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ABSTRACT

P. Wintgen proved in [Sur I'inégalité de Chen-Willmore. C. R. Acad. Sci. Paris 288, 993-995 (1979)]
that the Gauss curvature G and the normal curvature K of a surface in the Euclidean 4-space E*
satisfy

G+ K7 < |H|?,
where ||H|? is the squared mean curvature. A surface M? in E? is called a Wintgen ideal surface
if it satisfies the equality case of the inequality identically. Wintgen ideal surfaces in E* form
an important family of surfaces; namely, surfaces with circular ellipse of curvature. In 1999, P. J.
De Smet, F. Dillen, L. Verstraelen and L. Vrancken gave a conjecture for Wintgen inequality on
Riemannian submanifolds in real space forms, which was well-known as the DDVYV conjecture.
Later, the DDVV conjecture was proven by Z. Lu and by Ge and Z. Tang independently.
In this paper, we provide a comprehensive survey on recent developments in Wintgen inequality
and Wintgen ideal submanifolds.
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1. Introduction

For a surface M? in a Euclidean 3-space E3, the well-known Euler inequality in classical differential geometry
is given by

G<|H|?, (1.1)

where G is the Gauss curvature of M? and || H||? is the squared mean curvature of M? in E3. Obviously, G = | H||?
everywhere on M if and only if the surface M? is totally umbilical in E3.

For an isometric immersion v : M? — M* of a surface M into a Riemannian 4-manifold M*, the ellipse of
curvature at a point p € M? is defined as

& = {hX,X)| X € T,M? | X]| =1}, (1.2)

where / denotes the second fundamental form of M?2 in M*. The ellipse of curvature is the analogue of the
Dupin indicatrix of an ordinary surface in E?.

A surface ¢ : M2 — M* is called super-minimal if and only if, at each point p € M?, the ellipse of curvature
&, is a circle with center 0 (see [74]). Simple examples of super-minimal surfaces in the Euclidean 4-space E*
are R-surfaces, i.e., graphs of holomorphic functions: {(z, f(z)) : € U}, where U C C ~ R? is an open subset
of the complex plane and f is a holomorphic function.

Th. Friedrich proved in 1984 that super-minimal surfaces are characterized by the property that the lift into

the twistor space is holomorphic and horizontal (see [74, 75] for details). When the ambient space M*is a
space of constant curvature, O. Bortivka [18] proved in 1928 that the family of super-minimal immersions
¢ : M? — M* depends (locally) on two holomorphic functions. In [20], R. Bryant proved that every compact
Riemann surface admits a conformal super-minimal immersion into the ordinary 4-sphere S*. M. Dajczer and
R. Tojeiro established in [59] a representation formula for super-minimal surfaces in E* in terms of pairs (g, h)
of conjugate minimal surfaces in E%. For further results on super-minimal surfaces we refer to §2 of my survey
article [41].

In 1979, P. Wintgen [137] proved a basic relationship between the intrinsic Gauss curvature G, the extrinsic
normal curvature K, and squared mean curvature || H||? of any surface M? in a Euclidean 4-space E*; namely,

G+|KP| <|H|? (1.3)

with the equality holding if and only if the curvature ellipse is a circle. Wintgen’s inequality was extended
in [83] by I. V. Guadalupe and L. Rodriguez to surfaces of arbitrary codimension in real space forms R**"(c)
with m > 2. Also, the present author extended Wintgen’s inequality in [38, 42] to surfaces in pseudo-Euclidean
4-space Ej with a neutral metric.

In 1999, P. J. De Smet, E. Dillen, L. Verstraelen and L. Vrancken proposed in [61] a conjecture of Wintgen
inequality for general Riemannian submanifolds in real space forms, which was later well-known as the DDVV
conjecture. This conjecture was proven to be true by Z. Lu [94] and by Ge and Z. Tang [78] independently.
Since then, the study of Wintgen’s inequalities and Wintgen ideal submanifolds has attracting more and more
researchers and a lot of interesting results have been achieved during the last 15 years.

The main purpose of this paper is to provide a comprehensive survey on recent developments in Wintgen
inequality and Wintgen ideal submanifolds done mainly in the last 15 years.
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2. Preliminaries
We follow the notations from [40, 45, 46, 109].

2.1. Basic definitions, formulas and equations

Let v : M™ — M™ be an isometric immersion of an n-dimensional Riemannian manifold M" into a
Riemannian m-manifold M™. Denote by V and V the Levi-Civita connections on M™ and Mm™, respectively,
and by ( , ) the inner product on M™ and M™. Let R and R denote the Riemann curvature tensors of M" and
M ™, respectively, so that we have

R(X,Y)Z =VxVy —VyVxZ - Vixy|Z.
For vector fields X,Y tangent to A" and ¢ normal to M™, the formulas of Gauss and Weingarten are given
respectively by
VxY = VxY +h(X,Y), (2.1)
Vx& =—AeX + Dx¢, (2.2)

where h, A and D are the second fundamental form h, the shape operator A, and the normal connection D of
M™in M™. The shape operator and the second fundamental form are related by

(h(X,Y),§) = (A X, Y).

The mean curvature vector is defined by H= Ltrace h. The squared mean curvature || H || is defined to be (ﬁ, H )
For a submanifold M™ of a Riemannian m-manifold M™, we denote by (hi;) the coefficients of the second
fundamental form defined by

hiz = (h(ei, €5), &) (2.3)

where {ei,...,e,} and {&,...,&n—r} are is an orthonormal frames of the tangent bundle 7M" and normal
bundle T+ M™", respectively.

The equations of Gauss, Codazzi and Ricci of M™ in M™ are given respectively by

(R(X,Y),Z,W) = (R(X,Y)Z,W) + (WX, W), WY, Z)) — (WX, Z), (Y, IV)), (2.4)
(R(X,Y)Z)* = (Vxh)(Y, Z) — (Vyh)(X, Z), (2.5)
(RP(X,Y)E,n) = (R(X,Y)€E,n) + ([Ae, A X, Y) (2.6)

for vector fields X,Y, Z tangent to M and ¢, normal to M, where (R(X,Y)Z)" is the normal component of

R(X,Y)Z, Vhis defined by
(Vxh)(Y,Z) = Dxh(Y,Z) = h(VxY,Z) = WY, VxZ), (2.7)
and RP is the curvature tensor associated with the normal connection D, i.e.,
RP(X,Y)¢ = DxDy€& — Dy Dx€ — Dix yié. (2.8)
For a surface M? in E*, the Gauss curvature G and the normal curvature K of M? are given by

G = (RP(e1,ex)ez,e1), KP =(RP(e1,e2)62,&1). (2.9)

2.2. d-invariants

Let M™ be a Riemannian n-manifold and a point p € M". Denote by K(x) the sectional curvature of M"

associated with 2-plane section = C T, M. For an orthonormal basis {e1, ..., e,} of T,M", the scalar curvature
T at p is defined by
T(p) =Y K(ei Aej). (2.10)
i<j
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If L is an r-dimensional subspace of T,M™ with r > 2 and if {ey,...,e,} is an orthonormal basis of L, then
the scalar curvature 7(L) of L is defined by

L):ZK(ea/\eﬁ’), 1<a,p<r (2.11)
a<lf

For two given integers n >3 and k > 1, we denote by S(n,k) the finite set consisting of all k-tuples
(n1,...,ng) of integers satisfying Zle n; < nwith 2 <n; <n. Weput S(n) = Up>1S(n, k).

For each (n1,...,nx) € S(n) and each p € M", the author introduced the notion of §-invariant §(n1, . .., ng)(p)
in [25, 30, 32] by

(n1,...,ng)(p) = 7(p) — inf{7(L1) + -+ 7(Lx)},

where L,..., L run over all £ mutually orthogonal subspaces of 7,M/™ such thatdim L; =n;, j =1,... k.

2.3. Basic inequalities and ideal submanifolds

The author proved the following optimal universal inequality in [30, 32] which relates the J-invariants
§(n,...,ni) and the squared mean curvature || H ||? for submanifolds in real space forms.

Theorem 2.1. Let M™ be an n-dimensional submanifold of a real space form R™(c) of constant sectional curvature c.
Then, for each k-tuple (n1,...,n;) € S(n), we have

n? k—
(n+ Zn] HHH2 ( n—l

L Z ) c. 2.12)

(5(n1,...,nk) S

HM»

The equality case of inequality (2.12) holds at a point x € M™ if and only if there exists an orthonormal basis
{e1,...,en} at x such that the shape operators of M™ in R™(c) at x with respect to {ei, ..., ey} take the following
form:

A=lo .. oa L or=n+lom, (2.13)

where I is an identity matrix and A’ is a symmetric nj x n; submatrix satisfying
trace (A7) = -+ - = trace (A},) = p. (2.14)

The notions of ideal immersions and ideal submanifolds were introduced in the 1990s by the author in [30] as
follows. An n-dimensional submanifold M™ of a real space form R™(c) is said to be §(n1,...,ny)-ideal if it
satisfies the equality case of inequality (2.12) identically. And a submanifold M™ in R™(c) is simply called an
ideal submanifold if itis a 6(n.,...,ny)-ideal for some (n1,...,n,) € S(n).

Physical Interpretation of Ideal Immersions. “An isometric immersion ¢ : M™ — R™(c) of a Riemannian n-
manifold into a real space form R™(c) is an ideal immersion” means that M" receives the least possible amount
of tension (given by Ay (p)) from the surrounding space at each point in M. This is due to inequality (2.12) and
the well-known fact that the mean curvature vector field is exactly the tension field for isometric immersions.
For an isometric immersion, the squared mean curvature at each point on the submanifold simply measures
the amount of tension the submanifold receiving from the surrounding space at that point. For this reason,
sometime an ideal immersion is also called a best way of living (see, [30, 32, 33, 35, 40] for details).

2.4. Hopf fibration and Lagrangian submanifolds of complex space forms

We recall the Hopf fibration and the general method of H. Reckziegel [114] for constructing Lagrangian
submanifolds in complex projective spaces and in complex hyperbolic spaces.

Case (1): CP"(4). Let S (¢c) = {Z = (21,..., 2n41) € C"": (Z,Z) = 1 > 0} be the hypersphere of C"! with
constant sectional curvature ¢ centered at the origin. Consider the complex structure J induced by i = /-1 and
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the inner product ( , ) on C"*!. Let us consider the canonical Sasakian structure on S*"*1(1) consisting of ¢
given by the projection of the complex structure J of C"*! on the tangent bundle of $?"!(1) and the structure
vector field £ = Jz with z being the position vector.

An isometric immersion f: M™ — S?"*1(1) is called C-totally real (or Legendrian) if £ is normal to f.(TM™)
and (J(f.(TM™)), f«(TM™)) = 0, where J denotes the canonical complex structure of C"*!. Since vectors of
S2n+1(1) perpendicular to £ at a point Z define the horizontal subspace H.. of the Hopf fibration

7 ST (1) — CP(4),

the condition “¢ is normal to f.(T'M™)” means that f is horizontal.
The main results of [114] can be specialized as follows. Let f: M"™ — CP"(4) be a Lagrangian isometric

immersion. Then there exists an isometric covering map 7: M — M", and a C-totally real isometric immersion

f: M — $**+1(1) such that f(7) = «(f). Hence every Lagrangian immersion can be lifted locally (or globally if
we assume the manifold is simply connected) to a C-totally real immersion of the same Riemannian manifold.

Conversely, let f: M — S2"t1(1) be a C-totally real isometric immersion. Then f = r( f): M™— CP™(4) is
again an isometric immersion, which is Lagrangian. Under this correspondence, the second fundamental forms

hf and h' of f and f satisfy m,(h/) = hf. Moreover, hf is horizontal with respect to 7.

Case (2): CH™(—4). We consider the complex number space C}*" with the pseudo-Euclidean metric:

n+1
go = —ledgl + Z dedzj.
=
Put H{" ™ (¢) = {Z = (21,22, .-, 2n11) : (Z,Z) = 1 <0}, where ( , ) is the inner product on C}*' induced

from go. We put T, ={ZeC:Re (U,Z)= Re (U,iZ) =0} and H{ = {\ € C: A\ = 1}. Then we have an
H{-action on Hf”“(—l), Z+ \Z and at each point Z € H;i"*'(—1), the vector iZ is tangent to the flow
of the action. Since the metric gy is Hermitian, we have Re gy(:Z,iZ) = —1. Note that the orbit is given by
xy = (cost +isint)z and dx,/dt =iZ;. Thus the orbit lies in the negative definite plane spanned by Z and
iZ. The quotient space H;""'/~, under the identification from the action, is the complex hyperbolic space
CH"(—4) with constant holomorphic sectional curvature —4, with the complex structure J induced from the
canonical complex structure J on C7 via the following Hopf fibration:

7 H"P(—1) — CH"(—4).

Just as in Case (1), let f: M™ — CH"(—4) be a Lagrangian isometric immersion. Then there exists an
isometric covering map 7: M — M", and a C-totally real isometric immersion f: M — H?""'(—1) such that
f(r) = n(f). Hence every totally real immersion can be lifted locally (or globally if we assume the manifold is
simply connected) to a C-totally real immersion.

Conversely, let f : M — H?"*!(—1) be a C-totally real isometric immersion. Then f = 7(f): M"™ — CH"(—4)
is again an isometric immersion, which is Lagrangian. Similarly, under this correspondence, the second

fundamental forms hf and h/ of f and f satisfy . (hf) = h/. Moreover, hf is horizontal with respect to 7.

3. Wintgen’s inequality and Wintgen ideal surfaces in E*

3.1. The original Wintgen’s inequality
The result of P. Wintgen obtained in [137] is the following.
Theorem 3.1. Let M? be a surface in Euclidean 4-space E*. Then we have
IH|? > G +|K"| (3.1)

at any point x € M?. Moreover,

(1) If KP > 0 holds at a point x € M?, then the equality sign of (3.1) holds at x if and only if, with respect to some suitable
orthonormal basis {e1, e2, e3, e4} at x, the shape operators at x satisfies

+2y 0 0 7)
Ae, = (# L Ao, = . 3.2
=) a=(0 7 62
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(ii) If KP < 0 holds at x € M?, then the equality sign of (3.1) holds at x if and only if, with respect to some suitable
orthonormal basis {e1, ez, e3,e4} at x, the shape operators at x satisfies

_(r—=2v 0 _ (0 ~
ao= ("7 ) an= (0 ). o3

Analogous to ideal submanifolds defined in §2, a surface M? in E* is called Wintgen ideal if it satisfies the
equality case of the Wintgen inequality (3.1) identically.

