CONSTRUCTIVE MATHEMATICAL ANALYSIS
4 (2021), No. 1, pp. 104-118

http://dergipark.gov.tr/en/pub/cma
ISSN 2651 - 2939 CONSTRUCTIVE MATHEMATICAL ANAL

Ty
>

Research Article

Weak A-frames and weak A-semi-frames

JEAN-PIERRE ANTOINE, GIORGIA BELLOMONTE*, AND CAMILLO TRAPANI

ABSTRACT. After reviewing the interplay between frames and lower semi-frames, we introduce the notion of lower
semi-frame controlled by a densely defined operator A or, for short, a weak lower A-semi-frame and we study its proper-
ties. In particular, we compare it with that of lower atomic systems, introduced by one of us (GB). We discuss duality
properties and we suggest several possible definitions for weak A-upper semi-frames. Concrete examples are pre-
sented.
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1. INTRODUCTION AND BASIC FACTS

We consider an infinite dimensional Hilbert space H with inner product (:|-), linear in the
first entry, and norm || - ||. GL(#) denotes the set of all invertible bounded operators on H with
bounded inverse. Given a linear operator A, we denote its domain by D(A), its range by R(A)
and its adjoint by A*, if A is densely defined. Given a locally compact, o-compact space (X, 1)
with a (Radon) measure i, a function ¢ : X +— H,z — 1, is said to be weakly measurable if for
every f € H the function = — (f|i),) is measurable. As a particular case, we obtain a discrete
situation if X = N and p is the counting measure. Given a weakly measurable function 1, the
operator Cy, : D(Cy) € H — L*(X, dp) with domain

D(Cy) = {7 et [ 10 aute) < oo

and (Cy f)(x) = (f|¥s), f € D(Cy), Cy is called the analysis operator of .

Remark 1.1. In general, the domain of Cy, is not dense, hence C is not well-defined. An example of
function whose analysis operator is densely defined can be found in [10, Example 2.8], where D(Cy,)
coincides with the domain of a densely defined sesquilinear form associated to . Moreover, a sufficient
condition for D(C,) to be dense in H is that ¢, € D(Cly) for every x € X, see [3, Lemma 2.3].

Proposition 1.1. [3, Lemma 2.1] Let (X, u) be a locally compact, o-compact space, with a Radon
measure pand v - x € X — 1, € H a weakly measurable function. Then, the analysis operator Cy, is
closed.
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Consider the set D(Q2,) = D(Cy) and the mapping Q,, : D(Cy) x D(Cy) — C defined by
1) (f,9)i= [ (710 (02]9) duo)
b

1y is clearly a nonnegative symmetric sesquilinear form which is well defined for every f, g €
D(Cy) because of the Cauchy-Schwarz inequality. It is unbounded in general. Moreover, since
D(Cy) is the largest domain such that Qy, is defined on D(Cy,) x D(Cy), it follows that

(1.2) Qu(f,9) = (CyuflCyg), Vf g e€D(Cy),

where Cy;, is the analysis operator defined above. Since Cy, is a closed operator, the form €, is
closed, see e.g. [16, Example VI.1.13]. If D(CY) is dense in H, then by Kato’s first representation
theorem [16, Theorem VI.2.1], there exists a positive self-adjoint operator T, associated to the
sesquilinear form 2y, on

(1.3) D(Ty) = {f €D(Qy) :h— /X<f\¢z><1/1x|h> dp(z) is bounded in D(Cw)}
defined by
(1.4) Tof i=h

with £ as in (1.3). The density of D(),;) ensures the uniqueness of the vector h. The operator
T, is the greatest one whose domain is contained in D(2,,) and such that

Qu(f,9) = (Tuflg), feD(Ty), g €D y).

The set D(T,,) is dense in D(§;), see [16, p. 279]. In addition, by Kato’s second representation
theorem [16, Theorem VI1.2.23], we have D(Q,) = D(Ti)/z) and

Qu(f,9) = (T2 FIT)%9). Vf g€ DQy),
hence, comparing with (1.2), we deduce T,, = C;,Cy = |Cy|* on D(Ty,).

Definition 1.1. The operator Ty, : D(Ty) C H — H defined by (1.4) will be called the generalized
frame operator of the function ¢ : x € X — 1, € H.

Now, we recall a series of notions well-known in the literature, see e.g. [1, 3, 15]. A weakly
measurable function 1) is said to be

o p-total if (f|1,) = O for a.e. x € X implies that f = 0;
o a continuous frame of H if there exist constants 0 < m < M < oo (the frame bounds) such
that

mllf 12 < /X (Fle)? duz) < MIFIP,  VfeH;
o a Bessel mapping of H if there exists M > 0 such that
/X (Pl du(z) <MIIFIE,  Vfen

o an upper semi-frame of H if there exists M < oo such that

o</X|<f\wz>|2 du(z) <M[fIZ,  VfeH f#0,

ie., if it is a u-total Bessel mapping;
o a lower semi-frame of H if there exists a constant m > 0 such that

(15) m £ < /X (1) dp(z), Ve,
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Note that the integral on the right hand side in (1.5) may diverge for some f € #, namely, for
f & D(Cy). Moreover, if ¢ satisfies (1.5), then it is automatically p-total.

