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Abstract

In the present paper spin equations for three-body problem of classical electrodynamics are introduced. They
should be considered jointly with 3-body equations of motion derived in a previous paper of the author. The
system of spin equations is an overdetermined one. It is shown that the independent spin equations are nine
in number as many as the components of the unknown spin functions. The system obtained will be solved
by the fixed-point method in a next paper.
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1. Introduction

The present paper is one of the series devoted to study of the three-body problem of classical electrody-
namics. In [5] we have formulated 3-dimensional three-body problem with radiation terms and in [6] we have
proved the existence-uniqueness of periodic solution based on the previous results for two-body problem [2],
[3]. The system of equations of motion is of neutral type with delays depending on unknown trajectories.
We have derived spin equations for two-body problem in [4] using the Corben’s considerations of classical
spinning particles [I0], [II]. The problem for spinning particles in many papers has been considered (cf. for
instance [7], [14], [16]-[20]). Here in a similar way we extend the results from [4] applying the interaction
presentation for N-body problem from [I] and derive spin equations for three charged particles. We show
that to every particle correspond six equations but three of them are consequences from the first three ones
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in the following sense: every such equation differs from the first one by a summand which is a cross product
of spin vector and arbitrary constant vector perpendicular to the spin vector. So, we obtain nine equations
for nine unknown spin functions, namely the component of the three spin vectors. We note the papers D.-A.
Deckert et al. [8], [9], [12], [13], [15] based on the Wheeler- Feynman approach. The paper consists of five
sections, Appendix and References. In Section 2 preliminary results for 3-body problem equations of motion
with radiation terms and their relations to spin equations are considered. In Section 3 the spin equations
are derived and the elements of the spin tensor are defined. In Section 4 a vector form of the Lorentz part
and radiation parts of the first three spin equations is presented. Lorentz parts we call the summands in
the right-hand sides of the spin equations which take into account for a given particle the influence of the
rest ones. The terms which take into account self-interaction of every particle we call radiation terms. In
Section 5 we show that the last three equations are consequences of the first three ones. In this way we
obtain nine equations for nine unknown spin functions, or we get as many equations as spin functions are.
The existence-uniqueness of a periodic solution of the general system in the second part of the present paper
will be proved.

2. Preliminary Results for3-Body Problem Equations of Motion with Radiation Terms and
their Relations to Spin Equations

First, we recall some denotations from [2] - [6]. The investigations are in the Minkowski space. Roman
suffixes run over 1, 2, 3, 4, while Greek — over 1, 2, 3 with Einstein summation convention. By (.,.), we
denote the scalar product in the Minkowski space, while by (.,.) — the scalar product in three-dimensional
Euclidean subspace.

Following the approach from [4] and [I0] we introduce spin equations jointly with equations of motion
with radiation terms derived in [5] for three-body problem:
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The electromagnetic tensors Fyrs ~ in the right-hand sides we call Lorentz parts. For each particle, they
take into account the influence of other particles. The quantities relating to the particles are:
(:L‘gk) (1), xék) (1), :cgk) (t),xflk) = z'ct) = (:E(’“), ict) , (k=1,2,3) — space-time coordinates of the moving par-
ticles; ¢ — the vacuum speed of light; Lj — the world lines; mj, — proper masses; e, — charges (k = 1,2,3).
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The elements of the electromagnetic tensors F(z - o~ %
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can be calculated by the retarded
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n ,§(k”)>4 = 0, the retarded functions 7k, (¢) can be defined as

Since €™ are isotropic 4-vectors, i.e. <£
solutions of the functional equations,

1 3 2
Tin(t) = — 4/ (§lm, b)) = JZ[ 2= n(®)] (2.3)

a=1

where(kn) = (12), (13), (21), (23),(31), (32).
Following denotations from [5] we obtain

(k) 3 (n) (n)
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ip*) = L (k=1,2,3; r=1,2,3,4).
The radiation terms are defined as a half of the difference of retarded and advanced potentials in accor-
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In the previous paper [0] it is proved that every fourth equation of (2.1)) is a consequence of the first

three ones. So under the assumption /(@®)(t),@*)(t)) < ¢ < ¢ (k = 1,2,3) the equations of motion (2.1]
are 12 in number but it is proved that three of them are consequence of the rest ones so we obtain nine in
number independent equations. In [6] an existence-uniqueness of a periodic solution of (2.1)) is proved.