The following are some simple examples of Wintgen ideal surfaces in E*.

Example 3.1. Consider the Whitney sphere in the complex Euclidean plane C? defined by

141y
w(yo,y1,y2) = ?yz(thD)v (3.4)
0

with y3 + y? + y3 = 1. The Whitney immersion w : S — C? is a Lagrangian immersion of a sphere 52 into C?
which has a unique self-intersection point at w(—1,0,0) = w(1,0,0). The Whitney sphere satisfies the equality
case of (3.1) identically.

Example 3.2. The rotation surface of Vranceanu is defined by the immersion f : R x (0,27r) — E4,
f(u,v) = r(u)(cos ucos v, cos usin v, sin u cos v, sin u sin v), (3.5)

where r > 0 is a smooth real-valued function. The ellipse of curvature of the rotation surface of Vranceanu
given by (3.5) is a circle if and only if either

A
r(u) = ————————, A>0,a€eR, or
| cos(2u + a)|

r(u) = By/|cos(2u+b)|, B >0,beR.

In the first case the rotation surface of Vranceanu is the tensor product of an equilateral hyperbola and a unit
circle and in the second case the tensor product of a lemniscate of Bernoulli and a unit circle (for the definition
of tensor products of immersions, see [26, 62]).

3.2. Wintgen ideal surfaces satisfying |G| = |KP|

The following result was given in [36].

Proposition 3.1. Let M? be a Wintgen ideal surface in E*. Then M? has constant mean curvature and constant Gauss
curvature if and only if M? is totally umbilical.

The next theorem classifies all Wintgen ideal surfaces in E* with equal Gauss and normal curvatures.

Theorem 3.2. [36] A Wintgen ideal surface M? in E* satisfies | K| = |K | identically if and only if one of the following
four cases occurs:

(1) M? is an open portion of a totally geodesic plane in E*.

(2) M2 is a complex curve lying fully in C?, where C? is the Euclidean 4-space E* endowed with some orthogonal almost
complex structure.

(3) Up to dilations and rigid motions on the Euclidean 4-space E*, M? is an open portion of the Whitney sphere defined
by

sin u
1+ cos2u

(u,v)

(sin v, COS U, COS U Sin v, COS U COS v).
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(4) Up to dilations and rigid motions of the Euclidean 4-space E*, M? is a surface with K = K = L||H||? defined by
. 2\/§ x 1 —1 x
Y(x,y) = T\/cos x cos (5) cos(Iny) cos <2 tanh (tan 2))
1 1 x x
X (tan (2 tanh (tan 2)) (2 — tan(Iny)) + tan (5) (14 2tan(lny)),

tan <; tanh ™! (tan ;)) (1+2tan(lny)) — tan (g) (2 — tan(Iny)),

1
tan (g) tan (2 tanh ™! (tan ;)) (1+2tan(lny)) + tan(Iny) — 2,

tan (g) tan (; tanh ™! (tan ;)) (tan(Iny) — 2) — 2tan(Iny) — 1).

Remark 3.1. To prove Theorem 3.2, the author had solved the following fourth order differential equation:

pW(z) — 2(tanz)p” (x) + (1 + gsec2 x) p’(x) + (Z sec’  — 2> (tanz)p’(x) + %(sec4 z)p(z) = 0. (3.6)

to obtain its exact solution:

ple) = vz { (crcos () + casin(5)) cos 5 tant ™ (ran ()
+ (epcos (£) + casin (2)) sin (; tanh " (tan (g)))}

Remark 3.2. Tt was proved by L. Castro in [22] that, up to rigid motions and dilations of C?, the Whitney sphere
is the only compact orientable Lagrangian super-minimal surface in C2.

3.3. Wintgen’s inequality for surfaces in real space forms

L. V. Guadalupe and L. Rodriguez [83] used ellipse of curvature to define the normal curvature K? for
oriented compact surfaces into oriented real space forms R™(c) of constant curvature c. Further, they proved
the following.

Theorem 3.3. Let ¢ : M? — R™(c) be an isometric immersion of a compact oriented surface M? into an orientable
m-dimensional real space form R™ (c) of constant curvature c. Then we have the following

/ HH||2dv+cArea(M2)227rx(M)+) Kde’ (3.7)
M?2 M?2

with equality if and only if KP does not change sign and the ellipse of curvature is a circle at every point. If in addition
M? is homeomorphic to the 2-sphere S?, m = 4 and the mean curvature vector is parallel, then

(IIH||* 4 ¢) Area(M?) = 27 (x(M?) + |X(TLM2)|) , (3.8)

where x(M?) and x(T+M?) denote the Euler number of the M? and the normal bundle T M? of M?.
A submanifold M™ of a Riemannian manifold M™ is called semi-parallel if it satisfies R-h =0, where R is the
curvature tensor of the van der Waerden—-Bortolotti connection and h is the second fundamental form of M™.

In [16], B. Bulca, K. Arslan studied the class of semi-parallel Wintgen ideal surfaces in E”™ and showed that
such surfaces are totally umbilical in E™.
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4. Wintgen type inequality for surfaces in indefinite real space form R;(c)

4.1. Pseudo-Riemannian space forms

Denote by E}* the pseudo-Euclidean m-space equipped with pseudo-Euclidean metric of index ¢ given by

t n
gr = — de? + Z dz?, 4.1)
=1

j=t+1
where (21, ...,2,,) is a rectangular coordinate system of E*. Let us put
S¥(c) = {:r cEFL . (2, 2) = % > 0}, HF(c) = {m € E’:j_'ll w,x) = % < O}, (4.2)

where ( , ) is the inner product associated with g¢;. It is well known that S*(c) and H¥(c) are pseudo-
Riemannian manifolds of constant curvature ¢ and with index s, which are known as a pseudo-Riemannian
k-sphere and a pseudo-hyperbolic k-space, respectively. The pseudo-Riemannian manifolds E*, S¥(c) and H”(c)
are called indefinite real space forms, simply denoted by R”(c) (see, e.g., [40, 45, 109]).

A vector v is called space-like (vesp., time-like) if (v,v) > 0 (resp., (v,v) < 0). A vector v is called light-like if
it is nonzero and it satisfies (v, v) = 0. Further, a submanifold M” in a pseudo-Riemannian manifold is called
space-like if each nonzero tangent vector of M™ is a space-like vector.

An n-dimensional space-like submanifold A/™ of a pseudo-Riemannian manifold is called a Chen submanifold
(see, e.g., [79, 80, 116]) if

Z< h(ei,e;), H ) h(ei,e;) (4.3)
,J
is parallel to the mean curvature vector ﬁ, where h is the second fundamental form and {e;,...,e,} is an
orthonormal frame of the submanifold M™.
4.2. Wintgen type inequality for space-like surfaces in R3(c)

For oriented space-like surfaces in a 4-dimensional indefinite real space form Rj(c) with neutral metric, the
author proved the following Wintgen type inequality in [38, 42].

Theorem 4.1. Let M? be an oriented space-like surface in a 4-dimensional indefinite space form R3(c) of constant
curvature ¢ and with index two. Then we have

G+ KP > |H|?+¢ (4.4)

at every point.
The equality sign of (4.4) holds at a point x € M? if and only if, with respect to some suitable orthonormal frame
{e1, ea, €3, 4}, the shape operator at x satisfies

+2y 0 0 v
A, = (H Ao, = . 45
’ ( 0 u) <v 0) (9

Similar as before, we call a space-like surface M? in R3(c) a Wintgen ideal surface if it satisfies the equality
case of (4.4) identically.

Remark 4.1. Clearly, every totally geodesic space-like surface in R3(c) is a Wintgen ideal surface. Furthermore,
it follows from (4.3) and (4.5) that every Wintgen ideal surface surface in R3(c) is a Chen surface.

4.3. Wintgen ideal surfaces in Ej satisfying |G| = |[KP|
The following classification theorem was proved in [42].

Theorem 4.2. Let M? be a Wintgen ideal surface in a neutral pseudo-Euclidean 4-space E3. Then M? satisfies
|G| = |KP| identically if and only if, up to dilations and rigid motions, M? is one of the following three types of surfaces:

(i) A space-like complex curve in C3, where C? denotes E3 endowed with some orthogonal complex structure;
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(ii) An open portion of a non-minimal surface defined by
sec’x (sin xsinhy, V2 — sin®z cosh g, sin x cosh y, /2 — sin?z sinh y) ;

(iii) An open portion of a non-minimal surface defined by

h /
% (6\/5\/\/§+(1—2tanhm)\/ 1+tanhz + y?\/V2+V/1+tanh z, 6\/5\/\/5—1—(2 tanhz—1)v1+tanhz
Y

+y2\/V2+V1+tanhz (\/icoshx\/l + tanhx — e””),
6\/5\/\/§+(1—2tanhx)\/1+tanhx —y*\/V2+V1+tanhz, 6\/5\/\/5—!-(2 tanhz—1)v1+tanhz
—y*\/V2+V1+tanhz (\/ﬁcosh v 1+tanhz — 69”)) .

4.4. Wintgen ideal surfaces in E3 satisfying KP = 2G
The following result was proved by the author and B. D. Suceavd in [52].

Theorem 4.3. For a real number c, let v with 3v* > —c be a positive solution of the following second order partial

differential equation
0 <(3fy\/c + 392 — ¢)(67 + 24/3c + 972 )\/5%>

oz 2v(c+3+2)

0 (3yv/c+ 372 — o)y et 32
Oy \27y(c+ 372) (67 + 2+/3c + 942 )V3

defined on a simply-connected domain D C R?. Then M2 = (D, g,) with the metric

(4.6)

Ve+3y2 ( 9 23 2
- dz® + (67 + 21/3¢ + 992 )2V34d ) 47

admits a non-minimal Wintgen ideal immersion 1, : M2 — Rj(c) into a complete simply-connected indefinite space
form R3(c) satisfying KP = 2G identically.

The author and Suceava [52] also proved the following result which classifies all Wintgen ideal surfaces in
Rj(c) satisfying KP = 2G.

Theorem 4.4. Let M? be a Wintgen ideal surface in a complete simply-connected indefinite space form R3(c) with
c=1,00r —1. If M? satisfies KP = 2K identically, then one of following three cases occurs:
(1) ¢ = 0and M? is a totally geodesic surface in E3;

(2) ¢c=—1and M? is a minimal surface in H3(—1) congruent to an open part of v : |H||*(—3) — H3(—1) C E

defined by
sinh(ﬁ)—ﬁ— Tl em i (B s L Bes iy (B D e
3/ 73 \87 18 ’ 34 g TRy 371 ’

(8) M? is a non-minimal surface in Rj(c) which is congruent to an open part of ¢, : M? — R3(c) associated with a
positive solution ~ of the partial differential equation (4.6) as described in Theorem 4.3.
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5. Complex curves and space-like surfaces in E}

5.1. Complex curves and space-like surfaces satisfying K = —G in E3

Lorentzian minimal surfaces in a pseudo-Euclidean space E!" was completely classified by the author in [39]
and by H. Anciux in [4] independently as follows.

Theorem 5.1. A Lorentzian surface in a pseudo-Euclidean m-space E* is minimal if and only if locally the immersion
takes the form

L(z,y) = z(x) + w(y),

where z and w are null curves satisfying (' (z), w’(y)) # 0.

For space-like minimal surface in C%, the author proved the following result in [42] which provides a very
simple link between complex curves and space-like minimal surfaces satisfying K = —G in C2.

Proposition 5.1. Let M? be an oriented space-like minimal surface in E3. Then M? is a complex curve in a Lorentzian
complex plane C? (i.e. B3 equipped with a compatible orthogonal complex structure) if and only if M? satisfies KP = —G
identically.

5.2. Space-like surfaces with constant Gauss curvature and null normal curvature

The next theorem of the author and Suceava from [52] classifies some space-like surfaces with null normal
curvature in E3.

Theorem 5.2. Let M be a space-like surface in the pseudo-Euclidean 4-space E3. If M has constant mean and Gauss
curvatures and null normal curvature, then M is congruent to an open part of one of the following six types of surfaces:

(1) A totally geodesic plane in Ej defined by (O 0,z,y);

(2) a totally umbilical hyperbolic plane H?*(—2%) C E$ C E3 given by (0, a coshu, asinh u cos v, asinhusinv), where a
is a positive number;

(3) A flat surface in E3 defined by ﬁ (cosh(v2kx), cosh(v/2ky), sinh(v2kx), sinh(v2ky)) where k is a positive
number;

(4) A flat surface in E3 defined by (0, 2 cosh(az), L sinh(ax), y), where a is a positive number;

(5) A flat surface in B3 defined by

cosh(v2z) cosh(v2y) sinh(v2z) sinh(v/2y)
V2kr T \2k(2k —7) V2kr T \2k(2k—71) )

where k and r are positive numbers satisfying 2k > r > 0;
(6) A surface of negative curvature —b* in Ej defined by

y
([17 cosh(bx) cosh(by),/ cosh(by) sinh (4 tan (tanh )) dy,
0
Y VEZ — 12
% sinh(bx) cosh(by), / cosh(by) cosh <4kbb tan™! (tanh b;)) dy) ,
0

where b and k are real numbers satisfying 0 < b < k.

6. Space-like minimal surfaces in R;(c)
6.1. Space-like minimal surfaces in Ri(c)
The following lemma follows immediately from the equation of Gauss.

Lemma 6.1. Let M? be a space-like minimal surface in R3(c). Then we have G > c. In particular, if G = ¢ holds
identically, then M is totally geodesic.
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For space-like minimal surfaces M? in Rj(c), it follows from [117, Theorem 1] that M? has constant Gauss
curvature if and only if it has constant normal curvature.