2. FROM SEMI-FRAMES TO FRAMES AND BACK

Starting from a lower semi-frame, one can easily obtain a genuine frame, albeit in a smaller
space. Indeed, we have proved a theorem [8, Prop.3.5], which implies the following:

Proposition 2.2. A weakly measurable function ¢ on H is a lower semi-frame of H whenever D(Cly)
is complete for the norm ||fHé¢ = [ [{flo2)|? du(z) = [|Cy fI1?, continuously embedded into H and
for some oe, m; M > 0, one has

@.1) ol fIl < 1 fl,, and
22) m I, < /X (P16 dua(z) < MIFIZ, L ¥ f € D(Cy).

Note that (2.2) is trivial here. Following the notation of our previous papers, denote by
’H(Tclb/z) the Hilbert space D(Tclﬁm) with the norm ||fH§/2 = HT}/Qf
ized frame operator defined in (1.4). In the same way, denote by #(Cy,) the Hilbert space D(Cy)
with the inner product (-[-)c, = (Cy-|Cy-), and the corresponding norm Hf||2c¢ = |ICufI.

2
, where T, is the general-

Then, clearly H(T;/ ) = H(C,). What we have obtained in Proposition 2.2 is a frame in

H(Cy) = H(T;/ %). Indeed, assume that D(Cy) is dense. Then, for every z € X, the map
f = (flos) is a bounded linear functional on the Hilbert space (Cy). By the Riesz Lemma,
there exists an element x¢ € D(C,) such that

(floz) = (fIxZ)c, VI eED(Cy).
2
By Proposition 2.2, x? is a frame. Actually, one can say more [8]. The norm || f ||? /2= HT;/ i H

is equivalent to the the graph norm of Té/z' Hence, (f|¢.) = (fIx2)c, = (f|Tex%) for all

f € D(Cy). Thus, x2 = T;lgbx forall x € X, i.e., x? is the canonical dual Bessel mapping of ¢
(we recall that ¢ may have several duals).

Proposition 2.3. Let ¢ be a lower semi-frame of H with D(Cy) dense. Then, the canonical dual Bessel
mapping of ¢ is a tight frame for the Hilbert space H(Cy).

Conversely, starting with a frame xy € D(Cy), does there exists a lower semi-frame 7 of X
such that x is the frame x" constructed from 7 in the way described above. The answer is
formulated in the following [13, Prop. 6].

Proposition 2.4. Let x be a frame of H(Cy) = H(T;ﬁ/ ®). Then,

(i) there exists a lower semi-frame 1 of H such that x = x" if and only if x € D(T4);
(ii) if x = X" for some lower semi-frame 1 of H, then n = T4x.

So far, we have discussed the interplay between frames and lower semi-frames. But, one
question remains: how does one obtain semi-frames? A standard construction is to start from
an unbounded operator A and build a lattice of Hilbert spaces out of it, as described in [4]
and in [8]. As we will see in Section 6 (1) and (2) below, this approach indeed generates a
weak lower A-semi-frame. Before that, we need a new ingredient, namely the notion of metric
operator. Given a closed unbounded operator S with dense domain D(S), define the operator
G = I + S*S, which is unbounded, with G > 1 and bounded inverse. This is a metric operator,
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thatis, a strictly positive self-adjoint operator G, thatis, G > 0 or (Gf|f) > O forevery f € D(G)
and (Gf|f) = 0 if and only if f = 0. Then, the norm || f||c:/2 = ||G/%f| is equivalent to the
graph norm of G'/2 on D(G'/?) = D(S) and makes the latter into a Hilbert space continuously
embedded into H, denoted by H(G). Then H(G~!), built in the same way from G, coincides,
as a vector space, with the conjugate dual of 7 (G). On the other hand, G —1ijsbounded. Hence,
we get the triplet

(2.3) H(G) € H C H(GY) =H(G)".

Two developments arise from these relations. First, the triplet (2.3) is the central part of the
discrete scale of Hilbert spaces Vg built on the powers of G'/2. This means that Vg := {H,,,n €
Z}, where H,, = D(G”/ 2),n € N, with a norm equivalent to the graph norm, and H_,, = H:

L.CHy CHI I CHCH 4 CHLC....

Thus H; = H(G'/?) = D(S), Ha = H(G) = D(S*S),and H_5 = H(G~'), and so on. What we
have obtained in this way is a Lattice of Hilbert Spaces (LHS), the simplest example of a Partial
Inner Product Spaces (PIP-space). See our monograph [2] about this structure.

One may also add the end spaces of the scale, namely,

(24) Hoo(G) = MnezHn,  Hooo(G):= (] Ha.
neL
In this way, we get a genuine Rigged Hilbert Space:

Hoo(G) CH C Hooo(G).

