlu, 2 boyutlu ve kontur grafikleri sunulmaktadir. Sonuglar, (1/G') -

acihm yonteminin dogrusal olmayan evrim denklemlerinin ¢dzlimlerini bulmak igin etkili ve basit bir
matematiksel enstriiman oldugu gosterilmistir.
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I. INTRODUCTION

NLEEs are usually used to describe the nonlinear phenomena of waves in plasma physics, quantum
mechanics, solid-state physics, and variety branches of engineering. There are many methods for obtaining exact
solutions of NLEEs have been employed successfully, such as Homotopy analysis and Homotopy-Pade methods

[1], (G'/ G) -expansion method [2], Variational iteration algorithm-1 [3], (G '/ G,1/ G ) -expansion method [4],
sumudu transform method [5], (1/ G') -expansion method [6-9] the Clarkson—Kruskal direct method [10], the

auto-Backlund transformation method [11], decomposition method [12], homogeneous balance method [13], the
first integral method [14], residual power series method [15], collocation method [16], modified Kudryashov
method [17], sine-Gordon expansion method [18,19], the improved Bernoulli sub-equation function method, [20]
and so on [21-23,30-43].

Consider the BL equation of the form [24],

u, —u,, +au,, —pPu, +uu, +2uu, =0, (1)

XX

the relation between the constants in Eq. (1) is &« — 8 = o — % and where «, S are positive numbers. Also, where

o is named the bond number, it is an officially valid approach to capture the effects of surface tension and
gravitational force and to define bi-directional water wave propagation in the presence of surface tension [25].

The BL equation appears in a variety study, such as exact solutions of BL equation were found by using
enhanced (G’/G) -expansion method [26] analytic solutions of BL equation were obtained with the help of

improved (G'/G)-expansion method [27], the exact solution was obtained using homogeneous balance method

for BL equation [28], the shock wave solution of the BL equation was obtained using ansatz method [29], exact
solutions of the BL equation were found by using modified simple equation method [24].

In this study, we consider obtaining exact solutions for the BL equation using (1/ G') -expansion method.

Il. MATERIAL AND METHOD
A. Description of the Method
Consider a form of NLPDEs,

2
oo, 22U g @
ot OX OX

Let u=u(x,t)=u(&), &E=x-vt, v=0, here V isthe velocity of the wave and constant. We

can transform it the following nODE for U (f)

q(u,u’,u",...)=0. ®)

The solution of Eq. (3) is supposed that with the form
n 1 i
(e)=a+¥a[ 3] @
i=1

where @, i= (1,...,n) are scalars, G =G(£) ensures following second-order IODE
G"+AG'+u=0, (5)

here £ and / are constants to be determined,
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_ 1 . (6)

G'(¢) -2+ Beosh[ £2] - Bsinh[ £7]

The wanted derivatives of Eq. (4) were calculated and written into Eq. (3), obtaining a polynomial with
(1/G'). Equating the coefficients of this polynomial to zero, an algebraic system of equations was created. The

equation was solved via the package program and the default Eq. (3) was put in its place in the solution function.
Eventually, the solutions of Eq. (2) were found.

I111. SOLUTIONS OF THE BL EQUATION

The traveling wave transmutation allows us to convert Eq. (1) into an ODE for u=u (f) ,

(v2—1)u”+(a—,6’v2)u’”—3vu'u”=0, @)

In Eq. (7), once the integration is taken according to & and the integration constants are equal to zero,

we attain

3 2
VE-1)u'+(a—pv:)u"—=v(u') =0. 8
(v -2)u+(a—pv Ju"=Zv(w) ®)
In Eq. (8), we find n =1 from balancing term and in Eq. (4), the following situation is attain
1
u(§)=a+a ) =0 (©)

By writing Eq. (9) into Eq. (8) and equating the coefficients of Eq. (1) to zero, systems of equations can
be found in the form

- j - A’a +V'A%a, +ad'a, —v fA'a, = O,
6'[¢]
1 2
I :—3Aua, +3vi Aua, +15a2° ua, —15v* BA° ua, —3va’al =0,
G
1 3
ﬁ —2u%a +2viu'a, +50ad’ uPa, —50v° A% uta, —12vA° ual =0, (10)
G
1 4
ﬁ :60aAu’a, —60v° pAu’a, —15vAu’al =0,
G
1 5
— | 24ou'a, — 24V2,B,u4a1 - 6V,usa12 =0.
c'[¢]

We can offer the following solutions using the system of Eq. (10) computer technology.
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Casel.
4(—,u+v2,u> 1-v: +V' A’
& == 2 &= 2 ' (11)
VA A

by writing the values in Eq. (11) in Eq. (9), we get hyperbolic type solution of Eq. (1)
u (x,t)=-

4(—,u+vzy) ‘a.
vA? (—Z+ Bcosh[(—tv+x)A]-Bsinh[(-tv+ x)ﬂ])

(12)

A A A A ALA A A A A A

_10_50510

Figure 1. 3D, 2D and contour graphs for B = 0.6, ¢« = —0.3,v =2, 1 = 3,a, = 4,t =1 values of Eq. (12).
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Case2.

4(—ay+vzay) p i
} \/; ' (13)

by writing the values in Eq. (13) in Eq. (9), we get hyperbolic type solution of Eq. (1)

4(—a,u+v a,u) ia (14)

uz(x,t)=_v(\/;ﬂ+ BCOSh|:_tV\/£X:|+BSinh[_iV/£X:D o

—10/

-20

Figure 2. 3D, 2D and contour graphs for B = 0.6, 4 =0.1,t =1, A =2, = 4,v = 3, a, =1 values of Eq. (14).
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Case3.

A 4 a\/—1+ al’ u /3\/-1+ ol u NETP
= - RN
Asak \/_1+ B \/—1+ B NER o

by writing the values in Eq. (15) in Eq. (9), we get hyperbolic type solution of Eq. (1)

4[a\/—1+ ar’ u N1+ aﬂzyj
\/—1+ BA \/—1+ BA ‘a (16)

o oo g ol )

u, (xt)=

-10
-10 -5 0 5 10

Figure 3. 3D, 2D and contour graphs for B = 0.6, # =05,t =1, A =1, =3,v=2,a =1, g = 2 Vvalues of Eq. (16).
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The graphs presented in Figures 1-2-3 are hyperbolic type traveling wave solution and represent the
standing wave at any time. It has been observed that the Egs. (12-14-16) used in drawing these figures provide the
BL equation.

IVV. CONCLUSIONS

In this article, we achieved hyperbolic type exact solutions for the BL equation with the aim of (1/G’) -

expansion method. Literature review of some methods used to obtain analytical solutions for NPDEs in
mathematics was conducted. Also, studies for certain equations in the literature were mentioned. In this study, the
methodology of the (1/G') -expansion method, which we discussed in this study, was presented with its main

lines. Then unlike the solutions presented in the literature, the solutions in Eq. (6) format were successfully
obtained with this method. 3D, 2D and contour graphs of the solutions attained were drawn. A computer package
program was utilized in the construction of these solutions. The BL equation, which plays a significant role in
mathematical physics, was tested by the effectiveness and reliability of the method.
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