We recall the following result of M. Sasaki from [117].
Theorem 6.1. Let M? be a space-like minimal surface in R3(c). If M? has constant Gauss curvature G, then either
(1) G = cand M? is a totally geodesic surface in R3(c);
(2) ¢ < 0, G = 0 and M? is locally congruent to the minimal surface defined by % (coshu, cosh v, 0, sinh u, sinhv) , or
(3) ¢ < 0, G = ¢/3 and M? is isotropic.

Now, consider a space-like minimal surface in H3(—1) as follows. Let R? be a plane with coordinates s, t.
Consider a map B : R? — Ej} given by

B(s,t) = sinh(2—8>—ﬁ— ToBYeH e (B s Lo B (B D) e
e V3 3 8 18 ’ 3 4 2 27 3 4 ’

) , - (6.1)
sinh (j%) - % - (8 + 18>e%)
The author proved in [37] that the map B defines a full isometric parallel immersion
gt H(—3) = Hy(-1) (6:2)

of the hyperbolic plane H?(—3) of curvature —} into the pseudo-hyperbolic 4-space H3(—1).

The next result was also obtained by the author in [37].

Theorem 6.2. Let v : M? — H3(—1) be a parallel full immersion of a space-like surface M? into Hy(—1). Then M? is
minimal in H3(—1) if and only if M? is locally congruent to the surface defined by

sinh(ﬁ)—ﬁ— Tl s (B s L Ees iy (B D e
3/ 3 \8T1s) 3 1) 2T e 3 1)

.h(zs) 2 1+t4 2
smh{—=)— - —| s+ 3.
V3 3 8 18

By combining Theorem 6.1 and Theorem 6.2, we obtain the following (see [37]).

Theorem 6.3. Let M? be a non-totally geodesic space-like minimal surface in Hy(—1). If M? has constant Gauss
curvature K, then either

(1) G = 0 and M? is congruent to an open part of the surface defined by 7 (coshu, coshv, 0, sinh u, sinhv) , or

(2) G = —3 and M? is is congruent to an open part of the surface defined by
sinh(é)—ﬁ— oY e s (Bt es Lo Ben i (B4 D) es
v3/ 3 \8 718 ’ 34 IR 374 ’

s‘h(QS) t2 1+t4 2
inh(—)—- =——-(z+—= .
V3 3 \8718)°

6.2. Applications to minimal Wintgen ideal surfaces in R3(c)

)

A function f on a space-like surface M? is called logarithm-harmonic, if A(In f) = 0 holds identically on M?,
where A is the Laplacian. A function f on M? is called subharmonic if Af > 0 holds everywhere on M?2.
The author proved the following results.

Theorem 6.4. [38] Let v : M? — H3(—1) be a non-totally geodesic, minimal immersion of a space-like surface M? into
H3(—1). Then

G+KP>-1 (6.3)
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holds identically on M?.

If G + 1 is logarithm-harmonic, then the equality sign of (6.3) holds identically if and only if 1 : M? — H3(—1) is
congruent to an open portion of the immersion g : H*(—%) — H3(—1) which is induced from the map ¢ : R* — E}
defined by

6(5,1) .h(QS) 12 7+t4 2, 3t 2 1+t2%t+ t3+t
= S _ ) = — — — J— g _ = g — — g J— — 3
% MYVE) T3 8T 8 ’ 3 1) T 9 3 1)°

Sinh(ﬁ)fﬁf 1+ﬁ g
V3 3 8 18 '

Corollary 6.1. [38] Let ¢ : M? — H3(—1) be a minimal immersion of a space-like surface M? of constant Gauss
curvature into Hy (—1). Then the equality sign of (6.3) holds identically if and only if one of the following two statements
holds.

(1) G = —1,KP =0, and 1 is totally geodesic.

(2) KP = 2G = —2 and +) is congruent to an open part of the minimal surface 1y : H*(—1) — H3(—1) induced from 1)
defined by (6.4).

o
e

(6.4)

Proposition 6.1. [38] Let ¢ : M? — E3 be a minimal immersion of a space-like surface M? into the pseudo-Euclidean
4-space E3. Then

G>-KP (6.5)

holds identically on M?. Further, if M* has constant Gauss curvature, then the equality sign of (6.5) holds identically if
and only if M? is a totally geodesic surface.

Proposition 6.2. [38] Let v : M? — E3 be a minimal immersion of a space-like surface M? into E3. Then

(1) If the equality sign of (6.3) holds identically, then K is a non-logarithm-harmonic function.

(2) If M? contains no totally geodesic points and the equality sign of (6.5) holds identically on M?, then InG is a
subharmonic function.

Proposition 6.3. [38] Let ¢ : M? — S3(1) be a minimal immersion of a space-like surface M? into the neutral pseudo-
sphere S3(1). Then

G+KP>1 (6.6)

holds identically on M?. Further, if M? has constant Gauss curvature, then the equality sign of (6.6) holds identically if
and only if M? is a totally geodesic surface.

Proposition 6.4. [38] Let 1) : M? — S5(1) be a minimal immersion of a space-like surface M? into S5(1). We have
(1) If the equality sign of (6.6) holds identically, then G — 1 is non-logarithm-harmonic.
(2) If M? contains no totally geodesic points and if the equality case of (6.6) holds, then In(G — 1) is subharmonic.

7. DDVYV conjecture and theorem

7.1. DDVYV conjecture

Suppose that M" is a submanifold of a real space form R™(c). Then the normalized scalar curvature p of M™
is defined by

2
— § Rle: ee:. e 7.1
P n(n_l) — < (6L76])6]a61>7 ( )
where R is the Riemann curvature tensor of M" and {es, ..., e, } is an orthonormal frame of the tangent bundle

TM™.
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P.]J. De Smet, F. Dillen, L. Vrancken and L. Verstraelen defined the normalized normal scalar curvature p* of
M™in [61] as

2

1 2

= RL 19 €5)SryQs/ 72

0 ”(””\/ Y e 72
1<i<j<n;l<r<s<m—n

where R* is the normal connection of M", and {ey,...,e,} and {&,...,&,_,} are orthonormal frames of the

tangent and normal bundles of A", respectively.
In 1999, De Smet, Dillen, Vrancken and Verstraelen [61] formulated the following conjecture as the
(generalized) Wintgen's inequality in general case which is well-known as the DDVV conjecture.

Conjecture 1. Let ¢ : M™ — R™(c) be an isometric immersion of an Riemannian n-manifold M™ into a real space form
R™ (c) of constant curvature c. Then

p<|H[? —p"+c (7.3)
holds at each point p € M™.

For normally flat submanifolds, i.e., RP =0, the normal scalar curvature vanished. In this case, the inequality
(7.3) was proved earlier in 1996 by the author in [27]. Hence, the DDVV conjecture holds true for hypersurfaces
of real space form [27]. Further, this conjecture was also proved by De Smet et. al. for submanifolds with
codimension 2 in real space forms R""?(c) in [61].

7.2. The Solution of DDV'V conjecture by Z. Lu, |. Ge and Z. Tang

The DDVV conjecture was finally settled for general case by Z. Lu [94] and ]. Ge and Z. Tang [78]
independently. Consequently, we have the following.

Theorem 7.1. The Wintgen inequality (7.3) holds for every submanifold M™,n > 2, in any real space form R™(c) with

m > 4.
The equality case of (7.3) holds at p € M™ if and only if there exists an orthonormal basis {e1,--- , ey} of the tangent
space T,M"™ and an orthonormal basis {ny,--- ,nm_n} of the normal space T;-M", such that the shape operators

{A,,r=1,---,m — n} take the form as below:

Moo 0 - 0 Notpo O 0 - 0
Ho )\1 0 0 0 )\Q—uo 0 0
A =0 0 x 0| 4] 0 0 X o 0
SR S : : T (7.4)
0 0 0 -+ M\ 0 0 0 - X

Az = A3l,, A;=0 (s=4,...,m—n),
where I, is the identity matrix.

In the following, the inequality (7.3) is also called the Wintgen inequality and a submanifold M™ of a real space
form M™(c) is called a generalized Wintgen ideal submanifold (or simply a Wintgen ideal submanifold) if it satisfies
the equality case of the Wintgen inequality (7.3) identically.

It follows from Theorem 7.1 that, for a non-totally umbilical Wintgen ideal submanifold A", there exists a
special 2-dimensional distribution spanned by e;, e2 such that the shape operators of M™ takes the special form
(7.4). We denote this special 2-dimensional distribution by ®; so that we have

Do = Span{ey,ea}. (7.5)

8. Some properties of Wintgen ideal submanifolds

In this section, we present some general results for Wintgen ideal submanifolds in real space forms.
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8.1. Wintgen ideal submanifolds of real space forms are Chen submanifolds

The following general property of Wintgen ideal submanifold was proved by S. Decu, M. Petrovi¢-Torgasev
and L. Verstraelen in [70],

Theorem 8.1. Every Wintgen ideal submanifold of arbitrary dimension and arbitrary codimension in a real space form
is a Chen submanifold.

8.2. Ricci and Casorati principal directions of Wintgen ideal submanifolds

For a submanifold M™ in a real space form M ™(¢) of constant sectional curvature ¢, the Casorati curvature C
and the Casorati operator of M™ are defined respectively by

cz% 3 <Z(h;fj)2>, A°= 3 a2 8.1)

r=n-+1 i,j=1 r=n-+1

The eigenvectors and eigenvalues of Casorati operator A“ are called the principal Casorati directions and principal
Casorati curvatures, respectively, so that the principal Casorati curvatures C, .. .,C, satisfyC = C; + - - - + C,,.
By contraction, it follows from the equation (2.6) of Gauss that the Ricci tensor S satisfies

Ric(Y,Z) = (n—1)cg(Y,Z) + ng(A5(Y),Z) — g(A°(Y), Z). (8.2)
In terms of Casorati operator, (8.2) can be simply expressed as
S(X)=c(n—1)X +nAyX — A°(X), (8.3)
where S is the Ricci operator defined by (S(X),Y) = Ric(X,Y).

The following general property of Wintgen ideal submanifold was proved by S. Decu, M. Petrovi¢-Torgasev,
A. Sebekovi¢ and L. Verstraelen in [68].

Theorem 8.2. On every Wintgen ideal submanifold in a real space form the Casorati and the Ricci principal directions
do coincide.

Remark 8.1. S. Decu, S. Haesen and L. Verstraelen [64] introduced in 2007 the notion of §-curvature invariants.
The study of ¢-Casorati curvatures is another very active research subject during the last decade. For a
comprehensive survey on results in §-Casorati curvatures, we refer to a very recent survey article [47].

8.3. Some classification theorems for Wintgen ideal submanifolds

The following three classification results for Wintgen ideal submanifolds of codimension two were obtained
by De Smet, Dillen, Vrancken and Verstraelen in [61].

Theorem 8.3. Let ¢ : M™ — R"2(c) be an isometric immersion realizing at every point the equality in (7.3). If M™ has
constant nonzero mean curvature, then M™ is totally umbilical.

Theorem 8.4. Let ¢ : M™ — R""2(c),n > 3 be an isometric immersion realizing at every point z € M™ the equality in
(7.3). If p™ is a nonzero constant, then ¢ is minimal.

Theorem 8.5. Let ¢ : M"™ — R"2(c),n > 3 and ¢ € {—1,0,1}, be an immersion realizing at every point the equality
in (7.3). If M™ has constant nonzero normal curvature, then n = 3,c =1 and ¢ is (locally) congruent to the lift of
the holomorphic curve of constant curvature 2 in a complex projective plane C'P?(4) of constant holomorphic sectional
curvature 4 with Hopf’s fibrations (see [114] or [40]).

For Wintgen ideal submanifolds of codimension > 3, Z. Xie [139] obtained the following results.
Theorem 8.6. Let ¢ : M™ — R™(c) be a Wintgen ideal submanifold with n > 3 and m > n + 3. If the mean curvature
of M™ is constant, then locally
(1) ¢ is a totally umbilical submanifold, or
(2) ¢ is a minimal Wintgen ideal submanifold of R™ (c), or
(3) ¢ lies in an umbilical hypersurface of R™ (c) as a minimal Wintgen ideal submanifold.
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Theorem 8.7. Suppose ¢ : M™ — R™ (c) is a Wintgen ideal submanifold with n > 3 and m > n + 2. If the normal scalar
curvature p* is constant, then locally

(1) ¢ is a totally umbilical submanifold; or

(2) ¢ is Mobius equivalent to a cone, cylinder, or rotational submanifold generated by a super-minimal surface in low
dimensional space form; or

(3) n = 3 and ¢ is a minimal Wintgen ideal submanifold of dimension three in R™ (c) with ¢ > 0; or

(4)n = 3and ¢ lies in an umbilical hypersurface R™~*(¢) of R™(c) as a minimal Wintgen ideal submanifold of dimension
three with ¢ > 0.

Theorem 8.8. Let ¢ : M™ — R™(c) be a Wintgen ideal submanifold with n > 3 and m > n + 2. If the scalar curvature
p is constant, then locally

(1) ¢ is a totally umbilical submanifold; or

(2) ¢ is Mobius equivalent to a cone, cylinder, or rotational submanifold generated by a super-minimal surface in low
dimensional space form; or

(3) n = 3 and ¢ is a minimal Wintgen ideal submanifold in R™ (c) with ¢ > 0, or
(4) n = 3 and ¢ lies in an umbilical hypersurface R™~(¢) of R™(c) as a minimal Wintgen ideal submanifold with & > 0.

Remark 8.2. For more results of Wintgen ideal submanifolds in Mbius geometry, see §14.

9. Wintgen ideal submanifolds in Kaehler manifolds

Let M™(4c) be a complex space form of constant holomorphic sectional curvature 4c. Then the Riemannian
curvature tensor field R takes the following expression:

R(X,Y, Z,W) =c{g(X, Z)g(Y,W) — g(X,W)g(Y, Z) + g(J X, Z)g(JY, W)
—g9(JX,W)g(JY, Z) +29(J X, Y )g(JZ, W)},

for vector fields X, Y, Z, W tangent to Mm™ (4c), where J denotes the almost complex structure on M ™(4¢).
According to the behavior of the tangent spaces under the action of J, we distinguish three fundamental
classes of submanifolds in a complex space form.
(a) A submanifold M" is said to be a complex submanifold if J(T, M™) = T, M", at any point x € M™ (cf. [106]).
(b) A submanifold M™ is called totally real if J(T, M™) C T M", at any point z € M". In particular,
a totally real submanifold of maximum dimension (n = m) is called Lagrangian (see [40, 51]).