3. Derivation of the Spin Equations

Recalling the summation in repeated Latin indices we introduce an explicit form of the spin equations:

do'M .
ij el (12) (13) (Wrad\ (1) _ (1) (p(12) (13) (1)rad\] .
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or in abbreviated form
df’i(f) __a 23: pln) | pkred | () (1) 23: ) | p(irad
dsk m]_62 o n;ék; rm m mj zm W nik mj mj

Introduce denotations following [4]:
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we define the spin tensor
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Thus, we introduce the following equations describing the spin of three charged particles:
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4. Vector Form of the Lorentz and Radiation Parts of the First Three Spin

The primary goal of the present section is to transform equations (3.1]) -

form of the spin equations. Recall that Fi(l;zn) are the Lorentz parts while Fi(:l)rad

Let us consider the cross products with respect to some base €7, €5, €3:

Equations

(3.6) and to obtain a vector
— the radiation parts.
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where the right subscripts mean the number of the coordinate. In the same way
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that is,
(k) (k) (k) (k)
(kn) | A1 Ag (kn) | A1 A3 | [Akn) o (30 o 28] .
+ = X AV x & ;
SR IRCRNCE I N IO £ ( ).
(k) (k) (k) (k)
(kn) | A1 Ag (kn) | Ay Ag fkn) o, (Y(R) o =(F)
— + = X AV X ;
& RORNG &3 o) H) [5 ( o )} >
(k) (k) (k) (k)
k) AT AT k) | Ay AT | L (A o (RE) L =(K)
& o o &2 k) k) —[5 X(A e )} 3

Transformation of the Lorentz Part of Equation (3.1)
First, we transform the Lorentz part, because the radiation parts can be transformed in the same way.
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Transformation of the Lorentz Part of Equation (3.2)
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that is,

(k) - —(k) . =
i _5s e {_ [p(km x (c?(k)x ¢ )] , = i [P (50 S0)]

e (50 *(km] I nr(k) X8 5 5(6) ]}
+[§ x(o x P >2 LinLiy | € x()\ X 0 )2
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or

dsy, n=1,n#k myc2
2

(k) —(kn) . -
= S Zken {[P(k”) X <" x & >] + ThknThkn [P(k") X (/\(k) X E(k))] -

2
s (kn)

[ o (s *(kn)] . n[ @ *<k>} }
[5 X Q’ x P ) 2+-Lk Lin | € ><<A X & ) 2

Transformation of the Lorentz part of equation (3.3
For the Lorentz part of the third equation

dgé? Ck ° (kn) (k) (kn) (k) Ck (k)rad (k) (k)rad (k)
=3 E - F,, —— (F. ~F
dsi mgc? n:gyék( 2 s m> T e < 2m  Im3 = Tm3 JQW)

we have
kn k kn k kn) ~(kn kn) ~(kn k
T (P00 P00 50 (P PG ot
kn) ~(kn kn) ~(kn k
— (P - Pl o)

m

_ 22:1,71# e ( P2(kn)0_1(ﬁ:))) gm) B aﬁ,]f% Pr(r{m)fékn) B Rgfn) énzg(kn) n P §m );

kn k) ~(kn kn k) ~(kn k) ~(kn) k kn k) ~(kn kn k) ~(kn
P o — B (90 + o +gé»:@>¢¢@>+AH>+gg»

k k k k
_ plkn) ol 05 : 4y pln) AP A
2 f(kn) f knio U(k) O.(k)
1 2 1 2
kn k kn kn k kn kn kn k kn k kn
—55 )07(71:)3]3751 ) _ 5( )<§3)P( )+ ()PQ( )+ ig)P( )) 55 )<—U§)P1( )+a§)P2( )+ Z(13)]34( n)
k k k k
= _fgm) J(%c)) U(ék)) + Lknfgm) A(%k; )\%ki 3
Py Py 1 09

kn kn kn n kn kn k kn k
e PG — i) (PUolh) 4 P()§3)+P4()24) e (=PI 4 P 4 pinofh

2m 3

(k) (k)

i g3

P ®eln = pin) (5 {e +U§i§>€§kn> +g§’;§>g§’“”)) = P (el 4 ol 4 o)