In fact, one can go one more step farther. Namely, following [2, Sec. 5.1.2], we can use qua-
dratic interpolation theory [12] and build a continuous scale of Hilbert spaces H, o > 0, where
H, = D(G*/?), with the graph norm [|£]|2 = ||¢]|? + ||G*/2¢||? or, equivalently, the norm
|| (I+ G)“/ 2¢ ||2 Indeed, every G*,a > 0, is an unbounded metric operator. Next, we define
H_o = H; and thus obtain the full continuous scale V5 := {H,, o € R}. Of course, one can re-
place Z by R in the definition (2.4) of the end spaces of the scale. A second development of the
previous analysis is that we have made a link to the formalism based on metric operators that
we have developed for the theory of pseudo-Hermitian operators, in particular non-self-adjoint
Hamiltonians, as encountered in the so-called pseudo-Hermitian or P7-symmetric quantum
mechanics. This is not the place, however, to go into details, instead we refer the reader to [4, 5]
for a complete mathematical treatment.

3. WEAK LOWER A-SEMI-FRAMES
The following concept was introduced and studied in [10].

Definition 3.2. Let A be a densely defined operator on H. A (continuous) weak A-frame is a function
¢:x € X v ¢y such that, for all u € D(A*), the map x — (u|ds) is a measurable function on X and,
for some oc > 0,

3.1) allAul? < /X (uléa)? du(z) < 00, Vu e D(AY).

If X = N and p is the counting measure, we recover the discrete situation (so that the word
"continuous" is superfluous in the definition above). We get a simpler situation when A is
bounded and ¢ is Bessel. This is in fact the construction of Gavruta [14]. Now, we introduce
a structure that generalizes both concepts of lower semi-frame and weak A-frame. We follow
mostly the terminology of [10] and keep the term "weak" because the notion leads to a weak
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decomposition of the range of the operator A (see Theorem 4.2). We begin with giving the
following definitions.

Definition 3.3. Let A be a densely defined operator on H, ¢ : x € X — ¢, a function such that, for all
u € D(A*), the map x — (u|¢y) is measurable on X. We say that a closed operator B is a ¢-extension
of Aif

A C B and D(B*) C D(Cy).
We denote by E,(A) the set of ¢-extensions of A.

Remark 3.2. It is worth noting that, if A has a ¢-extension, then A is automatically closable.

Definition 3.4. Let A and ¢ be as in Definition 3.3. Then ¢ is called a weak lower A-semi-frame if
A admits a ¢-extension B such that ¢ is a weak B-frame.

Let us put D(A,¢) = D(A*) N D(Cy). If ¢ and A are as in Definition 3.3, and B :=
(A* | D(A, ¢))" is a ¢-extension of 4, it would be the smallest possible extension for which ¢ is
a weak B-frame, but in general, we could have a larger extension enjoying the same property.
Indeed, if B is a closed extension of A such that ¢ is a weak B-frame, we have

ACA™ C (A" | DA ¢)" CB.

Remark 3.3.

(1) If Ais bounded, D(A*) = H and we recover the notion of lower semi-frame, under some minor
restrictions on A, hence the name (see Proposition 5.5).

(2) If Ais a densely defined operator on H such that the integral on the right hand side of (3.1) is
finite for every f € D(A*), then D(A*) C D(Cy) and the weak lower A-semi-frame ¢ is, in
fact, a weak A-frame, in the sense of Definition 3.2.

(3) Let us assume that ¢ is both a lower semi-frame and a weak A-frame, then we have simultane-
ously

mIIfHQS/X|<f\¢m>|2 du(z), YfeH,

o ATf|? < /X (f6e) P dpu(z) < 00, ¥f € D(A, 6) = D(A) N D(Cy).

It follows that

(3.2) (1P + A% £1P) < /X [{fl¢a)? du(z) < oo, Vf€DA)ND(Cy)

with o/ < L min{m, a}. If we consider the domain D(A*) with its graph norm

2
(|| f] (IFI1% + [[A* f1P)2/2, f € D(A*)), we are led to the triplet of Hilbert spaces
H(A*) CH C H(AY)™,

as discussed in Section 2. Let us consider the sesquilinear form Q) defined in (1.1) and suppose
in particular that D(A*) = D(Qy) = D(Cy). Then, using Proposition 1.1, it is not difficult
to prove that Q. is closed in H(A*) and then bounded. Thus, there exists v > 0 such that, for
every f € D(A*),

o (IFI7 + (1A f11?) < /X [(Flbz)? duu) < (117 + A% £11).

One could notice that (3.2) is similar to a frame condition. The inequality (3.2) says that the
sesquilinear form §, defined in (1.1) is coercive on H(A*) and thus the Lax-Milgram theorem

A*
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applies [16, VI §2, 2] or [18, Lemma 11.2]. This means that for every F' € H(A*)* there exists
w € H(A*) such that

(FIf) = Qy(w, f) = /X (wléa) (6o 1f) dpu(z),  VF € H(A").

Therefore, in the case under consideration, we get expansions in terms of ¢ of elements that do
not belong to the domain of A*; in particular, those of H. The price to pay is that the form of
this expansion is necessarily weak since vectors of H do not belong to the domain of the analysis
operator Cy.