(c) A submanifold M™ of a complex space form M™(4¢) is calledslant if for any point z € M" and any nonzero
vector X € T, M", the angle between JX and T, M" is a constant 6 (see [23, 24]).

9.1. Normal scalar curvature for complex submanifolds

For a complex submanifold M" in a complex space form M™(c), let 7 and 71 denote the (non-normalized)
scalar curvature and (non-normalized) normal scalar curvature of M" so that
_n(n—2) 1 nn—-2)
2 7 2 '
In [71], E. Dillen, J. Fastenakels, J. Van der Veken proved the following inequalities for complex submanifolds
in the complex space forms.

Theorem 9.1. Let M*" be an invariant submanifold of a complex space form M™(c). Then we have
[@)] 4n(m1)2 > [n(n + 2)c — 27]% + n?(m — n — 1)c? holds, with equality holding identically if and only if M?" is an
Einstein manifold, and
[(i))] 4(1)% < [(n? +n+1)c—27]% + (mn — n? — 1)c? holds, with equality holding identically if and only if the
complex rank of A = Y2 A2 is at most 1.

Theorem 9.1 implies the following.

Corollary 9.1. For an invariant submanifold M™ of a complex Euclidean m-space C™, we have p < —p*.
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9.2. Wintgen inequality for totally and Lagrangian submanifolds

I. Mihai shown in [103] that Theorem 7.1 holds true for totally real submanifolds in a complex space form
of constant holomorphic sectional curvature 4¢c. On the other hand, for Lagrangian submanifolds in complex
space forms, I. Mihai proved the following inequality.

Theorem 9.2. [101] Let M™ be a Lagrangian submanifold of a complex space form M™(4c). Then we have

4 2¢?
12 2 _ 2, F . )
(P < (HI? = p e + ey (o= et ooy CE)
The equality case holds identically if and only if, with respect to suitable orthonormal frames {ei,...,e,} and

{&, ..., &m—n}, the shape operators of M™ in M™ (4c) take the forms

M o 0 o0 Xodp 0 0 - 0
g A 0 - 0 0 A—p 0 - 0

Ao = [0 0 A 0] 4 =] O 0 X o 0
0 0 0 - X\ 0 0 0 - A

A£3 = )\31"’” AE == A£2'm7n = 07

where X1, X2, A3 and p are real functions on M™.
Theorem 9.2 implies the following.
Corollary 9.2. [101] Any Wintgen ideal Lagrangian submanifold of a complex space form is a Chen submanifold.

Remark 9.1. Let f:M? — S° be a minimal isometric Legendrian immersion of a surface M? in the 5-
dimensional sphere S° and define

z: (0, g) Xeost M? Xgint S"7% — S2" L (t,p,q) — (cost) f(p) + (sint)g.

Then its image under the Hopf fibration 7 : $?"*! — P"(C) satisfies the equality case of (9.1) in Theorem 2.3
because their shape operators have the desired forms (see [48]).

Remark 9.2. We have:
(a) The inequality (9.1) in Theorem 9.2 with n = 3 was established by A. Mihai [98].
(b) The inequality in Corollary 9.2 with n = 3,4 was given by Dillen, Fastenakels and Van der Veken in [72].

9.3. Wintgen inequality for slant and CR-submanifolds
The following Wintgen type inequality for slant submanifolds was obtained by I. Mihai.

Theorem 9.3. [101] Let M™ be an n-dimensional 6-slant submanifold of a complex space form M™ (4¢). Then we have

|H|?>>p+pt —c— cos? 6.

n—

The next corollary from [101] follows immediately from Theorem 9.3.

Corollary 9.3. Let M™ be an n-dimensional 0-slant submanifold of C™. Then
IH[” > p+p-.

A submanifold M™ of a Kaehler manifold (M/ ™. g,J) is called a C' R-submanifold if there exist a holomorphic
distribution D and a totally real distribution D+ on M™ such that TM™ = D & D+, where TM™ denotes the
tangent bundle of A/™. The notion of C'R-submanifolds was introduced by A. Bejancu (cf. [13]).

For CR-submanifolds of a complex space form M™(4¢), A. Mihai and I. Mihai proved the following result in
[99].
Theorem 9.4. Let M™ be an n-dimensional CR-submanifold of a complex space form M™(4c). Then

6ac

H|?> L ——/
IH|"=p+p" —c w1’

where oo = rankg (D).
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9.4. Bi-slant submanifolds in locally conformal Kaehler space forms

A locally conformally Kaehler manifold (M, J, g) (or simply an LC K-manifold) is a Hermitian manifold (M, J, g)

which is locally conformal to a Kaehler manifold. Equivalently, there exists an open cover {U; };c; of M and a
family {f;}icr of real-valued differentiable functions f; : U; — R such that ¢, = e~fig|y, is a Kaehlerian metric
on U;, i.e., V*J = 0, where J is the almost complex structure, ¢ is the Hermitian metric, and V* is the covariant
differentiation with respect to g (see, e.g., [73]).

A typical example of a compact LC K-manifold is a Hopf manifold which is diffeomorphic to S* x $?"~* and
it admits no Kaehler structure (see [132]).

A locally conformal Kaehler manifold with constant holomorphic sectional curvature c is called a locally

conformal Kaehler space form and it is denoted by N (c). The curvature tensor R of a locally conformal Kaehler
space form of constant holomorphic sectional curvature c is given (see, e.g., [88, 97])

R(X,Y: Z,W) = L {g(X, W)g(Y. 2) - g(X. 2)g(Y, W)}
+ {{9IX W)g(IY. 2) — g(JX, 2)g(IY. W) ~ 29(JX.Y)g(JZ, W)} ©2)

- %{Q(Y, Z)P(X,W) — g(X,Z)P(Y,W) + g(X,W)P(Y, Z) — g(Y,W)P(X, Z)},

where P is a hybrid tensor field on N(c), ie., a (0,2)-tensor field satisfies
PJX,Y)+ P(X,JY)=0

for any vector fields X, Y tangent to M.

Remark 9.3. Compact locally conformal Kaehler space forms of zero curvature were classified by I. Vaisman in
[132] (see also [73, Theorem 6.8]).

A submanifold M™ of an almost Hermitian manifold M™ is called bi-slant if there exist two orthogonal
distributions Dy and D, such that the following three conditions are satisfied (see [21]):

(i) TM™ admits the orthogonal direct decomposition i.e., TM™ = Dy & Ds.
(11) JDl 1 DQ and JD2 L Dl
(iii) Dy and D, are the slant distribution with slant angle 6, and 6., respectively.

Remark 9.4. A bi-slant submanifold is a CR-submanifold (resp., semi-slant; hemi-slant; or slant submanifold) if
we have 0, = 0,0, = T (resp., 6 = 0,0 <0y < 3;61 = 5,0 <0 < 3; 0r D; = {0} and D, # {0}).

For bi-slant submanifolds in locally conformal Kaehler space forms, M. Aquib, M. S. Lone and M. A. Lone
obtained the following result in [5].

Theorem 9.5. Let M™ be an n-dimensional bi-slant submanifold of a locally conformal Kaehler space form N™ (c). Then

H 3 5 c
L < HI? = (p—c) — AL C , ,
prsIHIE=(p=e) n— ltrace( )+ n(n— 1) (d1 cos® 01 + dy cos® 03) o5
’ p 9.3
T on(n—1) > geie;)P(Jeies),
1<i<i<n

where d; = %rank(Di) (t=1,2)and {es, ..., ey} is an orthonormal frame of TM".

10. Wintgen ideal submanifolds in Sasakian space forms

10.1. Almost contact metric manifold and Sasakian space forms

A Riemannian (2n + 1)-manifold (M%H, g) is called an almost contact metric manifold (see [14]) if there exist
a (1, 1) tensor field ¢, a vector field £ (called the structure vector field), and a 1-form 7 on M such that

nE€) =1, ¢’ (X)=-X+n(X)§, p£=0, nop=0,
g(PX,9Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,$)
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for vector fields X, Y tangent to M°"". An almost contact metric manifold (M%H, »,&,1,9g)is called a Sasakian
manifold if it satisfies

(Vxp)Y = g(X,Y)§ —n(Y)X.
A Sasakian manifold is called Sasakian space form if it has constant y-sectional curvature. The curvature tensor
R of a Sasakian space form of constant T (¢) constant ¢-sectional curvature c is given by

c+3

R(X,Y)Z = {9V, 2)X —g(X,2)Y } + —{g (X, 02)pY — g(Y,0Z)pX +29(X, oY )pZ}

c—l

(X n(2)Y —n(Y)(2)X + g(X, Z)n(YV)E — g(Y, Z)n(X)E}

for X,Y, Z tangent to M?"+1.

. 2 :
Sasakian space forms M n“(c) can be modeled based on ¢ > —3, ¢ = —3 or ¢ < —3. For instance, R*"*! has
constant (p-sectional curvature —3, while S?"*1(1) is of constant ¢-sectional curvature one.

10.2. Invariant submanifolds in Sasakian space forms

A (2n + 1)-dimensional submanifold M2"+! of a (2m + 1)-dimensional Sasakian manifold (37-""", ¢, £, 7, g)
is called invariant if the structure vector field ¢ is tangent to M?"*! and (T, M?*"*!) C T,M*"*! for any
xr € M* 1 Tt is well-known that every invariant submanifold of a Sasakian manifold with the induced
structure tensors is again a Sasakian manifold.

Analogous to Theorem 9.1, E. Dillen, J. Fastenakels and J. Van der Veken proved the following inequalities
for invariant submanifolds in Sasakian space forms.

Theorem 10.1. [71] Let M?"*! be an invariant submanifold of a Sasakian space form MQmH(c) of constant -
holomorphic sectional curvature c. Then

(i) 4n(7)? > (n(n + 2)c + 3n% — 27)2 + n%(m — n — 1)(c — 1)? holds, with equality holding identically if and only if
M?" is n-Einstein, and

() 4(rH)2 <2 +n+1)c+ (3n2 +n —1) — 27)> + (mn — n? — 1)(c — 1)? holds, with equality holding identically if
and only if the complex rank of A = 32" A2 is at most 2.

Theorem 10.1 implies the following.

Corollary 10.1. For an invariant submanifold M*"+1 of S*™m+1(1), we have p < 1 — p=*.

10.3. C-totally real, Legendrian and slant submanifolds in Sasakian space forms

An n-dimensional submanifold M™ of a almost contact metric manifold (1\7 I+l p € m,g) is called C-
totally real if the structure vector field ¢ is normal to M™. It follows that ¢(T,, M™) C T;-M™ for C-totally real
submanifolds. A C-totally real submanifold is called Legendrian if n = m. Thus, a Legendrian submanifold is a
C-totally real submanifold with the smallest possible codimension.

For C-totally real submanifolds, I. Mihai [104] proved the following.

Proposition 10.1. Let M" be an n-dimensional C-totally real submanifold of a (2m + 1)-dimensional Sasakian space

form " (¢). Then we have

c+3
IH|? + == > p+ px- (10.1)

The equality case of (10.1) holds identically if and only if, with respect to suitable orthonormal frames {e1, ..., e,} and
{&, ..., &amoni1} With Eom—ni1 = &, the shape operators of M™ in MQmH(c) take the forms of (7.4).

For Legendrian submanifolds, Mihai [104] proved the following Wintgen type inequality.

Theorem 10.2. Let M™ be a Legendrian submanifold of a Sasakian space form art (c). Then

(ph)? < <||H2—p—|— T’)Z n(n‘l_ - <p_ c::’)) . 011 + 8(75(;?;.
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The following are some easy consequences of Proposition 10.1 and Theorem 10.2.
Corollary 10.2. Let M™ be a minimal Legendrian submanifold of S*"+1(1). Then p < 1 — p*.
Corollary 10.3. Any Wintgen ideal Legendrian submanifold of a Sasakian space form is a Chen submanifold.

Recall that a submanifold M tangent to £ of a Sasakian space form MzmH(C) is said to be a contact slant
submanifold if for any p € M™ and X € T,M" linearly independent on ¢, the angle between ¢ X and 7,M™ is
a constant 6, called the slant angle of M™.

For slant submanifolds, Mihai [104] proved the following.

Theorem 10.3. Let M" be an n-dimensional contact 0-slant submanifold of a (2m + 1)-dimensional Sasakian space form

e (c). Then

c+3  (3cos?f—2)(c—1)

< |H|? )
pt oy SIHIP+ 2+ -

In particular, Theorem 10.3 implies the following.

Corollary 10.4. Let M™ be an n-dimensional contact slant submanifold of S*™+1(1). Then p + p*+ < | H||? + 1.

Remark 10.1. A Lorentzian manifold M™ together with a unit time-like concircular vector field ¢, its associated
1-form n and a (1, 1)-tensor field ¢ is called a Lorentzian concircular structure manifold (or simply a LCS-manifold).
A. N. Siddiqui and K. Ahmad derived in [124] a Wintgen type inequality for totally real submanifolds and
C-totally real submanifolds in LCS-manifolds with respect to the Levi-Civita connection as well as quarter
symmetric metric connection.

10.4. C-totally real, Legendrian and bi-slant submanifolds in Kenmotsu space forms

2m—+

An almost contact metric manifold (M 1, v, &, 1, 9) is called a Kenmotsu manifold if it satisfies

(Vxp)Y = g(pX,Y){ —n(Y)pX,

where V is the Levi-Civita connection of M/>"!. Any Kenmotsu manifold can be obtained locally as follows
(see [77, Proposition 3.2]): Let (Mo, go,.J) be an almost Hermitian manifold. Put M = M, x R, g = e*go +

dt?, &€= 2 and define p by pX = JX for X tangent to M and ¢ = 0. Then we have

(1) The triple (g, ¢, £) is an almost contact metric structure on M.
(2) (Mo, go, J) is a Kaehler manifold if and only if (g, ¢, £) is a Kenmotsu structure on M.

For C-totally real submanifolds in Kenmotsu space forms, M. Aquib and M. H. Shahid proved the following
results in [6].