— ¢l + Lyl

k k k k
| o o | | NN
3 (kn) knt’3 & (k)

S| 53 g1 03

Further on we have

3
S (FE0% - P96l = e, (P eln) - g PUmIen) _ plin ol 4 pim o)

2m m3 m3 2m m
n=1,n#k
k k k k k k k
“e, PQ(kn) Ui ) a% ) 4T P kn) Agk) /\gk) fékn) agk) aék) + L gékn) A&k) /\gk) _
(o gff A ol |7l g A ol
k k k k k k k k
M e e AR )
Pln P3n 03 51n 53n 01" 03

)

)
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Then
3 k k k k k
w5~ acen (pu A INTO) [ - S IR ) PV E A
sy i \ 12 glln) (k) 3 glln)  glhn) nts ORI
n=1,
n#k
oy, P NS _ ¢k o) oy _ ¢lkm) o of "
3 MORAE 2| plm) plim 3| plin plen
(k) (k) (k) (k)
(kn) | AL Ay (kn) | AL A3
Tl Ty e | T8 e |
1 2 1 3
but ® o ® 0
kn g (X kn o g S(kn - n .
Py (hn)  (km) + Py 5(114371) (kn) | = [P(k P (70 x g ))} .
1 2 1 3
(k) (k) (k) (k)
kn )\ A kn )\ )\ S(kn 3 -
TPy | My TRy [P | Chy T ‘:T’m P G0 3] s
1 O3 01" 03
(k) (k) (k) (k)
e | o oy | e | o) os | Takn) o (5 5 By
13) pln) - plin) 13 plm) - plin) [5 ( )} '
INECENC INEYCING o
Lin&d" W |t Liné§ o | = Len [gk Vo (X x U(k)ﬂ !
01" O3 1 03
and then
3
dot® €k€n S(kn - n 5(kn v -
£ 3 ([ o ] [ a0 ]

n=1,n#k
= [ s @) 5 )] 4Ly [0 (KO x 509 }
1 1

Finally, we rewrite the Lorentz parts of the first three spin equation in a vector form
3
. _ —(kn) . - —(kn) _
i _ ;58; {p(km " <5<k>>< ¢ ) o, B o ()\(k) " 5(k>> P (5(1@ y p(’m)) n
n=1,n#k k
+Lin€E (X 5 509

2

O_(k) F(k:)rad) _ €L

1m m2 ~ “1m* m2 2mk02

Having in mind that
€k ~ (F(k)md (k)
mgc

—(k)ret .
|:§ % (g(k) % P(k)ret>:| T
3

—(k)re
[ﬁ(k)ret % <5(k)x 5( ) t>] 4 et [ﬁ(k)ret % (;\’(k) % 5(1@))] _
3 3

~(Kyret )
ey (A(m XU(k))L}_

—(k)adv
_{ |:p'(k)ad'u % (E(k)x f( ) >:| + Tkadv {p’(k)adv % (X(k) N

—(k)adv .
+ Lo [5 < (X0 x guc)ﬂ } ;
3

+Lk,7‘et |:
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€k (F(k)rada_( o) F(k)rad)

kaQ 1m m3 — T1imi'm3

([ (s )] [ (10 )] = [ 0 )]

ret 2
+Lk,ret |:£ X <)‘(

~(k ))] } - { |:1f)'(k)adv « (5(k)x E(k)advﬂ + v [ﬁ(k)adv « (;\’(k) o« 5(@)] _
2 2

X &
—(k)adv —(k)adv 5
— [5 X ( x P k)ad” ] + Li.adv [ X (A(k) X 5”(’“)>

2mk02

?

2

2
€L (k)rad (k) (k)rad )\ _ €k
myc? (FQm Tma ~ Fm 02”‘) © 2mypc?