In the sequel, we will need the following;:

Lemma 3.1. [11, Lemma 3.8] Let (H, || - ||), (H1. ] - |l1) and (Ho, || - ||2) be Hilbert spaces and T} :
D(Ty) C H1 — H, Tz : D(Tz) C H — Hy densely defined operators. Assume that T is closed and
D(Ty) = D(To). If | T fll1 < ATz f||2 for all f € D(TY) and some A > 0, then there exists a bounded
operator U € B(H1, Ho) such that Ty = Ty U.

Remark 3.4. Lemma 3.1 is still valid if we replace closedness of Ty by its closability, and in this hy-
pothesis, Ty = Ty U.

In the literature [19], two measurable functions ¥ and ¢ are said to be dual to each other if
one has

(3.3) (flg) = /X (Flée)ibelg) du(z),  Vi.g € H.

If ¢ is a lower semi-frame of H, then its dual v is a Bessel mapping of H [8]. In addition, if
D(Cy) is dense, its dual 9 is an upper semi-frame. However, this definition is too general, in
the sense that the right hand side may diverge for arbitrary f, g € . A more useful definition
will be given below, namely (5.3). A notion of duality related to a given operator G can be
formulated as follows.

Definition 3.5. Let G be a densely defined operator and ¢ : x € X — ¢, a function such that, for all
u € D(G*) the map x — (u|¢,) is a measurable function on X. Then a function : v € X w— ¢, € H
such that, for all f € D(G) the map x — (f|1)) is a measurable function on X is called a weak G-dual

of ¢ if
G4 (Gflu = [ (12 (6alu) duta), VF € DIG)ND(Cy).Vu € D(G) ND(C).
This is a generalization of the notion of weak G-dual in [10].

Remark 3.5.

(2) The weak G-dual ) of ¢ is not unique, in general. On the other hand, Definition 3.5 could be
meaningless. For instance, if either D(G) N D(Cy) = {0} or D(G*) N D(Cy) = {0}, then
everything is "dual”.

(#3) Note that, if ¢ is a weak G-frame, then there exists a weak G-dual v of ¢ such that relation (3.4)
must hold only for Vf € D(G),Vu € D(G*) indeed D(G*) C D(Cy) and by Theorem 3.20 in
[10], there exists a Bessel weak G-dual ¢ of ¢, hence D(G) C D(Cy) = H.

Example 3.1. Given a densely defined operator G on a separable Hilbert space H, we show two examples
of G-duality (see [10, Ex. 3.10]).

(i) Let (X, 1) be a locally compact, o-compact measure space and let { X, },en be a covering of X

made up of countably many measurable disjoint sets of finite measure. Without loss of general-

ity, we suppose that ©(X,,) > 0 for every n € N. Let {e,} C D(G) be an orthonormal basis
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of H and consider ¢, with ¢, = \/%, z € X,,,Vn € N, then ¢ is a weak G-frame, see [10,
w(Xn

Example 3.10]. One can take 1) with 1, = \/%, e X,,VneN.
(X

(i) If p .= G(, where ¢ : x € X — (, € D(G) C H is a continuous frame for H, then one can
take as 1 any dual frame of (.

4. LOWER ATOMIC SYSTEMS

Theorem 4.1. Let (X, u) be a locally compact, o-compact measure space, A a densely defined operator
and ¢ : x € X — ¢, € H a map such that, for every u € D(A*), the function x — (u|¢,) is
measurable on X. Then, the following statements are equivalent:

(i) ¢ is a weak lower A-semi-frame for H;

(i) E4(A) # 0 and for every B € E4(A), there exists a closed densely defined extension R of
Cy, with D(R*) = D(B*), such that B can be decomposed as B = RM for some M €

B(H, L2(X, ).

Proof. We proceed as in [10, Theor. 3.16].

(i)=(ii): If ¢ is a weak lower A-semi-frame for #, by definition, there exists B € £4(A). Con-
sider E : D(B*) — L?*(X,u) given by (Eu)(z) = (u|d,), Vu € D(B*), z € X which is a
restriction of the analysis operator Cy. E is closable and densely defined.

Apply Lemma 3.1 to T} := B, and T} := E, noting that ||[Eull3 = [y [(u|¢,)|* du(z), u €
D(B*). Thus, there exists M € B(H,L?(X,u)) such that B = E*M. Then the statement is
proved by taking R = E*, indeed R = E* 2 (7 and D(R) D D(Cj) is dense because Cy is
closed and densely defined. Note that, we have D(B*) = D(R*); indeed D(R*) = D(E),

D(B*) C D(E) = D(M*E) C D((E*M)*) = D(B*),

hence, in particular, F is closed, recalling that D(E) = D(B*).
(ii)=(i): Let B € £4(A). For every u € D(B*) = D(R"),

1B ul|* = [|M* Rul* < [[M|%[|R*u]|* = || M7 /X [{uléa)|* du(z) < oo
since R* C Cy. This proves that ¢ is a weak lower A-semi-frame. O