Proposition 10.2. Let M" be an n-dimensional C-totally real submanifold of a (2m + 1)-dimensional Kenmotsu space

form M2™+1(¢). Then we have

c—3 n c+1
4 2n

The equality case holds identically if and only if, with respect to suitable orthonormal frames {es,...,e,} and

{€ns1s- .- €ams eamsr = £}, the shape operators of M™ in M2™+1(c) take the forms of (7.4).

p+pn < |H|?+

For Legendrian submanifolds, Aquib and Shahid [6] proved the following.
Theorem 10.4. Let M™ be a Legendrian submanifold of a Kenmotsu space form M2"+1(c). Then

2 2
-3 c+1 2 c+1
e gz (,-¢
R L e R R i G )
c+1 c—3 c+1
e GOl o i

A submanifold M™ of an almost contact metric manifold is said to be a bi-slant submanifold, if there exist
two orthogonal distributions D; and D,, such that (1) TM"™ admits the orthogonal direct decomposition
TM™ =D, & Dy & Span{{} and (2) D, and D, are slant distributions with slant angle ¢, and 6, respectively.
We put d; = Srank(D;),i = 1,2.

For bi—slani submanifolds, Aquib and Shahid [6] proved the following.
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Theorem 10.5. Let M™ be a bi-slant submanifold of a Kenmotsu space form M?"+1(c). Then

c—3 c+1 3(c+1
(pl)2§||H||2—(p— 1 >— o +2n((ni)(d1c0591 + dg cos 03).

In particular, Theorem 10.5 implies the following.

Corollary 10.5. Let M™ be an invariant submanifold of of a Kenmotsu space form M?"+1(c). Then

-3 c+1  3(c+1)
L HI2=(p-E - .
p < |H| P=— on F A1)

Corollary 10.6. Let M™ be an anti-invariant submanifold of of a Kenmotsu space form M2"+1(¢). Then

-3 c+1
Lam)z=(p-¢ - .
p < || H] P= 5

Corollary 10.7. Let M™ be a 6-slant submanifold of of a Kenmotsu space form M?7+1(c). Then

-3 c+1  3(c+1)
SV { - - 0.
- < A (p 4 o In(n—1) "

Corollary 10.8. Let M™ be a CR-submanifold of of a Kenmotsu space form M2"+1(c). Then

-3 c+1  3(c+1)
LamPE—(p=¢ _
e <p 4 a1 n

10.5. Legendrian submanifolds in generalized Sasakian-space-forms

The notion of a generalized Sasakian space form was introduced by P. Alegre, D. E. Blair and A. Carriazo
in [1] as follows. A (2m + 1)-dimensional manifold ! equipped with an almost contact metric structure
(p,€,m, g) is called a generalized Sasakian space form if there exist three functions fi, fa, f3 on M- such that
the Riemann curvature tensor R of 1" satisfies

R(X,Y)Z = fi{9(Y. 2)X — g(X, 2)Y } + f2{9(X, 0Z)pY —g(Y, @Z)sz+29(X, oY )pZ}
+ fs{n(X(2)Y = n(Y)In(Z2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)¢

—2mn+1 —2m+1

We denote such a manifold by M (f1, f2, f3) The generahzed Sasakian space form M
Sasakian space form if f; = °+3 and fo = f3
generalized Sasakian space form with f; =

(f17f2af3) iS a

f _('+1

Besides the Levi-Civita connection, S. Gol@b introduced the notion of quarter symmetric connections in [81].
The Schouten—van Kampen connection was introduced in [118] for the study of non-holomorphic manifolds.
The Tanaka-Webster connection is the canonical affine connection defined on a non-degenerate pseudo-
Hermitian CR-manifold (see [129]). S. Tanno defined in [130] the Tanaka—Webster connection on contact metric
manifolds.

In [86], S. K. Hui, R. S. Lemence and P. Mandal proved some Wintgen type inequalities for C-totally real

and Legendrian submanifolds of M 2mﬂ( f1, f2, f3) with respect to quarter symmetric metric connection, the

Schouten-van Kampen connection, and the Tanaka-Webster connection, respectively.

11. Wintgen ideal submanifolds in quaternionic space forms

11.1. Quaternionic Kaehler manifold and quaternionic space forms

A quaternionic Kaehler manifold is a Riemannian 4m-manifold whose Riemannian holonomy group is
a subgroup of Sp(m) - Sp(1). An almost quaternionic Hermitian manifold (]/\([\ ,§,%) is a Riemannian manifold
equipped with a rank 3-subbundle ¥ of End(T'M) with local basis {.J1, J», J3} satisfying

G X, JY) = §(X)Y), J2=—I, Jodopr=—Jas1Ja=Jaye, X,Y €TM,

[e3
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forall a € {1, 2,3}, where I is the identity transformation on T M and the indices are taken from {1,2,3} modulo

3. Moreover, if the bundle ¥ is parallel with respect to the Levi-Civita connection of §, then (M, §, ) is said to
be a quaternionic Kaehler manifold (see [87]).

Let X be a nonzero vector tangent to a quaternionic Kaehler manifold (]\//T ,§.X). Then the 4-plane Q(X)
spanned by {X, J1 X, Jo X, J3X}, is called a quaternionic 4-plane. Any 2-plane in Q(X) is called a quaternionic
plane. The sectional curvature of a quaternionic plane is called a quaternionic sectional curvature. A quaternionic
Kaehler manifold is called a quaternionic space form if its quaternionic sectional curvatures are equal to a

constant. We denote by M(c)a quaternionic space form of constant quaternionic sectional curvature c.

It is well known that the curvature tensor R of a quaternionic space form M (c) of constant quaternionic
sectional curvature c satisfies

3
R(X,Y)Z = I(ZY)X = §(X.2)Y + 3 [§(Z. JaY VaX = §(Z, JaX) Y +25(X, JaY ) JaZ]}.
a=1

Let M™ be a submanifold of a quaternionic Kaehler manifold /%™ of real dimension 4m. For any vector
X eT,M", weput

JoX =P, X +F,X, P, XecT,M, F,XecT+M"

The squared norm of P, is

n
”Pa”2 = Z g<Paei7€j)2v
ij=1

where {ey,...,e,} is an orthonormal basis of T, M™.

11.2. Lagrangian and slant submanifolds in quaternionic space forms

A submanifold M™ of a quaternionic Kaehler manifold M*m of real dimension 4m is called a 6-slant or simply
a slant submanifold if for each nonzero vector X € T, M", the angle 6(X) between J,(X) and T, M", a € {1, 2,3},
is a global constant, so that it is independent of the choice of p € M™ and of X € T, M™. A slant submanifold
of a quaternionic Kaehler manifold is called proper (or proper 6-slant) if 0 < 6 < 7. A 6-slant submanifold of a
quaternionic Kaehler manifold is called totally real if § = 7. And an n-dimensional totally real submanifold /™
of a quaternionic Kaehler manifold M*™ is said to be a Lagrangian submanifold if n = m.

For Lagrangian submanifolds of a quaternionic space form M 4m(c), G. Macsim and V. Ghisoiu proved the
following inequality in [96].

Theorem 11.1. Let M™ be a Lagrangian submanifold of a quaternionic space form MAm(c) of constant quaternionic
sectional curvature c. Then

4
n(n—1) nin —1

(P2 < (IHI? = p+e) + elp = o)

For slant submanifolds of M4m(c), Macsim and Ghisoiu [96] obtained the following.

Theorem 11.2. Let M™ be a 6-slant submanifold of a quaternionic space form M*m(c). Then

9¢
cos? .
n—1

|H|]> > p+p" —c—

11.3. Wintgen ideal inequality for quaternionic CR-submanifolds

M. Barros, B.-Y. Chen and F. Urbano defined the notion of quaternionic CR-submanifolds of quaternionic
Kaehler manifolds in [12] as a generalization of both quaternionic and totally real submanifolds. According to
[12], a submanifold M™ of a quaternionic Kaehler manifold (]\/4\ ,§,%) is said to be a quaternionic CR-submanifold
if there exists two orthogonal complementary distributions D and D+ on M™ such that D is invariant under
quaternionic structure and D+ is totally real. It is obvious that a quaternionic CR-submanifold of a quaternionic
Kaehler manifold reduces to a quaternionic submanifold (resp., to a totally real submanifold) if dim Dy = 0,
x € M™ (resp., dimD, =0,z € M).
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A quaternionic CR-submanifold M™ is called proper if it is neither a quaternionic submanifold nor a totally
real submanifold. In general, if M" is a quaternionic CR-submanifold of a quaternionic Kaehler manifold
(]\7 ,9,%), then it is clear that the real dimension of D, is divisible by 4. Let us put rankgD = p and rankg D+ = ¢.

For quaternionic CR-submanifolds, H. Alodan, B.-Y. Chen, S. Deshmukh, G.-E. Vilcu proved the following
Wintgen'’s type inequality in [2].

Theorem 11.3. Let M™ be a quaternionic CR-submanifold of a quaternionic space form M*m(c) of constant quaternionic
sectional curvature c. Then 9
Nl €y 9P
p<|H|"=p it a1
where p = ranky (D).
Moreover, the equality sign holds in the above inequality at some point x € M™ if and only if there exists an orthonormal
basis {e1, ..., en} of To M™ and an orthonormal basis {1, . . ., Eam—n} of T;- M™ such that the shape operators A, = Ag,,
r=1,...,4m — n, take the forms of (7.4).

The following three corollaries are immediate consequence of Theorem 11.3.

Corollary 11.1. Let M™ be a quaternionic CR-submanifold of the quaternionic Euclidean space H'™. Then
IH|[* > p+ p

Corollary 11.2. Let M™ be a quaternionic CR-submanifold of the quaternionic projective space HLP™(4) of constant
quaternionic sectional curvature 4. Then

36p

H|? > R [
[H["=p+p n 1)’

where p = ranky D.

Corollary 11.3. Let M™ be a quaternionic CR-submanifold of the quaternionic hyperbolic space HLH™ (—4) of constant
quaternionic sectional curvature -4. Then

36
||H||22p+pl+1+7f) ,
n(n—1)

where p = ranky D.

For quaternionic CR-submanifolds of a quaternionic space form with minimal codimension, the following
result was also obtained in [2].

Theorem 11.4. Let M™ be a quaternionic CR-submanifold of a quaternionic space form M*™(c) with minimal
codimension. If the dimension of M™ is n = 4p + q, where p = ranky D and q = rankg D=, then the following inequality

holds true: )

182 9 c Ipc 3q(q —1)c? cq(qg—1) ( c)
<IIH|? = p+ S _°
(7)< |11 ij4+n(n—1) 8n2(n—1)2 ' p2(n—12 \"'P" " 4)>
where pp1 denotes the normalized scalar curvature of the totally real distribution D+.
Moreover, the equality sign holds in the above inequality at some point x € M™ if and only if there exists an orthonormal
basis {e1, ..., e} of T M™ and an orthonormal basis {&1,...,&sn} of T:-M™ such that the shape operators A, = A¢_,

r=1,...,3q, take the forms of (7.4).

Theorem 11.4 implies immediately the following.
Corollary 11.4. Let M™ be a quaternionic CR-submanifold of the quaternionic Euclidean space H™. Then
p- = I H* = o).

12. Wintgen ideal submanifolds in golden Riemannian space forms

A tensor field F of type (1, 1) on a Riemannian manifold (1\7 , §) is called an almost product structure if it satisfies

F? = I. A Riemannian manifold (]\7 , §) endowed with an almost product structure F is called an almost product
Riemannian manifold if it satisfies g(FX,Y) = (X, FY).
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12.1. Locally Golden product space forms
Let (]Téf , §) be a Riemannian m-manifold. A (1, 1)-tensor field ¢ on M is called a golden structure if it satisfies
6~ —T=0. (12.1)
If the metric g and a golden structure ¢ on M are compatible, i.e.,
9(6X,Y) = §(X, ¢Y)

for any X,Y € TM, then (M .G, ¢) is called a golden Riemannian manifold [58]. The real positive root ¢ of the
equation 22 —  — 1 = 0, i.e., ¥ = 155, is called the golden proportion.
Let M™ be a submanifold of a golden Riemannian manifold (M, g, ¢). For any X € TM"™ we put

X = PX + QX, (12.2)

where PX and QX denotes the tangent and normal components of ¢.X.
It was proved by M. Crasmareanu and C. Hretcanu in [58] that an almost product structure F on a

Riemannian manifold (]\7 ,§) induces a Golden structure ¢ given by ¢ = %(I + V/5F). Conversely, any golden
structure ¢ on M induces an almost product structure F = %(Qqé — I). Consequently, every locally product
MP(cp) x M(cy) of two real space forms M?(c,) and M9(c,) of constant sectional curvature ¢, and ¢, is a
golden Riemannian manifold, which is called a locally product golden space form.

The Riemannian curvature tensor R of a locally product golden space form M?(c,) x M%(c,) is derived by
N. O Poyraz and E. Yasar [113] as follows:

R(X,Y)Z = <W> {9V, 2)X = g(X, 2)Y + g(Y, 2)X — g(¢X, Z)dY'}

1—
- <(¢’E”+m) {9(0Y. 2)X — g(6X. 2)Y +g(Y, 2)6X — g(X, Z)oY),
where ¢ = HT\/?) is the golden proportion.

12.2. C-totally real submanifolds of a locally Golden product space form

A submanifold M™ of a Golden Riemannian manifold (M .G, ¢) is called a C-totally real submanifold if ¢ maps
each tangent space of M" into the correspondent normal space, i.e., (T, M™) C T;-M™ for x € M™.

The following result on C-totally real submanifolds of a golden product space form is obtained by M. A.
Choudhary, O. Bahadir and H. Alsulami in [57].

Theorem 12.1. Let M™ be an n-dimensional C-totally real submanifold of a locally product golden space form
M™ = (MP(cp) x M (cy), g, ¢). Then

ot < | —2p -2 (W) | (123)

where 1) = HT\/E is the golden proportion.

Moreover, the equality holds in (12.3) if and only if there exists an orthonormal frame {e1, ..., en, &1, ..., Emen} SUcCh
that with respect to this frame the shape operators take the form of (7.4).