{ [ﬁ(k)ret y ( (K) g(k)m)} et [ﬁ(k)ret " (xuc) " g(k))L _ [g(’“’“’t y <5(k) y ﬁ(k)ret)] N
1

—(k)ret
+Lk,ret |:§ X (A(k) X U(k)> -
1

_{ [p’(k)adv < <0 y 5(k’)adv>]1 4 adv |:p'(k:)adv % <X(l~c) % 5(k))]1 B F(kz)adv " (E(k) y P‘(k)adv)] +

1
—(k)adv .
+Licado {g x (w x 5<k>)
1
we obtain
k) 5. eren 5(kn) k) > (kn) 5(kn) Tk o =(k) > (kn) ~(k) o Bkn)
dsy Z kaQP X x £ + Thn P ><(>\ X o )—5 x(a x P )+
n=1,n#k
- R —(k)ret .
Ly x (0 500 ] 4 peal { [p(k)ret « <5(k)x ¢ ) e B (50 59) -
—(k)ret

y % (5(k) % ﬁ(k)ret) 4 Loy z(k)ret . (X(k) . 5(@) -

k)adv —(k)adv
_ |:P'(k:)adv % < (k) 5( ) ) + 7 adv PR)adv (X(k) % E(k)) _ 6( ) % (E(k) % p’(k)adv) 1

+ L ado 5( : X (X(’“) X 5(’“))]} .

Transformation of the spin equation (3.4))

da§4) ° (kn) (kn) _(k) (k)rad (k) (k)rad (k)
dsp, kaQ n:;;#k(Flm m4 —Fai'o 1m>+F1m ops— Fo ol s

1m Tm4

kn k kn k kn n k kn) (k) +(kn (kn kn
O — B0 o) — e, (Pl o¥) - pimefin) _ W) 4 pln g0l

kn kn kn kn kn)
Pl()()()—P()<()14+£()24+§( ))

Om4

RCENG!

k k
() 5 ROENG
ng) Uék)

1

(kn) 4 2
Jgk) Uék)

o {om s | AGT A® .
=Pf“<€(“c 2 A3 | el ) g

1 Uék) Uz()’k) 2 ¢
_ P )\gk) )\ék) )\ék)
U%k) Uék) O’ék)

)
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75 kny [ ipE )\ék’) )\ék) PP )\gk) )\gk) PP /\gk) )\gf)
1 c Uék) Jék) c O_%kz) Jék) c ng) O’ék)
kn kn kn
ig"™ Pl((k>) PQ((M) P((k))
O_Ek) Uék) O':gk)
_ ikn)Pr%n)U§2 (P(lm) (k) +PkN) (k) —i—P( n) gi))
5( n) P(’m) () P(kn) ék)erél( n) 5’2))
(k) (k) AE) ()
*54 < n (Im) P4T %k) ?k)
09" O3
(k) (k)
a A A
= 1CTkp —icTpnLiy | 2 3 ;
| pl P;W il |l b
kn k) ~(kn k kn (k kn)
:P4( ) (O_é )fé )—Ué )5?() ) )f( )
k k k k
= —p{) ng) Uék) + PFicr, i )\gk) )\:(3]:
g ¢ | oy
(k) (k) (k) (k)
o o A A
= icLyn %n %n + icLpy,Tin Qk 3k:
o i oA o
Then
(kn) () pahn) (k) e | Sy 2 S e | D R B
Fi Oma — g 01, =en | —5—| N A Az c A A9 Az +
O'gk) O'gk) Uék) ng) Uék) U;(J,k)
(k) (k) (k) (k) (k) (’f)
o A A o
+iCTgn | 4 —icTinLin | ~ 2 3 | +icLin| 4 (n
)\(k) )\(k)
+icLpnTin | ~ 7 3
kn'k aék) U(k)
kn kn kn kn kn kn
o § ) fé ) §§ ) Zg(kn) P( ) P( ) P?S )
SO ) VR O Il R
O‘YC) O'ék) O'ék) U%k) O_ék) O'gk)

() 50

k k
® ® A o

p) 03

+iCTkn + iCL]m

)

or
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i dAXF),
c  dsg -
k kn kn kn kn kn
S epen [iPI g e g igtkn) P B Py
— n )\(k) )\(k‘) )\(k) ) | )\(k) )\(k) )\(k) 4
mye? | ¢ GGG ¢ GG
n=lnzk 01 ) O3 01 09 O3
gk) O':gk) ék) Uék)
+icTyy, n n) | T icLpy n n
k PZ(k ) Pg(k ) k ék ) gék )
Transformation of the spin equation (3.5))
dogy) Z (Fwn) (k) _ plkn) (k)) 4 prad (6) _ plkjrad (k) |
dSk kaQ m4 2m Oma m4 2m |
n=1,n#k
kn k kn k kn n k n k) ~(kn n k) ~(kn kn n k
FE0tE] ~ E0f) = o (PIIEN oY) P el _ plengHelin | plimign )