Generalizing the notion of continuous weak atomic system for A [10], we consider the fol-
lowing:

Definition 4.6. Let A be a densely defined operator on ‘H. A lower atomic system for A is a function
¢:x € X — ¢, € Hsuch that

(i) forallu € D(A*), the map x — (ul|¢,) is a measurable function on X;
(ii) the operator A has a closed extension B such that D(B*) C D(Cy); i.e., E5(A) # 0;
(iii) there exists v > 0 such that, for every f € D(A), there exists ay € L*(X, u), with |las|l2 =

(fy las(@)2 du(z)) " < 7| £1] and
(Af|u) = / ap(z)(delu) dpu(z),  Yue D(B).
X

We have chosen not to call ¢ a weak lower atomic system for A for brevity, even if it leads
to a weak decomposition of the range of the operator A. Theorem 3.20 of [10], gives a char-
acterization of weak atomic systems for A and weak A-frames. The next theorem yields the
corresponding result for weak lower A-semi-frames.
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Theorem 4.2. Let (X, u) be a locally compact, o-compact measure space, A a densely defined operator
imHand ¢ : x € X — ¢, € H a function such that, for all w € D(A*), the map x — (u|¢py) is
measurable on X. Then, the following statements are equivalent:

(i) ¢ is a lower atomic system for A;
(i) ¢ is a weak lower A-semi-frame for H,;
(iii) E4(A) # 0 and for every B € E4(A), ¢ has a Bessel weak B-dual 1.

Proof.
(i)=(ii): Consider a ¢-extension B of A. By the density of D(A), we have, for every u € D(B*)
|Bull = sup  [(Bulf)f=  sup  [(B"ulf)|
fEH, | fII=1 FeD(A)lIflI=1
= sup  [(u[Bf)f=  sup  [(ulAf)|
FED(A)IflI=1 FeD(A)IflI=1

= sup

ol | o) dne)
[fll=1

: fGD(A) HfH 1 </ |a |2d'u > (/ (ulé2) | dul )>
< ( /. |<u¢m>|2du<x>)1/2 <o

for some «y > 0, the last but one inequality is due to the fact that ¢ is a lower atomic system for
A and the last one to the inclusion D(B*) C D(Cy). Then, ¢ is a weak lower A-semi-frame.
(if)=(iii): Following the proof of Theorem 4.1, for every ¢-extension B of A, there exists a
closed densely defined extension R of C%, with D(R*) = D(B*), such that B = RM for some
M € B(H,L?*(X, pn)). By the Riesz representation theorem, for every x € X there exists a unique
vector ¢, € H such that (Mh)(z) = (h|,), for every h € H. The function ) : z € X — ), € H
is Bessel. Indeed,

/2

/ [(Alva)? dp() / (M) (2)]? dpu(z)
MBI < IMIPIAIE, VheH.
Hence D(C,y) = H. Moreover, for f € D(B)ND(Cy) = D(B), u € D(B*) = D(R*) C D(Cy)
(B flu) =(RM flu) = (M f|R"u);
= [ (7126l (e,

(iii)=-(i): It suffices to take, for every fixed ¢-extension Bof A, ay : x € X — a,(f) = (f|¢s) € C
for all f € D(B). Indeed, ay € L*(X, ) and, for some v > 0, we have [ |a,(f)|* du(z) =
Jx 1(f1a)]? dp(x) < ~||f|?, since ¢ is a Bessel function. Moreover, by definition of weak B-
dual, we have (Bflu) = [y ag(x)(¢s|u) du(x), for f € D(Cy)ND(B) = D(B),u € D(B*) C
D(Cy). Indeed, we note that D(C;,) = H since ¢ is a Bessel function. O

Remark 4.6. We don't know if + is a weak upper A-semi-frame, in the sense of Definition 5.7, indeed
v need not be pi-total, that is, [ |(fl1e)|* # 0 for every f € M, f # 0.
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5. DUALITY AND WEAK UPPER A-SEMI-FRAMES

If C € GL(H), a frame controlled by the operator C or C- controlled frame [9] is a family of vectors
¢ = (¢, € H : n € T'), such that there exist two constants m4 > 0 and M4 < oo satisfying

(5.1) ma [l £1° < D (Flou)(Conlf) < MallfIP .V f €M
or, to put it in a continuous form:

(5.2) ma |12 < /X (Floe) (Coalf) du(e) < MallfI?, ¥ f € H.

According to Proposition 3.2 of [9], an A-controlled frame is in fact a classical frame when the
controlling operator belongs to GL(#). A similar result holds true for a weak lower A-semi-
frame if A is bounded as we show in Proposition 5.5. From there it follows that, if A is bounded,
a weak lower A-semi-frame has an upper semi-frame dual to it.

Remark 5.7. We recall that a bounded operator A is surjective if and only if A* is injective and R(A*)
is norm closed (if and only if A* is injective and R(A) is closed) [17, Theor. 4.14 and 4.15].