12.3. Slant and invariant submanifolds of a locally Golden product space form

A submanifold M" of a golden Riemannian manifold (]\7 ,§,¢) is called a slant submanifold if, for each
0#X e T,M",z € M", the angle 6(X) between ¢X and T, M" is constant, that is, #(X) is independent of
the choice of x € M™ and of X € T,, M". If the slant angle # of a slant submanifold M" satisfies # = 0 (resp.,
0 = %), then M™ is called ¢-invariant (resp., ¢p-anti-invariant). A slant submanifold which is neither invariant
nor anti-invariant is called proper slant.

For proper slant submanifolds of a golden product space form, Choudhary, Bahadir and Alsulami proved
the following result in [57].
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Theorem 12.2. Let M™ be an n-dimensional proper -slant submanifold of a locally product golden space form
M™ = (MP(cp) x M%(cy),d,¢). Then

N (1 —=)e, — e trace? ¢
p §||H2—20—2<2\/”5 q>{1+n(n_1)}

+2(cos? 6) <<1 —w;;% - wcq> {nll + Tf(nff)} _ (<1 — v +wcq> ~trace 6.

For invariant submanifolds of a golden product space form, Choudhary, Bahadir and Alsulami [57] proved
the following.

Theorem 12.3. Let M™ be an n-dimensional invariant submanifold of a locally product golden space form M™ =
(MP(cp) x M(cq), g, ). Then

9 o (A=) - ¢cq> { trace?¢ }
Pt AP - 2p -2 (B2 b0 ) [y g e,

+2<(1—w)cp—wcq>{ 1 +traceP}_<(1—¢)cp+wcq> 4 irace .

2v/5 n—1 n(n-1) 4

13. Wintgen ideal submanifolds for statistical submanifolds

The notion of statistical manifolds was introduced by S. Amari [3] in 1985, which provided a setting for
the field of information geometry and it also associates a dual connection (known as conjugate connection).
The nice applications of statistical manifolds in applied science and engineering have attracted the attention
of many geometers. The theory of statistical model as statistical manifold is a fast growing research subject in
differential geometry. Many articles have been published in the setting of statistical manifold in recent years.

13.1. Statistical manifolds

Let (M ,§) be a Riemannian manifold with Levi-Civita connection V°. For a torsion-free affine connection V
on (M, g), let V* be the torsion-free connection defined by

Z§(X,Y)=g(VzX,Y) +§(X,V3Y), (13.1)

which is called the dual connection of V with respect to g. It is easily shown that (V*)* = V. The Riemannian
manifold (M, 9) equipped with a such pair of torsion-free affine connections V, V* is called a statistical manifold.

And the pair (V, §) is called a statistical structure on M. If (V (V,§) is a statistical structure on M, then (V*,§) is
also a statistical structure.
For the statistical manifold, we have

V+V* =2V, (13.2)

In particular, (M, V,§) is called a trivial statistical manifold whenever V = V*.
A statistical structure (V, §) is said to be of constant curvature c if

RY(X,Y)Z = {§(V, X)X — §(X, Z)Y} (13.3)

holds, where RV denotes the curvature tensor associated with V. A statistical structure (V,§) of constant
curvature 0 is called a Hessian structure (cf. e.g., [50, 76]).

Since the curvature tensor &Y and RV of the dual connections V and V* on M satisfy
9(RY (X.Y)Z,W) = ~4(Z, R¥ (X, V)W),

it follows that if (V, §) is a statistical structure of constant curvature ¢, then (V*, §) is also a statistical structure
of constant curvature c. In particular, if (V, §) is Hessian, then (V*, §) is also Hessian (see [123]).
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13.2. Statistical submanifolds in statistical manifolds

Let M" be an n-dimensional submanifold of a statistical m-manifold (]\7 ™. g), then (M™, g) is also a statistical
manifold with the induced connection V and the induced metric g. The fundamental equations for statistical
submanifolds have been derived by P. W. Vos [133] in 1989 as follows. For tangent vector fields X, Y of M" the
Gauss formulas are

VxY =VxY +h(X,Y), ViV =V5iY +h*(X,Y),
where h, h* are symmetric and bilinear, called the second fundamental forms (see [10]) or the imbedding curvature
tensors (see [65]). We put
1
h? = (At 1),
Since h and h* are bilinear, there exist linear transformations A¢ and A; on TM", known as the shaper
operators, defined by

g(A§X7 Y) = g(h(Xv Y)v f)v g(AZXv Y) = f](h*(X, Y)7 f)v
for any normal vector field £ of M". Further, the corresponding Weingarten formulas of M™ are given by
Vx€=—AX + V%€, Vié=-AX+ V¥

Let {e1,...,e,} and {1, ..., &m—n} be orthonormal tangent and normal frames on M™, respectively. Then the
corresponding mean curvature vector fields H and H* are given respectively by

H:%Zh(em iz<zh>&"’ i Zh*em :% (Zh;—")fr,

i=1 = r=1 \i=1
for1 <i,j <nand 1 <7 <m—n,wherehj; = g(h(e;,e;),§) and b = g(h*(es, €5), &)

Let R and R be the curvature tensor of V and V, respectively. Then the corresponding Gauss, Codazzi and
Ricci equations are given respectively by [133]

JR(X,Y)Z,W) = g(R(X,Y)Z,W) + §(h(X, Z), h* (Y, W)) — G(h*(X, W), h(Y, Z)), (13.4)
(R(X.Y)Z)* = VXh(Y,Z) = hW(VxY, Z) — h(Y,VxZ) — {Vyh(X,Z) = l(Vy X, Z) — h(X,VyZ)},  (135)
JRHX,Y)En) = §RIX,Y)E ) + g([AF, AyX,Y), (13.6)

for any X,Y, Z, W tangent to M" and £, n normal to M", where R is the Riemannian curvature tensor on the
normal bundle T+-M". N
Similarly, let R* and R* denote respectively the curvature tensor fields with respect to V* and V*. We can

obtain the duals of all equations (13.4)-(13.6) with respect to V* and V*. Also,

1 ~ ~ 1
§=Z(R+FR) and §=(R+R")

are respectively the curvature tensor fields of M™ and M™. Thus, the sectional curvature KV-V" on M™ of M™
is defined by [107, 108]

KYY(XAY)=g(S(X,Y)Y.X) = *{9( (X, Y)Y, X) + g(R*(X, T)Y, X)}

for any orthonormal vectors X,Y € T, M™, z € M".
Let {e1,...,en} and {&1,. .., &n—n} be respectively orthonormal basis of T, M™ and Tle” for x € M". Then
the normalized scalar curvature of M™ is defined as

p= Z {g(R(ei,e5)ej, i) + g(R* (ei e5)e;, )} -

1<1,<]<n

The normalized normal scalar curvature of M™ in M™ is defined as

1/2
pL _ ﬁ { Z Z 6“61 fmfs) +9(R (627€J)€T>€S)} :

1<r<s<m—n 1<i<j<n

www.iejgeo.com


http://www.iej.geo.com

Recent Developments in Wintgen Inequality and Wintgen Ideal Submanifolds

13.3. Wintgen type inequalities of statistical submanifolds in statistical space forms

Let M "(c) be an m-dimensional statistical manifold of constant curvature ¢. Consider a statistical surface

(M?2,V) of the statistical 4-manifold M 4(c). Denote the Gauss curvature and the normal curvature of M?
with respect to V by G and G+, respectively, and denote the Gauss curvature with respect to the Levi-Civita
connection V° by G°. Similarly, we denote the mean vector field, the dual mean curvature and the sectional

curvature with respect to the Levi-Civita connection by H, H* and K°, respectively.

The following Wintgen type inequality for statistical surfaces in 4-dimensional statistical space forms was
obtained by M. E. Aydin and I. Mihai in [7].

Theorem 13.1. Let M? be a statistical surface in a 4-dimensional statistical space form M4(c) of constant curvature c.
Then

G+ |G +2G° < S (|| HI? +|[H*|?) — c+ 2K  (e1 Aea).

DN =

In particular, Theorem 13.1 implies the following result for ¢ = 0.

Corollary 13.1. Let M? be a statistical surface of a Hessian 4-dimensional statistical manifold M*(c) of Hessian
curvature 0. Then

G+|GH +26° < S (| HI? + |H*|1).

N =

For higher dimensional submanifolds in statistical space forms, M. E. Aydin, A. Mihai, I. Mihai proved in [8]
the following.

Theorem 13.2. Let M™ be a submanifold in a statistical manifold M™ (c) of constant curvature c. Then

].5 * * ~
pt43p < (I + | H(*) + 129 (H, H*) = 3+ 30 (2° = 0°)

where
P = _z E RO (ei,e5,ei,e5), p°=p"+ Lmin: [hQThQT. _ (hQT)Q}
n(n—l) - 157, %Tg) ’I’L(’I’L—l) - i 1V ij .
1<i<j<n r=1 1<i<j<n

13.4. Totally real statistical submanifolds in holomorphic statistical space forms

Let M" be a Kaehler manifold of complex dimension m equipped with an almost complex structure J and a
Kaehlerian metric g. A quadruple (M, V, g, J) is called a holomorphic statistical manifold (see, e.g., [125, 127]) if

(a) (V,g) is a statistical structure on M and
(b) the fundamental 2-form w on M given by w(X,Y) = g(X, JY) is V—parallel, that is, Vw = 0.

A statistical submanifold M" of a holomorphic statistical manifold M is said to be totally real if the almost
complex structure J of M carries each tangent space of M" into its corresponding normal space. A totally
real statistical submanifold of maximal dimension is called Lagrangian statistical submanifold.

For Lagrangian statistical submanifolds in a holomorphic statistical space form M (¢), A. N. Siddiqui, N.
Aliya and M. H. Shahid proved the following two results in [127].

Theorem 13.3. Let M" be a Lagrangian statistical submanifold in a holomorphic statistical manifold M (c) of constant
holomorphic sectional curvature c. Then

2
= 0+ s P4 IR 2 (2 - )+ g 11

Theorem 13.4. Let M™ be a Lagrangian statistical submanifold in a holomorphic statistical manifold M (c) of constant
holomorphic sectional curvature c. Then

c n 1
p=+——g(H H")—

" Al Wl
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13.5. Statistical submanifolds of statistical manifolds with quasi-constant curvature

The notion of a quasi-constant curvature Riemannian manifold was introduced by the author and K. Yano in [55]

as a Riemannian manifold (M, g) equipped with a unit vector field P such that its curvature tensor R satisfies
the condition:

R(X,Y)Z = alg(¥, 2)X — §(X. 2)Y] + B{T(Y)T(Z)X — §(X, Z)T(Y)P
+9(YV, 2)T(X)P - T(X)T(Z2)Y},
where a,b are scalar functions and T is a 1-form defined by the musical isomorphism: T'(X) = ¢g(X, P).

Similarly, a statistical structure (V, §) on M is said to be of quasi-constant curvature if the curvature tensor R of

V satisfies the same condition (13.7) (see [9]). In particular, if b = 0, then M™is simply a statistical manifold of
constant curvature.

In [9], H. Aytimur, C. Ozgur proved the following Wintgen type inequality for statistical submanifolds of a
statistical manifold with quasi-constant curvature.

(13.7)

Theorem 13.5. Let M™ be a statistical submanifold of a statistical manifold M of quasi-constant curvature. Then we
have

pt < %( 1H | + [|E*|%) +24 || H||* + 3p — 3a — %b+ 30(5° — ),

where ° and p° denote the normalized scalar curvatures of the Levi-Civita connection V° and the induced Levi-Civita
connection V°, respectively, and p* is the normalized normal scalar curvature of the statistical manifold (M™,V, g).

13.6. Wintgen type inequalities for submanifolds in statistical warped products

Let B and F be two Riemannian manifolds with Riemannian metrics gg and gr, respectively, and f be a
positive differentiable function on B. The warped product B x; F' is the product manifold B x F' equipped
with the Riemannian metric g = g5 + f2gr. The function f is called the warping function. A warped product is
said to be proper if its warping function is non-constant. In [131], L. Todjihounde provided a method to equip a
dualistic structure on the warped product manifold B x y F.

In [105], C. Murathan and B. Sahin investigated statistical submanifolds M™ of a statistical warped product
I xy M™(c), where M™(c) is a statistical manifold of constant curvature ¢ so that the metric of I x; M™(c) is
given by

9= dt® + f(t)ngVVm(C)»

where g7, © is the metric of M ™(c).
In [105], they proved the following Wintgen type inequality for such submanifolds.

Theorem 13.6. Let M"™ be a statistical submanifold of a statistical warped product I x ¢ M™(c), where M™(c) is a
statistical manifold of constant curvature c. Then

2 2 18" 3
L« _ 19,0 iifi 1= 272 ) — T2 HOUZ o+ 2 (I1H|12 H* 12
p < P +3p+9 7 ATl o 171" + 6[| 27| +2(|| 1+ [1H1?)

where T = 0/0t — Y \" a,&, is a tangent vector field of M™ and {&,,. .., &m—n} is a local orthonormal frame of the
normal bundle T+ M™.

13.7. Wintgen type inequality for Legendrian submanifolds of Sasakian statistical manifolds

If a statistical manifold (]Tf ™. g, %) has an almost contact metric-like structure (¢, £, n), then (M ™. g, %, 0, &,m)
is known as almost contact metric-like statistical manifold. In particular, if (p,&,n) is a Sasakian structure, then

(]Tf m §.V,0,E, n) is called Sasakian statistical manifold. Further, a Sasakian statistical manifold is called a Sasakian
statistical space form if it has constant ¢-sectional curvature.

In [19], M. N. Boyom, Z. Jabeen, M. A. Lone, M. S. Lone and M. H. Shahid proved the following Wintgen
type inequality for Legendrian submanifold in Sasakian statistical space forms.

Theorem 13.7. Let M™ be a Legendrian submanifold of a Sasakian statistical space form of constant y-sectional
curvature c. Then we have

pt <6 (JH|? + || + 16| HOJ) — 129 — 9 + 3¢ + 120(p — 1°).
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13.8. Statistical submanifolds of Kenmotsu statistical manifolds

For a statistical structure (6, g) on a manifold M, put K =V — V°. Then K satisfies (cf. [65]).
KxY =KyX, §(KxY,2)=g(Y,KxZ).