Pékn)gglfn)gfi)l :PQ(kn) (ékn)o_glz)_'_gé _|_£3 3]Z)>
_ k) i€k )\gk) )\gk) g )\(k’) )\:(gk) (k) )\gk) )\ék)
2 c O_ék:) Uék) c O_gk) O_ék‘) c ng) Uék)
(kn)  £(kn) g(kn)
L Gl BN NN
B B s A
Ul 0'2 0'3
oo (it o o o o0 | o o

=g Al Al
ORI
1

09 O3

kn kn k kn kn k kn k kn k
G P, = ) (o) 1 P+ PA)

m

_ tim) ( ORI e NCEYC >
RS kn kn &
pm - plkm) 5) o0
k k k
= ¢ o) oy L A“ Ag) .
P4(l<;n) 7(711671)0&/:7)1 _ Pikn) (f(kn) (k) +£(kn) (k) +§(Im)U§IZ)>

k k k k
([ e )
Ty Cu (;51 W'
=P ikm( J&(m) Ty |+ | Ty ) ?
& &3 91 03
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kn kn kn kn kn kn
| S plE g plen
FE 60 _ plmg) o [ Nw e | A<k) Aga NG
ng) O'gk) o_ék) O'gk) Uék) Uék)
(k) (k) (k) (k) (k) (k)
. o o . A A3 . oy o
—iCThn | (kn)  pkn) | T CThnLkn |y (e | T iCLhn | n) (o)
Py Py 01" 03 1 3
“I‘ZCTknLkn O.(k) O.(k)
1 3
kn kn kn kn kn kn
e g T il plin)
= ey _ 2P2C )\gk) )\gk) )\gk) + 'Lg - )\(k) )\gk) )\gk)
ng) O'gk) Uék) UYC) O_ék) U;(J,k)
(k) (k) (k) (k)
—iCTkn —icLyy, n "
Tk Pl(kn) P?Ekn) k 5§k) gék) )
or
k kn kn kn kn kn
o ® 3 e [ ap |GG | BB R
_i_d |91 93 — Z kCn | T2 )\(k) )\(k) )\(k) + 2 )\(k) )\(k) )\(k)
e R o BN I I T R I I SR R (5
-0 O'l 0'2 0'3 O'l 0'2 0'3
(k) (k) (k) (k)
. 1 0‘3 . 0‘1 0‘3 .
LCTkn kn kn ZCLkn kn kn ’
R 6 g™ )
c ere ip{F™ ielkn)
e s e [0 S0 e S ) e o |
) ) A (i(:)ék) (k) Al A
g g ag g
+7;C7—kn 1kn Skn +icL kn kn :lscn ) :
plkm - plim (O

Transformation of the spin equation (3.6

(k) 3
d0'34 €L (kn) ( ) (kn) (k) (k )rad (k)  p(K)rad (k)| .
ds, ~ myc? le;# (F Tma Fm4 ) +Ey o — Foi o3l s

plhn) (0) _ gtk (6) _

3m “Ym4d m4 Y 3m

— e, ( p(kn) glkm) 5 (k) p(kn) () ékn) _ plkn) Uél;:g gikn) + p4(kn) g(kn) aéﬁl) :

m m4 m m4 m

1 2 3
PPl = P (o) + ol + o) = Lrg | 0 0 0,
¢ k) (k) _(®
g1 D) 03

kn kn kn
plm pln - plim)

: 1
k kn) (k kn) (k kn) (k kn 1 (kn
PUmaiel™ = (Pol) + PI™oll) + PIol)) e = Lef™ | A 3 30,
OIS
1 2 3