Proposition 5.5. Let A € B(H) and ¢ be a weak lower A-semi-frame. Assume that anyone of the
following assumptions is satisfied:
(i) A* injective, with R(A*) norm closed or
(if) A* injective, with R(A) closed or
(iii) A surjective.
Then,
(a) ¢ is a lower semi-frame of H in the sense of (1.5),
(b) there exists an upper semi-frame 1) dual to ¢.

Proof. (a) By Remark 5.7, it suffices to prove (iii). By Theorem 4.15 in [17], A is surjective if and
only if there exists v > 0 such that ||A* f|| > || f]|, for every f € H, then
PalflF < ala S < [ [(floPduta),  vren

(b) The thesis follows from (a) and Proposition 2.1 (ii) in [7] (with {e,,} an ONB of H).
As explained above, the notion of duality given in (3.3) is too general. Therefore, in what
follows 9 will be said to be dual to ¢ if one has

(5.3) (flg) = /X (f16:) (6alg) du(),  Vf € D(Cy). g € D(Cy).
O

An interesting question is to identify a weak A-dual of a weak lower A-semi-frame. We
expect one should generalize to the present situation the notion of upper semi-frame. We first
consider the next definition and examine its consequences.

Definition 5.7. Let A be a densely defined operator on H. A weak upper A-semi-frame for H is a
function ¢ : x € X > ), € H such that, for all f € D(A), the map x — (f|y) is measurable on X
and there exists a closed extension F' of A and a constant « > 0 such that

(5.4) /X ()2 dp() < o F*ul?,  Vu € DE).

Remark 5.8.
(i) From Definition 5.7, it is clear that D(F™*) C D(Cy).
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(ii) If A € B(H), then 1) it is clearly a Bessel family.
Corollary 5.1. Let i be a Bessel mapping of H, and A € B(H). Assume that anyone of the following
statements is satisfied:
(i) A* injective, with R(A*) norm closed or
(if) A* injective, with R(A) closed or
(iii) A surjective.
Then, 1 is a weak upper A-semi-frame.

Proof. By Remark 5.7, it suffices to prove (iii). By Theorem 4.15 in [17], we have just to note that

/X (Flen) 2 du(e) < VIFI2 < a2y A FI2  VF e,

Remark 5.9. The previous result is true a fortiori if 1 is an upper semi-frame of H.
Summarizing Proposition 5.5, Corollary 5.1 together with the preceding results we have that:

Corollary 5.2. Let A € B(H). Assume that anyone of the following assumptions is satisfied:
(i) A* injective, with R(A*) norm closed or
(if) A* injective, with R(A) closed or
(iii) A surjective
and let ¢ be a weak lower A-semi-frame. Then, there exists a weak upper A-semi-frame 1 dual to ¢.

Theorem 5.3. Let (X, u) be a locally compact, o-compact measure space, A a densely defined operator
and ¢ : x € X — 1), € Hamap such that, for every f € D(A), the function x — (f|t),) is measurable
on X. Then, the following statements are equivalent:
(i) 1 is a weak upper A-semi-frame for H,;
(ii) For every closed, densely defined extension F of A such that (5.4) holds true, there exists a
closed, densely defined extension Q of Cyj, such that Q = F'N for some N € B(L*(X, p), H).

Proof.

(i)=(i): Let ¢ be a weak upper A-semi-frame, then for every closed extension F' of A for which
(5.4) holds true, consider the operator £ = Cy, [ D(F*). It is densely defined, closable since Cy,
is closed. Define an operator O on R(F*) C H as OF*f = Ef € L*(X,p). Then, O is a well-
defined bounded operator by (5.4). Now, we extend O to the closure of R(F*) by continuity
and define it to be zero on R(F*)*. Therefore O € B(H, L*(X, u)) and OF* = E,i.e., E* = FO*
and the statement is proved by taking ) = £* and N = O™.

(ii)=(i): From @ = F'N, with @ a densely defined closed extension of C}, we have that Q* =
N*F* C Cy. Forevery u € D(F*) = D(N*F*) = D((FN)*) C D(Cy),

|Cyull5 = /X [(ulpz)? du(z) = [|[N*F*ull3 < af Ful®
for some o > 0. O

We can now prove the following duality result, which suggests that Definition 5.7 is conve-
nient in this context.

Proposition 5.6. Let A be a densely defined operator and 1 a weak upper A-semi-frame. Let F' be a
closed extension of A satisfying (5.4) for some o« > 0. Assume that ¢ C D(A) is a weak F-dual of
such that

(a) F*D(F*) C D(Cy),
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(b) the function x — ||Ad| is in L*(X, u).
Then, F' € E44(A) and A¢ is a weak lower A-semi-frame with F as (A¢)-extension and lower bound
a1l e,

55) o HIFu? < [ |WlAe)Pdute). Ve DE) ND(C,).
X
Proof. For every uw € D(FF*),
[ ull® = (Ful F*u) = (FF*ulu)