Let (IC g, P, §, ) be a Kenmotsu manifold and assume that (V g) is a statistical structure on K. Then the
quadruple (V, §,$, €) is called a Kenmotsu statistical structure on M if

K(X,3Y)+ @K (X,Y) =0. (13.8)

holds for any vector fields X,Y tangent to K. A manifold equipped with a Kenmotsu statistical structure is
called a Kenmotsu statistical manifold. A Kenmotsu statistical manifold (E, G, ¢, €,7) is called a Kenmotsu statistical
space form if it has constant ¢-sectional curvature.

For a statistical submanifold M™ of a Kenmotsu statistical manifold 1>+, the Carasoti curvatures C and C*
of M are defined respectively by

2m—+1—n 2m—+1—n
Z S () = ||h|| o Z S )= Hh*H2
1<2<J<n s=1 1<z<g<n s=1

For statistical submanifolds of a Kenmotsu statistical space form, P. Bansal, S. Uddin and M. H. Shahid
proved the following Wintgen type inequality.

Theorem 13.8. [11] Let M™ be a statistical submanifolds of a Kenmotsu statistical space form K*™1(c) of constant
p-sectional curvature c. Then

2m—+1—n

_ \/gp < # (”H”Z 4 ”H*H2) +4\/§g(H, H*) _ \/5 <C3> . 20\[ Z z hosh()s CO]

2 n—l 1<z<]<n —~ 1t 'Y9g
- <m> (Bllel? —2(n - 1)),

where C° = §(C +C*) and hY? = §(h; + hif).

In particular, if the statistical submanifold M™ is totally geodesic with respect to V', then Theorem 13.8
implies the following.

Corollary 13.2. Let M™ be a statistical submanifolds of a Kenmotsu statistical space form K*™(c) such that M™ is
totally geodesic with respect to V°. Then

V< 22 (i 4 ) + 4t 1) - V3 (552 - (D) (3ol - 200 - ).

One may consider the local version of any Kenmotsu manifold. Let (M, go, /) be an almost Hermitian
manifold (see §10.4). Let us consider N = My x R, § = e?gg + (dt)?, the structure vector field ¢ = 2, and the
structure tensor field ¢ on N. Then we have:

dt’

(1) The triple (g, ¢, €) is an almost contact metric structure on N.
(2) The pair (g, J) is a Kaehler structure on M, if and only if the triple (g, ¢, €) is a Kenmotsu structure on N.

Remark 13.1. Let N = M, x R with a statistical structure (V = V9 + K, §). If
(N =My xR,V =V+K,§,¢¢)

is a Kenmotsu statistical manifold of constant ¢-sectional curvature ¢, then ¢ = —1 and (M, V = V9 + K, go, J)
is a Kenmotsu statistical manifold of constant holomorphic sectional curvature 0 (see [11, Remark 4]).

In [11], P. Bansal, S. Uddin and M. H. Shahid also obtained the following.
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Theorem 13.9. Let (N = M, x R, V=Vit+K , G, ¢, &) be the Kenmotsu statistical space form of constant p-sectional
curvature c as given in Remark 13.1. If M™ is a statistical submanifolds of N, then

2m—+1—n
2
_\/§p§57\/§(HH||2+||H*||2)+4\/§g(H7H*)+2f— Of SST [l e

i Y5
1<z<j<n s=1

In particular, if the statistical submanifold M™ is totally geodesic with respect to V?, then Theorem 13.9
implies the following.

Corollary 13.3. Let (N = My x R, V=VitKGiject ) be the Kenmotsu statistical space form of constant p-sectional
curvature c as given in Remark 13.1. If a statistical submanifold M™ is totally geodesic in N with respect to V°, then

—V3p < \[(||HH2+||H*H)+4\/§g(H,H*)+2\/§.

13.9. Legendrian submanifolds of almost Kenmotsu statistical manifolds

Let (M ., %, %*) be a statistical manifold. If M is an almost contact metric manifold, then M is called almost
contact metric statistical manifold; and if (1\7 ,g,J) is an almost Hermitian manifold, then (]\7 , g, J, v, %*) is
called almost Hermitian statistical manifold. In particular, if (M ,g,J) is an (almost) Kaehler manifold, then
(]Tf 2G5, %, %*) is called (almost) Kaehler statistical manifold.

Let (Kf ,V,g,J) be an almost Hermitian statistical manifold and let (R, dt, ®V) be trivial statistical manifold.
Consider the warped product M=Rx + N with warping function f > 0 and with the warped product metric

g=dt* + f*f5.

Let ¢ = % be the structure vector field on M and put n = dt. Then, for an arbitrary vector field X on M, , we
may put

X =X —n(X)E.
By applying the almost complex structure .J, we may define a tensor field ¢ of type (1,1) on M given by
©X = JX for any tangent vector field X on M. Now, it is direct to verify that (M J,,&,n) is an almost contact
metric manifold. It was proved in [82 Theorem 4.1] that (N, V, g, J) is an almost Kaehler statistical manifold if
and only if the warped product (M R x; N, §,,£) is an almost (— In f)’-Kenmotsu statistical manifold.

For Legendrian submanifold of the statistical warped product manifolds M =R x s N(c), R. Goriunus, I K.
Erken, A. Yazla and C. Murathan [82] the following.

Theorem 13.10. Let (R, dt,®V) be a trivial statistical manifold and N (c) be a holomorphic statistical space form. If M™
is a Legendrian submanifold of the statistical warped product manifolds M = R x ; N(c), then

p < 20— 80" + 5 (2f el — e+ 4(F)7) + | HIP + (1 |* + 4] 1%

4 f 4f2
Theorem 13.10 implies the following two corollaries.

Corollary 13.4. Let (R, dt,®V) be a trivial statistical manifold and N (0) = C™ be a holomorphic statistical space form.
If M™ is a Legendrian submanifold of the statistical warped product manifolds M =R x.. C™, then

pt < 20— 80" + [|H|> + | H*||* + 4] H°||* + 1.

Corollary 13.5. Let (R, dt,®V) be a trivial statistical manifold and N (c) be a holomorphic statistical space form. If M™
is a Legendrian submanifold of the statistical cosymplectic manifolds M = R x N(c), then

1
< 20— 8+ [|H|* + [|H** + 4| H|* + 5 (2]e] - o).
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14. Mobious geometry and Wintgen ideal submanifolds

A diffeomorphism ¢ : S™ — S™ which takes round m-spheres into itself is called a Mobius transformation. All
Mobius transformations form a transformation group, called the Mobius transformation group of S™, denoted
by M(S™). It is well known that the Mobius group M(S™) coincides with the conformal group C(S™!™)
for m > 2. Mobius geometry has a long history. On the other hand, Mobius geometry of submanifolds was
only studied extensively during the past 15 years. In particular, a complete Mobius invariant system for a
submanifold ¢ : M™ — S™ was obtained by Changping Wang in [134]. Also, based on a result of F. Dillen,
J. Fastenakels and J. Van der Veken in [72], M. Dajczer and R. Tojeiro [60] observed an important property
that the Wintgen inequality, as well as the equality case, are invariant under Mébius transformations of the
ambient space. Consequently, it is important to investigate Wintgen ideal submanifolds in the framework of
Mobius geometry.

14.1. Submanifold theory in Mobius geometry

In this subsection, we provide the complete Mobius invariant system developed by Changping Wang in [134]
as follows. The Lorentz inner productbetweenY = (Yo, Y1, - ,Yoipr1)and Z = (Zo, Z1,- -+, Znypt1) € IE’erpJr2
is given by

(Y, Z) = -YoZo+Y1Z1 + -+ Yoypr1Znipi-

Let ¢ : M™ — S"tP C E"*?*! be a submanifold without umbilical points. Take {e;,...,e,} as the tangent
frame with respect to the induced metric I = d¢ - d¢, and {6,,...,0,} as the dual 1-forms. Let {,...,,} be
orthonormal frame for the normal bundle.

The second fundamental form and the mean curvature of ¢ are

1T = ZW hij0; @06, H= = Yo b= HE, 14.1)

n Jsr

respectively. Define the Mobius position vector Y : M™ — Ef "2 of f by

Y =p(1,0), p=, /ni‘ - ‘II _ %trace(II)I‘ (14.2)

which is called the canonical lift of ¢.
Two submanifolds ¢, ¢ : M™ — S™*? are said to be Mobius equivalent if there exists T' in the Lorentz group

O(n+p+1,1) in E} "2 such that Y = Y'T. It follows immediately that

g = (dY,dY) = p*d¢ - do (14.3)

is a Mobius invariant, called the Mobius metric of ¢. Denote by A the Laplacian with respect to g.
Define

N=-tay- Liavary (14.4)
n 2n

Let {E1, -, E,} be a local orthonormal frame for (M",g) with dual 1-forms {ws,- - ,w,}. We define the
tangent frame Y; = E;(Y’) and the normal frame

& = (Hraér +Hr¢)

n—+p+2
El

Then {Y, N,Y;, &, } is a moving frame of along M", which is orthonormal except

(Y,Y)=0=(N,N), (N,Y)=1.
Consider the range of indices as below: 1 <4, j,k < n;1 < r, s < p. The structure equations are then given by
dy = Z wiYi,
AN =3 AywY;+), Clug,
dy; = — Zj Ajjw;Y —w;N + Zj wi;Y; + ZW Bliw;é,,
dep == ClwiY =3 @iBYi+ ) Ors,
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where w;; denotes the connection 1-forms of the Mobius metric g and 6, are the normal connection 1-forms.

The tensors
A= Zm Ajwi®wj, B=Y_  Blw ®wi&, &= ZJ Clw;ér (14.6)

are called the Blaschke tensor, the Mobius second fundamental form and the Mobius form of ¢, respectively (see
[134]).
The integrability conditions for the structure equations are given by

2,77

Aije = Aieg = ) (BLC] — B5CR), (14.7)
Cry = Cii= (Bl — BjpAw), (14.8)
Bjj k= Bix ; = 0i;Ck — 0uCJ, (14.9)
Rijr = ZT(Bkaﬁ — B Bj) + 8 Aji + S Air — daAjr — d A, (14.10)
Riy; = (BiBi; — BiB,). (14.11)

Here the covariant derivatives A;; x, B, Cy; are defined as usual and R and R* are the the curvature tensor
of g and the normal curvature tensor, respectively. The tensor B satisfies the following identities

r \2 __
Zj Bj; =0, ZW(BU) =4 (14.12)

All coefficients in the structure equations are determined by {g, B} and the normal connection {6,3}. These are
the complete set of Mobius invariants given by Changping Wang derived in [134].

14.2. Wintgen ideal submanifolds with a two-dimensional integrable distribution

For a Wintgen ideal submanifold M™ in a real-space form R™(c), let ©, be the 2-dimensional distribution
defined by (7.5).
In [91], T. Li, X. Ma and C. Wang proved the following two classification theorems.

Theorem 14.1. Let ¢ : M™ — E"*P . n > 3, be a Wintgen ideal submanifold with integrable canonical distribution
Dy = Span{er, ea}. Then, ¢ is locally Mobius equivalent to one of the following:

(a) a cone over a minimal Wintgen ideal surface in the sphere S**7;
(b) or a rotational submanifold over a minimal Wintgen ideal surface in hyperbolic space H*T?;
(c) or a cylinder over a minimal Wintgen ideal surface in E**7.

In the case where the canonical distribution D, is not integrable, T. Li, X. Ma and C. Wang considered the
3-dimensional distribution ©3 = Span{es, ez, [e1, 2]} and obtained the following.

Theorem 14.2. Let ¢ : M™ — E™*P n > 4, be a Wintgen ideal submanifold. If ©, is not integrable, but D3 is integrable,
then ¢ is locally Mobius equivalent to one of the following:

(1) a cone over a 3-dimensional minimal Wintgen ideal submanifold in S3+7; or

(2) a rotational submanifold over a 3-dimensional minimal Wintgen ideal submanifold in H3*?; or

(3) a cylinder over a 3-dimensional minimal Wintgen ideal submanifold in E3TP.

14.3. Mean curvature spheres and Wintgen ideal submanifolds of codimension two

Put B
T ={Z]ecP"t? . (2,2)=0,(Z,Z) > 0}

be in the complex quadric Q"2 of a complex projective (n + 3)-space CP" 3.

Let M™ be a submanifold of a round (n + p)-sphere S"*?. By definition, the mean curvature sphere at one
point x € M™ is the unique round n-sphere tangent to /" at = which shares the same mean curvature vector
with M™ at z. In the codimension two case, this assigns a (oriented) space-like 2-space Spang{{1,§2} in the
Lorentzian space L"™* = E{ which is also identified with the isotropic complex line Spang{¢; — i&;} € C P 3
(with respect to the C-linear extension of the Lorentz metric). When the base point « varies along M", this gives
the mean curvature sphere congruence, which is also represented as a Gauss map (see [92] for details)

[€] £ (6 — i) : M™ — QP2 (14.13)
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which is called the conformal Gauss map (see [92]).

A key observation made in [92] is that under the hypothesis of being Wintgen ideal, this n-sphere congruence
is indeed a 2-parameter family, and its envelope not only recovers M™, but also extends it to a submanifold as a
sphere bundle over a Riemann surface M (a holomorphic curve). The underlying surface M comes from the

quotient surface M= Mn /T (at least locally), where I" is the foliation of M" by the integral submanifolds of the
distribution ®+ = Span{es, ..., e, }. Moreover, the mean curvature sphere [§; — &) determines a holomorphic,
1-isotropic curve in Q'1*?, and all codimension two Wintgen ideal submanifolds can be constructed by such
curves in Q'} 2.

T. Li, X. Ma, C. Wang and Z. Xie proved the following main result of [92] which describes Wintgen ideal
submanifold of codimension two via holomorphic isotropic curves in Q2.

Theorem 14.3. The mean curvature spheres [€] £ [&1 — i&)] € Q'1T? of a Wintgen ideal submanifold of codimension two
is a holomorphic and 1-isotropic curve, i.e.,

fnga <€Za€z> =0.

Conversely, given a holomorphic isotropic curve
€] : M° — QU c cpte
the envelope Mn of the corresponding 2-parameter family spheres is an n-dimensional Wintgen ideal submanifold (at the
regular points).