V.G. Angelov, Results in Nonlinear Anal. 4 (2021), 1-20 17
éikn)R(rim)Uék) :ékn) (Pl( n) ( )+P( n) (k) +P§kn) :(34))
(k) (k) (k) (k)
= —1CTEn + tctin Ly
4 ( k Pl(lm) P(kn) kntk J§k) Uék) )
kn) ~(kn) (k kn kn) (k (kn
P = B (60080 + k) 1 €08
(k) (k) (k) (k)
A A
= P icLyn | Thy 2o | —icminLin | Ty 2
4 < k 5glm) §2kn kn ik O_gk) O_ék)
o k k k k k k
; d(Xx) enen [0 p0m) §(:>) é(:)) &g’(:; U (kn) Pl((lg) Pé(kq:) P?E(k?:)
% dsy, L= Z mpc2 EP3 )\1 )\2 )\3 - 253 )\1 >\2 >\3
n=1n#k N . U;k) Uék) (%g’k) . U;k) Uék) Uék)
o o o
+iCTkn 1I<:n 2kn +Z6Lkn kn %n ) :
P pfho i g
Now we are able to write in a vector form of the last three spin equations with radiation terms.
The last three equations can be written in a vector form
AXWxg™) 23: CkCn (ﬁ(kn) <g(kn> XKz > glkn) < PlEn) o X) ﬂ<k>>+
dSk - ;é kaQ y O , O
n=1,n#k
- (5<k> X ﬁ(kn)) + ALy, (aw X gum))) v
ex? p(k)re re re re =
o2 { ( Pkyret <g<k:> t o XK g > glkyret < PRyret o A<k>,g<k)> 4
+CQTkret ( (k) « P( )ret) e Lk ret (0.( g(k)ret)> _
_ (P'(k)adv <g(k)adv % X(k) > g’(k)adv < k)adv )\ (k) U( )> +
—|—C27'k (O.(k) % P(k)adv) + C2Lk adv ( k) « E_(k adv))}
5. The Last Three Equations are Consequences of the First Three Ones
First, we rewrite the equations of motion in the form
(k) e B (kn n n n
XD = G | Pl (A0, gy S CORNON G )>4] -
dx(k> o e2 S (kn a‘(k){jkn) —c2r " Thn ,a‘(k)JB’(kn) +62L n .
w4 | e ) { k) b _ glkn) { Ak> K

and

+ L&) x ( AE) s G )}

—(k)re —(k)re
_’_2;)6;62 { |:p'(k)ret ( 7(k) 5( t) retP Jret s <X(k) % 5(@) B f( Jret " <&(k) % ﬁ(k)?et) +

o N —(kn) . 5 —(kn) .
53 [P0 (00 ) s (500 00) = 6 (0 ) 4

(k)ret . —(k)adv . o
+Lk,ret 13 (A( ) % ( >:| (k)adv 0.(]{)>< ¢ ) + 7_kaclvp(k)ad'v > ()\(k) > 5(k)) - (52)

S (59 % BB Ly, X (AW 7 (k))}
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Our main goal is to check that if the last two systems have a solution then possess a solution ()\(k) gk ))

le.
B 5 5Ekn) fékn) éékn) Pl(kn) Pz(kn) P?Ekn)
AE) 3 Ll Bl | B N NGBl | B ) )
' n=tnsk THC ORI ORI (0

+C2Thp, ( (k) P(k")> + Ly ( X f(’m)» = R,

has a solution too. We verlfy this implication just for the Lorentz part.
Indeed, multlplymg ) from the right by ) and . from the left by XE) e get:

) a0, kn)) — 2 a0 plm) 4 2
d\(F) gk _i (p’(kn) y 5(k)> <u € > C*Tkn <u , P >+c Lin |
dsy, myc? Ap AL :

_ (g(km % 5(1@)

3
k) d(v_lai(k’“> = Y eke,; k) o [ﬁ(kn) % (5(k> % gwm) + Ty B ¢ (xu«) % 5<k>) _
mypc
n=1,n#k

gk o ( )xP(’m)) F L) x (xw) xaw)] .