/ (F*ulgw) (talu) du(), by weak F-duality

< ([ 1o aute) ) (/ (F*ulg) 2 du(a ))1/2

1/2
<o |F*ul ( / |<F*u¢x>|2du<z>> .
X

The right hand side of the previous inequality is finite because of (a). Hence,

1/2
IF*ul| < o'/ (/ |<uA¢x>|2du(a:)> , Vu€D(FF").
X

Now, we take into account that D(FF*) is a core for F'* by von Neumann'’s theorem [16, The-
orem 3.24]. Therefore, for every v € D(F*), there exists a sequence {u,,} C D(FF*) such that
lun, —ul| = 0 and ||F*u,, — F*u|| — 0. This implies, of course, that (F*u,|¢5) — (F*u|¢s), for
every € X. Moreover, since {u,, } is bounded, we have

[(F un|pa)| = [(un| Féu)| < M|[Fy|

for some M > 0 and for every z € X. The assumption that z — || A¢, || is in L?(X, u) allows us
to apply the dominated convergence theorem and conclude that

1/2
|F*ul| < o/ (/X |<u|A¢m>|2du<x>) . VueD(F*),

The right hand side of the latter inequality is finite again by (a), hence D(F*) C D(Ca4). This
fact also implies that F' € £44(A) since, if u € D(F*), we get

/ |(ul Ad) P du(z) / (F*ul )| du(z) = [|Cagull? < oo,

Remark 5.10.
(1) Note (5.5) can obviously be also written

ot [hl* < / [(hloa)* dp(z),  Vh e R(F™).
X
(2) Forevery f € D(F™), with our new definition, by
o [ P dnto) < 1477 < o [ 1(7146,) dta),
b X

it follows that ||Cy f|| < af|Cagf||, for every f € D(F™). Since Cy is closed, then D(Cy,) is
dense and (5.4) and (5.5) imply that D(Ca,) C D(F*) C D(Cy,), hence the latter is dense too.
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Another possibility is to mimic the notion of controlled frame (5.1) or (5.2), introduced in
[9, Definition 3.1]. Because the operator A is supposed to belong to GL(H), we end up with a
generalized frame (and actually a genuine frame). It would be interesting to extend the defini-
tion to an unbounded operator or at least to operators less regular than elements of GL(H). A
different strategy is to investigate the following generalization. Let B be a linear operator with
domain D(B). Suppose that ¢,, € D(B) for all n. Put

Qp(f.9) = D (fln)(Bnlg), VY f.g € D(Sp),
where D(Qp) is some domain of the sesquilinear form defined formally on the rhs. Following
[13, Sec. 4], we may consider the form Q5 as the form generated by two sequences, {¢,,} and
{B%y}. Then, the operator associated to the form Q5 is precisely B, since one has (Bf|g) =
Qp(f,g). A continuous version of (5.1) would be

mallfI2 < /X () (Adsal £) du(z) < Ma [[£]7, forall f € M,

and the sesquilinear form becomes

Qu(f,g) = /X (e} Atbalg) dpu(x) < M | fI2, forall f.g € D(4).

From the last relation, we might infer two alternative possible definitions of an upper A-semi-
frame, namely:

/X (Aflea)? duz) < MIFIZ, ¥ f € D(A),

(5.6) /X (e (al Af) du(z) < MIIfI?, ¥ € D(A).

Actually the definition (5.6) leads to that of an A-Bessel map, provided that ¢, € D(A*), for all
e X:

/X () (A", ) du(z) < MIIFIE, ¥ f € D(A).

Further, study will hopefully reveal which of the three definitions of an upper A-semi-frame is
the most natural one.

6. EXAMPLES

(1) A reproducing kernel Hilbert space. We start from the example of a lower semi-frame in a
reproducing kernel Hilbert space described in increasing generality in [6, 8]. Let Hx be a
reproducing kernel Hilbert space of (nice) functions on a measure space (X, 1), with kernel
function k,,x € X, thatis, f(x) = (flk:)k, Vf € Hk. Choose a (real valued, measurable)
weight function m(z) > 1 and consider the unbounded self-adjoint multiplication operator
(M f)(z) = m(x)f(z), Ve € X, with dense domain D(M). For each n € N, define H,, = D(M™),
equipped with its graph norm, and Hz := H_, = H, (conjugate dual). Then, we have the
Hilbert scale {#,,, n € Z}:

o Hy,C...CHyCHI CHo=Hrg CHiCHz... CHm....