T. Li, X. Ma, C. Wang and Z. Xie also pointed out in [92] that, via a complex stereographic projection,
their characterization of Wintgen ideal submanifolds given above is equivalent to M. Dajczer and R. Tojeiro’s
description of such submanifolds in terms of minimal surfaces in the Euclidean space given in [60].

Remark 14.1. Several nice properties of mean curvature spheres of Wintgen ideal surfaces were also obtained
by B. Rouxel in [115] (see also [41, Theorems 2.1-2.3]).

14.4. Mdbius homogenous surfaces in S*

Let z,y, z be the natural coordinates of E* and uy, ..., u5 that of E°. The mapping defined by

uy =

2 _ .2 1
Ug = it Y CC g = *(332 + y2 - 22’2)

Yz
-, —, Ug = —=, Uy = , U
V3 V3TV T 2y T T 6

gives rise to an isometric immersion of S%(3) of curvature 1 into 5*(1). Two points (z,y, z) and (—z, —y, —z) of
52(%) are mapped into the same point. Thus, this mapping defines an embedding of the real projective plane
RP*(3) into S*(1), known as the Veronese surface.

A submanifold ¢ : M™ — S"*? is called a locally Mobius homogeneous submanifold if for any two points z,y €
M™ there exists a Mobius transformation v € M(S™P) which takes ¢(z) to ¢(y) and takes a neighborhood U
of ¢(z) in ¢(M™) to a neighborhood V' of ¢(y) in ¢(M").

In [135], C. Wang and Z. Xie obtained a complete classification of the Mobius homogenous surfaces in S*
given as follows.
Theorem 14.4. Any locally Mobius homogeneous surface in S* is Mobius equivalent to an open part of one of the
following Mobius homogenous surfaces:
(1) a round 2-sphere in S*;
(2) the Veronese surface in S*;
(3) the inverse of the stereographic projection of the surface {(sin v, cosv,av,u) : (u,v) € E?} C E*, a € R;
(4) the inverse of the stereographic projection of the surface

{ecr*te¥ (asin(t1u + 12v), acos(tyu + 12v), bsin(d1u + 62v), beos(S1u + 62v)) = (u,v) € E*} € EY,

where €;,1;,0; (i = 1,2) and a, b are constants such that a*> + b> = 1 and (ey, 11, 01) is not parallel to (e2, 12, 62);

(5) the inverse of the stereographic projection of the surface { (ae™"" sinu, ae™""cosu, be™"*,v)(u,v) € E*} C E* where
r,a, b are constants which satisfy r # 0 and a* + b* = 1.
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14.5. Wintgen ideal submanifolds with vanishing Mobius form

In [138] Z. Xie studied Wintgen ideal submanifolds with vanishing Mobius form and obtained the following
two classification theorems.

Theorem 14.5. Let ¢ : M™ — S™*P (n > 3,p > 1) be an umbilical-free Wintgen ideal submanifold. If its Mobius form
vanishes, then ¢ is locally Mobius equivalent to one of the following:

(1) a cone over a Veronese surface in S2k (k> 2); or

(2) a cone over a flat super-minimal surface in S***+1 (k > 2); or

(3) a cone over a flat super-minimal surface in S*+?.

Theorem 14.6. Let ¢ : M™ — S™+2 (n > 3) be a umbilical-free Wintgen ideal submanifold. If its Mobius form vanishes,,
then ¢ is locally Mobius equivalent to

(a) a cone over the Veronese surface in S*; or

(b) a cone over the 3-dimensional minimal Wintgen ideal submanifold

z:50(3) = 8% (u,v,u x v) >

1
\ﬁ(u,vL

which can also be seen as coming from Hopf bundle over the Veronese surface in C P2

14.6. Conformal Gauss map and Mobius geometry of Wintgen ideal submanifolds

Let ¢ : M™ — S™*? be a submanifold of S"*P. Via the light-cone model of Mébius geometry, the submanifold
¢ : M™ — S™*P can be lifted to a submanifold in the Lorentz space ]E?“’ *2 of dimension n + p + 2; at the same
time, the normal bundle Sp&m{ét Ty fp}, corresponds to Span{¢y, ..., &, } where {¢,} are orthonormal space-like
vectors in E} "2, The mapping

=0 — Gr(p, EpHPH2) (14.14)

from x € M™ to the space-like subspace Span{¢;(x), ...,&,(z)} is called the conformal Gauss map of ¢.

For the conformal Gauss map of a Wintgen ideal submanifold ¢ : M™ — S™*?, X. Ma and Z. Xie proved the
following two results in [95].
Theorem 14.7. For a Wintgen ideal submanifold ¢ : M™ — S™*? of dimension n > 3, the conformal Gauss map =
factors as a projection map 7w : M™ — N (which is a Riemannian submersion up to a constant), and a super-conformal
harmonic map from a Riemann surface = : Y Gr(p, E}TP*2). In other words, E(M™) is a super-minimal surface
M Gr(p, E"P%2) (endowed with the induced metric).
Theorem 14.8. For a Wintgen ideal submanifold ¢ : M™ — S™P and the envelope M", we have the following
conclusions:
(1) There is a fiber bundle structure S"~2 — M" — M over a Riemann surface. The fibers are all round spheres of the
ambient space.
(2) The projection  : M — 31 is a Riemannian submersion up to a constant.

(3) As a natural extension of M", Mnis still a Wintgen ideal submanifold.

14.7. Classification of Wintgen ideal submanifolds via Mobius geometry

Via Mobius geometry, Z. Xie, T. Li, X. Ma and C. Wang gave in [141] a coarse classification of all Wintgen
ideal submanifolds into three classes:

Class 1. The reducible cases: M" is a cone, a cylinder or a rotational submanifold over a low dimensional minimal
Wintgen ideal submanifold M, in the space form S*TP ETP or H*+P, respectively.

Class 2. The irreducible minimal cases: M™ is Mobius equivalent to a minimal Wintgen ideal submanifold in a space
form; at the same time it is not of Class 1.

Class 3. The generic case: M" is neither Mobius equivalent to a minimal Wintgen ideal submanifold nor reducible to
such an example of lower dimension.
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Consequently, the investigation of Wintgen ideal submanifolds is reduced to the study of minimal ones and
the generic (irreducible) ones.

In [141], Z. Xie, T. Li, X. Ma and C. Wang also obtained the following reduction theorem.

Theorem 14.9. Let ¢ : M™ — E™*P (n > 3,p > 2) be a Wintgen ideal submanifold without umbilical points and let ©
denote the minimal integrable distribution containing ©,. If dim® = ¢, then ¢ is locally Mobius equivalent to

(a) a cone over a (-dimensional minimal Wintgen ideal submanifold in S*+?;

(b) or a submanifold of revolution over a (-dimensional minimal Wintgen ideal submanifold in H*+P?;

(c) or a cylinder over a (-dimensional minimal Wintgen ideal submanifold in E**P.

15. Symmetry of Wintgen ideal submanfiolds

15.1. Deszcz's pseudo-symmetry

Let us assume that /" is an Riemannian n-manifold with metric tensor g. The endomorphism X A'Y of the
Lie algebra of vector fields of M™ is defined by

(XAY)Z =g(Y,2)X — g(X, 2)Y, (15.1)

for vector fields X,Y € X(M"™), where X(1M) is Lie algebra of vector fields on M™. Let V denote the Levi-Civita
connection of (M™, g). Then

R(X,Y)=VxVy —VyVx — Vixy]

is called the curvature operator of (M™, g).
A Riemannian manifold (M™, g) is called semi-symmetric if, for all vector fields X,Y € X(M™), we have

R-R=0, (15.2)

in which the curvature operator R on the left-hand side of (15.2) acts as a derivation on the second R.

In [69], R. Deszcz generalized the concept of semi-symmetry and introduced the notion of pseudo-symmetric
manifolds as follows: For a (0, k)-tensor 7' on M™", the following (0, k + 2)-tensor Q(g,T) was defined by S.
Tachibana in [128].

Q. T)(X1,..., X1 X,Y) = (XAY)-T)(X1,...,Xp)
= T(XAY)Xy, ..., Xg)— - —T(X1,..., Xe—1, (X AY)Xp).

A manifold M™ is called pseudo-symmetric if its curvature tensor R has the property (see [69])
R-R=LrQ(g,R) (15.3)
for some function Lg : M" — R.

Pseudo-symmetric manifolds are natural generalizations of local symmetric and semi-symmetric manifolds.
These manifolds arose from studies on totally umbilical submanifolds of semi-symmetric spaces and also from
studies on geodesic mappings onto semi-symmetric manifolds. Similarly, a Riemannian manifold M™ (n > 3)
is said to be Ricci pseudo-symmetric in the sense of Deszcz, or simply Deszcz Ricci-symmetric if it satisfies

R-S=LsQg,5) (15.4)

for some function Lg : M"™ — R, where S denotes the Ricci tensor of M™. Further a Riemannian manifold
M™ (n > 3) is said to have a pseudo-symmetric conformal Weyl tensor C' if, in the same notations as before,

C-C=LcQ(g,0) (15.5)

for some function Lo : M™ — R.
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15.2. Pseudo-symmetry of Wintgen ideal submanifolds in real space forms

The following results were proved by S. Decu, M. Petrovi¢-Torgagev, A. Sebekovié and L. Verstraelen in [70].

Theorem 15.1. Let M™ (n > 4) be a Wintgen ideal submanifold codimension 2 in a real space form R""4(c) (q > 2)
of constant curvature c. Then M™ is Deszcz symmetric if and only if M™ is totally umbilical in R"%(c) in which case
Lr =0, 0r M™ is minimal in R"*9(c) in which case Lr = c.

Theorem 15.2. Let M™ (n > 4) be a Wintgen ideal submanifold of a real space form R"*9(c) (¢ > 2). Then M™ is Deszcz
Ricci-symmetric if and only if M™ is Deszcz symmetric.

Theorem 15.3. Every Wintgen ideal submanifold M™ (n > 4) of a real space form R"%4(c) (q > 2) is a Riemannian
manifold with pseudo-symmetric conformal Weyl tensor.

Theorem 15.4. Let M" (n > 4) be a Wintgen ideal submanifold of a real space form R"%(c) (¢ > 2). Then M™" is
minimal if and only if the pseudo-symmetric conformal Weyl tensor C'is given by

n—3

o= -y

(¢ —inf K).

Remark 15.1. When the codimension of M™ is 3 (resp., codimension of M" is 2), Theorems 15.1-15.4 were
obtained earlier in [70] (resp., in [112]).

15.3. Pseudo-psymmetry of Wintgen ideal Lagrangian submanifolds in complex space forms

Recall that the Wintgen type inequality was established by I. Mihai in [101] for Lagrangian submanifolds in
complex space forms (see Theorem 9.2).

In [111], M. Petrovi¢-Torgasev and A. Panti¢ proved the following three results for Lagrangian submanifolds
of complex space forms.

Theorem 15.5. A Wintgen ideal Lagrangian submanifold M™ (n > 4) of a complex space form M™(4c) is a Deszcz
symmetric Riemannian manifold if and only if it is totally geodesic (with Lr = 0) or a minimal or pseudo-umbilical

submanifold of M™ (4c).

Theorem 15.6. A Wintgen ideal Lagrangian submanifold M" (n > 4) of a complex space form M™(4c) is a Deszcz
symmetric if and only if it is Deszcz Ricci-symmetric.

Theorem 15.7. Let M™ (n > 4) be a Wintgen ideal Lagrangian submanifold of a complex space form M™(4c). Then
(1) M™ is conformally flat if and only if M™ is a totally geodesic submanifold.

(2) If M™ is not a conformally flat submanifold, then M"™ has pseudo-symmetric conformal Weyl tensor C' and the
corresponding function L¢ defined by (15.5) is given by

n—3

Lo = G o T

n—1)inf K),
where T is the scalar curvature of M™.

15.4. Pseudo-psymmetry of Wintgen ideal Legendrian submanifolds in Sasakian space forms

The Wintgen type inequality for Legendrian submanifolds in Sasakian space forms was established by I.
Mihai in [104] (see Theorem 10.1). For such submanifolds, A. Sebekovi¢, M. Petrovi¢-Torgasev and A. Panti¢
proved the following three results in [120].

Theorem 15.8. A Wintgen ideal Legendrian submanifold M™ (n > 4) of a Sasakian space form M2+ (¢) of constant
p-sectional curvature c is a Deszcz symmetric Riemannian manifold if and only if it is totally umbilical (with Lr = 0)

or a minimal or pseudo-umbilical submanifold ofﬁznﬂ(c) (with Lr = —<3 — | H||?).

Theorem 15.9. Any Wintgen ideal Legendrian submanifold M™ (n > 4) of a Sasakian space form M2+ (c) is a Deszcz
symmetric if and only if it is Deszcz Ricci-symmetric.
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Theorem 15.10. Let M™ (n > 4) be a Wintgen ideal Legendrian submanifold of a Sasakian space form M27+1(c). Then

(1) M™ is conformally flat if and only if M™ is a totally umbilical submanifold of M2+ (e),

(2) If M™ is not a conformally flat submanifold, then M"™ has pseudo-symmetric conformal Weyl tensor C and the
corresponding function L¢ defined by (15.5) is given by

n—3

Le= = ym_22

(t+n(n—1)inf K),
where T is the scalar curvature of M™.

15.5. Roter spaces, Deszcz symmetric spaces, and Wintgen ideal submanifolds

Let (M", g) be a Riemannian n-manifold with n > 4 and Ricci tensor S. Put
Us:{xGM”:S—%g#Oatx}

and denote by U¢ the set of all points of M™ at which the Weyl-conformal curvature tensor C' # 0. Then (M™, g)
is called a Roter type manifold or a Roter space if its Riemannian curvature tensor R satisfies

R=aSAS+BgNS+vgNg,

where «, 3,y are some functions on Ug N Ug.

The following link between Roter spaces, Deszcz symmetric spaces, and Wintgen ideal submanifolds was
proved by S. Decu, M. Petrovi¢-Torgasev, A. Sebekovi¢ and L. Verstraelen in [67]

Theorem 15.11. Let M"™ (n > 4) be a Wintgen ideal submanifold of a real space form R™(c). Then M™ is Deszcz
symmetric if and only if M™ is a Roter space
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