We add the above last equations

dX®) (k) Y(k) o d&®)
WXU()—F)\()X dsn

N k) flkn)\ _ 2, ak) pln)\ 4
_ eiQ [(P(lm) y 5»(k)> (a@®) k) — 27y, . (g‘(kn) % 5»(k)> (@), Ptm)) + 2Lkn:| 1

mic Ag Ag

I Z Crln 3( [ﬁ( n) (5(1@ % g(km) 7, BE) (;ac) y 5<k>> _

kaQ
n=1,n#k

_ k) ( (k) o P(kn)) + Ly, €60 (X(k) « 5(1@))} R,

ds, — myc2 Ap A

dAX(k) % &’(k) T X(k) % dg (k) _ ei [(ﬁ(kn) y &’(k)) <ﬁ‘(k))€(kn)>_c27kn B (g,(kn) y 5—’(]‘3)) <ﬁ(k)7ﬁ(kn>>+C2Lkn:| n

n 23: €kCn [< NCIEON g’(k:n)> Plhn) _ < Xk, ﬁ(kn)> (5(k) % g(m)) — e < NGE ﬁ(kn)> (xw) < 5(k)) _

_ < Xk k) o 13(1m>> glhn) < Xk, gtkn>> (5@) % p(km) — Ly, < ), glkn) > ( k) o U(k))}

Denote by R1®) the right-hand side of the last equality and form the scalar product

<R‘1(l~c)75‘(k’)> _ 23: ;l% (<x<k>75(k> % 5kn>> <13(kn)75(k)> _ <X<k>,5< ) 5 plkn) > <gzkn & >>)
k

n=1,n

We have to show that the right-hand side R1® of the last equation coincides (in weak sense) with the
right-hand side Ry®) of the following vector equation corresponding to the last three equations. For Ry®*)
we have

<§2<k>,5<k>>: i %«ﬁ(kn);(kxgkmm(ks) Gk > <gtkn & >> <]3<kn>xx(k>75<k>>).

n=1,n#k
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Then we conclude that <R1(k) gk )> — <§2(k),6(k)> = <]5£1(k) — ﬁg(k),ﬁ(k)> = 0. It is easy to see
that the solutions of the last equation are RBi®) — By®) = or B®) — RBy(k) = q x %, where ¢is an

arbitrary chosen vector.
The transformation of the radiation parts can be accomplished in a similar way.

6. Appendix
(A1) We verify that o; ;®)\;(*) =0 (cf. [10]. [11]) (i = 1,2,3,4) in view of o;;*) = 0:

LD VN O W OB ) W I D WL D WP ))\ ®) 4 B)\,0) =

AWK G (B) 3 (k) (R) oo &) (k) oo B ga(k)

— Ry (k) (K (k) 4, 72 ©3 3 92 .. |02 3 2 3 N
= 03" A2 o2 A3 +i B = Ao B A5 (k) ‘ Ao®) A4 () ‘0’
091N B o0 BN B) 1 o (BN, (R) 4 5 (R) ), (R) — Ué’;))\l(k) + Ué’g))\g(k) + Ué’z))\4(k) -

)\(k)a(k) o /\(k)g(k) o (B) o (k) o1 F) g (k)

— (k). (k) )y, (k) ;3 91 1 93 .. _ |01 3 1 3 -0
=02 VA + o1 A 40 p ZC—' A Ay (R) A B 25 (k) =0
031N F) g B\ E) 4 o (RN (R) 4 o (R) ), (R) — Ué’;))\l(k) + Ué’;)&(k) + Ué’z))\4(k) -

(k) ( ) (k) (k) k k k k

A — Xy 0 a1 ®) gyk) a1 k) gy k)
— goF )\, (F) _ 5 (R)y (k) 2 1 . |91 2 1 2 - 0:
o2 A\ o1 A 4 B = A ) 2\ (F) ‘ A (B 2y (R) ‘_O’

B B (OB (B (O SN (OB W (5 Y (OB W (O NP (SO BSOSV AP S WO

FOP0 PPN 0P AeN® 5P AP
C C C
A E AR N5 (R)
O R R R Ul S

MB AP Ag )

MO

k k
3 Ug "o
)\(k) )\gk)

O3
)\gk) )\gk)

MO

1
A = - k 2k
C C )\g ) )\g )

(A2) Let us consider the equations

dofy (kn) | prad | _(R) () 5 ), p(orad enFyy)
ij o _ n ra ) n Jra %]
o ([ m ) o [y r ) | =20

n=1 n;ék n:Ln;ﬁk

kn) F(kn) F'(k)rad _ _F(k)rad_ (k) O_(k)

ms m mi ’ mj jm

We notice that F(
Therefore

It follows F}f) =0 (i=1,2.3,4).
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