As an operator on the scale, which is a partial inner product space [2], the operator M has
continuous representatives M, y; — M,,n € Z. Fix some n > 1 and define the measurable
functions ¢, = k,m™(x), 1y = kym~"(x), for every x € X. Then ¢, € H,,, for every x € X,
and ¢ is an upper semi-frame, whereas ¢, € Hz, for every x € X, and ¢ is a lower semi-
frame. Also, Cy : Hx — Hn, Cp : Hxk — Hz continuously. One has indeed, for every
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9 € Hi, (Yelg)x = g(w)m™"(z) € Hy and (p.|g)x = g(x)m™(x) € Hzm. Next, choose a real
valued, measurable function z — a(z) such that a(z) < m"(x),Vz € X, and define A = A*
as the multiplication operator by a : (Af)(z) = a(z)f(z),Vo € X. Let D(A) = #H,. Then
A € B(Hy) since |laf|| < [|m"f|| < oo, for every f € H,, and since a(z)m~"(z) < 1 for every
x € X and for every f € H,, then R(A) C D(M™) = H,,. As an operator on the scale, A has
continuous representatives A, 4+, : Hptp — Hp. Then, we have, Vf € D(A) = H,, C D(Cy),

AfE = [ 1@ a@duo) < [ 1@ (o) = [ 10716 dua) < o0

that is, ¢ is a weak A-frame for # x. The same holds for every self-adjoint operator A’ which is
the multiplication operator by the measurable function z — a’(x) such thata'(z) < m"(z),Vx €
X,and D(4") = H,.

Let now the closed operator B be a ¢-extension of A, that is,

A C Band H, = D(A) C D(B*) C D(Cy)
and

171 < [ 10162l du(e) < 00, ¥ f € D(B")
X

Then, ¢ is a weak lower A-semi-frame for Hx.

(2) A discrete example. A more general situation may be derived from the discrete example of
Section 5.2 of [6]. Take a weight sequence m := {|my|}nen, M, # 0, where m € £ has a
subsequence converging to zero (or m € ;). Then consider the space ¢2, with norm |||, :=

> nen Mnén 2. Thus, we have the following triplet
G, CCCl,

Next, for each n € N, define ¥,, = mye,, where e := {e, },en is an orthonormal basis in
¢2. Then ¢ is an upper semi-frame and Cy, : H — (2 /m» continuously. On the other hand,
¢ := {(1/mn)entnen} is a lower semi-frame and Cy : H — ¢2, continuously. In other words,
¢ = Meand ¢ = M~ 'e, where M is the diagonal operator M,, = m,,,n € N. In order to define
a weak lower A-semi-frame for ¢?, we take another diagonal operator A = {a,} such that, for
each n € N one has |a,| < |m,|™!. Then, Vf € D(4),

HAFI? = D lanP1fal® = Y lanlPl{flen)® < D Imal 2 (flen)?

neN neN neN

= [flgn)l?

neN

Thus, ¢ is a weak A-frame for 2. As in Example (1), we get a weak lower A-semi-frame for (2
if we have a ¢-extension B of A. The same result holds true if one replaces the ONB {e, } by a
frame {0, } nen:

allFI* <Y HA6IP < BIAIP, VS € H,
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for some «, 8 > 0. Since m € £°°, we can as well assume that |m,,| < §, Vn € N for some § > 0.
Thus |1/m,| > 1/0, Vn. Then, for every f, g € H, we have

Z\<f|wn>|2 = Z|mn| (£10.)]> < 622| (£l0n)* < 82BII£1I,

ZI (gldn)] —Z

n

2
2
{g16n)]* > QZ (916n) zaHgH

TL

Thus, indeed, v is an upper semi-frame and ¢ is a lower semi-frame. The rest of the construc-
tion follows.

(3) A standard construction. As explained in Section 2, a standard construction of lower semi-
frames stems from the consideration of a metric operator induced by an unbounded operator.
Given a closed, densely defined, unbounded operator S with dense domain D(S), define the
metric operator G = I + S§*S, which is unbounded with bounded inverse. Then, if we take
an ONB {e,,} of D(G'/?) = D(S), contained in D(5*S), then {¢,,} = {Ge,} = {(I + S*S)e,}
is a lower semi-frame of H on D(S). Now, if A is a densely defined operator that satisfies the
equation

allAfl < flle, VI e DA
instead of (2.1), then ¢ is a weak A-frame for 7. As for the equivalent of (2.2), it is of course
trivial.

7. CONCLUSION

In the search of expansions of certain functions into simpler ones, the usual strategy is to
pass from orthonormal bases (e.g. Fourier series or integral) to frames, and then to semi-frames,
lower or upper. In each case, one obtains more flexibility. The aim of this paper is to apply the
same philosophy to more recent structures.

Given a densely defined linear operator A on a Hilbert space #, the notion of weak A-frame
was introduced in [10], as explained in Def. 3.2. Following the strategy described above, we
obtain the notion of weak lower A-semi-frame given in Def. 3.4 and discussed in Section 3. A
parallel notion is that of weak atomic system for A, also introduced in [10], from which we
obtain that of lower atomic system for A. As explained in Section 4, the two original structures go
hand in hand and the equivalence extends to the new ones as well. In the same way, one defines
a weak upper A-semi-frame (Def. 5.7), although this definition is only tentative. Finally, there is a
recurrent property of duality, namely, a weak upper A-semi-frame generates by duality a lower
one.

The conclusion is that, in each case, one can obtain more flexibility for expansions by passing
from frames to semi-frames, as illustrated by the examples provided. Of course, more work is
needed. The results presented here are in fact a first step toward a generalization of the notions
of weak A-frames and weak atomic system to lower semi-frames.
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