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Abstract

The objective of this paper is to express the bivariate Balancing and Lucas-Balancing polynomials in terms of
determinants of tridiagonal matrices. In addition, we obtained the inverses of the tridiagonal matrices. We finalized the
general results to construct families of the tridiagonal matrices whose determinants generate arbitrary linear subsequence
with positive and negative indices of the bivariate Balancing and Lucas-Balancing polynomials.
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(04

Makalenin amact iki degiskenli Balans ve Lucas-Balans polinomlarmi tiggensel matrislerin determinantlar: ile ifade
etmektir. Ek olarak bu iiggensel matrislerin terslerini elde ettik. Determinantlari iki degiskenli Balans ve Lucas-Balans
polinomlarimin herhangi pozitif ve negatif indisli lineer alt dizilerini iireten ii¢gensel matrislerin ailesini veren genel
sonuglar ile sonlandirdik.
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1. Introduction

The study of number sequences has been a source
of attraction to the mathematicians since ancient
times. Since then many of them are focusing their
interest on the study of the fascinating triangular
numbers. Behera and Panda in 1999, introduced

the notion of Balancing numbers (B,),.y &S
solutions to a certain Diophantine equation:

1+24+...+(n=-1)=(n+1)+(n+2) +...+(n+T),

for some positive integer r which is called
balancer or cobalancing number (Behera and
Panda, 1999). Then, the recurence relation of this

number sequence is B,,; =6B,—B,; for n>1,
where By =0,B;,=1. A study on the Lucas-

Balancing numbers C,, = y/8B2 +1 was published
in 2009 by Panda (Panda, 2009). The recurrence

relation of this number sequence s
C,n=6C,-C, ;4 for n>1, where
C,=1,C =3.

In the recent years many number theorists from all
over the world are taking interest in this beatiful
number system and studying the generalizations of
this numbers. Interested reader may follow
(Frontczak, 2019; Ozkoc, 2015; Ozkoc and
Tekcan, 2017; Patel et. al., 2018; Ray, 2017; Ray,
2018; Yilmaz, 2020). One of these generalizations
is the Balancing polynomials. A natural extension
is to consider for x e C sequence of bivariate

Balancing polynomials (Br (X, Y))nen (Yakar,
2020).

The bivariate Balancing polynomial is denoted by
the recurrence relation

By1 (X, ¥) = 6xB, (X, y) — YB, 1(X, Y), (1)

where By(X,y)=0,B;(X,y)=1 in (Asct and

Yakar, 2020).
The explicit form of the bivariate Balancing
polynomials is given by the equation

an_ﬂn
a-pf ’

where 9x?—y>0, a=3x+49x*—y and

L= 3X—\/9X2 — ¥, in (Asci and Yakar, 2020).

Ba(xy) =

(2)
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In similar manner, the bivariate Lucas-Balancing
polynomial is defined by the recurrence relation

Cn+1(x’ y) = 6XCn (X’ y) - nd—l(X1 Y), (3)

where Cy(X,y) =1, C,(X,y) =3x and it's Binet
formula is

n+ n
C,(x,y)= d 2’3 :

where 9x2—y>0, a:3x+\/9x2—y and
S=3x—9x2 -y .

Let A(k) be a family of tridiagonal matrices
which is form as following

(4)

a b
Q a b
A(k)= c, ag :
- b1
C1 &

Theorem 1.1 (Cahill and Narayan, 2004) The
determinant of A(k) is

AQ)=a,
|A(2)| = a3, -b,
|A(K)| = a |A(k=1)| ~b_ic 1 [A(k=2)], k=3,

Theorem 1.2 (Usmani, 1994a; 1994b) The inverse
of a non-singular tridiagonal matrix A(k) is

i+ 1 . .

(-1) Jg_bi"'bj—19i—1¢j+1’ <]
k

(A®K));; = ,

i+j 1 .
(_1)|+J 6_ij < Ciabljaba, 1>

where 6 and ¢, satisfy the following recurrence
relations:

6 =a6_-b_c,6_, fori=2,... Kk
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with the initial conditions 6, =1 and & =4a,.
Theorem 1.1 is one special case of this one.
Observe that 6, = det A(k),

¢ =ad, —bcg , fori=k-1,...,1
with the initial conditions ¢, =1 and ¢, = a, .

There are many relations between Fibonacci,
Lucas, Balancing, Lucas-Balancing numbers and
tridiagonal matrices. (Chen, 2020; Falcon, 2013;
Feng, 2011; Goy, 2018; Nalli and Civciv, 2009;
Ozkoc, 2015; Ray, 2012; Ray and Panda, 2015;
Taskara et. al., 2011; Trojovsky, 2016; Yilmaz and
Kirklar, 2015). As a brief antecedents, the
Fibonacci numbers as tridiagonal —matrix
determinants were construct by Strang (Strang
1997; 1998), and further authors generalized
results to establish families of tridiagonal matrices
whose determinants create any linear subsequence

Fakep OF Loy of the Fibonacci and Lucas

[04
numbers in (Nalli and Civciv, 2009). Additionally,
in (Ray and Panda, 2015), the authors give the

(1)Braic (X, Y) = 2C, (X, Y) By (X, ¥) = Y*By i (X, ),
(i)Cric (X Y) = 2C (X, Y)Cr (X, ¥) = Y*Cr (%, Y),

where0 <k <nand k,neZ".

Proof. (i) From the Equations (2) and (4), we have

linear subsequence of the Balancing and Lucas-
Balancing numbers by using the determinant of
tridiagonal matrices.

Under these conditions, the main aim of this work
is to construct the bivariate Balancing and Lucas-
Balancing polynomials with positive and negative
indices in the meaning of determinants of
tridiagonal matrices. Then, we formulate the
inverses of some of these matrices.

2. Main results

In this section, by a different approximation, we
present the bivariate Balancing and Lucas-
Balancing polynomials with the determinant of the
tridiagonal matrices. To do that, firstly, we give the
proposition in the following.

In the following proposition, we reveal the
relationship between the bivariate Balancing and
Lucas-Balancing numbers.

Proposition 2.1 The bivariate Balancing and
Lucas-Balancing polynomials satisfy the following
equalities

(5)
(6)

2C, (%, )By (% ¥) — Y*Byy (X, y) = (" + B* )[

Then, by using the equality aff =y, we can write

n+k ,Bn+k

2C, (%, Y)B, (X, ¥) ~ VB (x, y) = F—L—
a-p

= Bn+k (X’ Y),
which completes the proof.

The proof of the part (ii) is omitted as it is
analogous to the part (i).

In the following theorem, we extend the results to
construct families of tridiagonal matrices whose
determinants generate any arbitrary linear

,Bn J_ yk an—k _ﬂn—k |

a-p

subsequence of the bivariate Balancing and Lucas-
Balancing polynomials.

Theorem 2.1 For n,reZ" and se N,
(i) Let Mr,s(n) be the symmetric tridiagonal
family of matrices. That is,

B2r+s (X! y)—|
Bris (X, Y)

m;; =2C,(x,y),3<j<n,

Mo =My = \/mz,zBr+s(Xa Y) = Baris(X,Y),

— F H
M=y .2<)<n,

My =B (X y), My, = {
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m =1,2<j<n. kj’j+1:yr,2gj<n,

Kjs,j=L2<j<n

i+

Then, we have

Then, we have

detM, ¢ (n) = Bpps (X, Y). )
) detK; s (1) = Crnes (X,Y)- (8)
(i) Let K,s(n) be the symmetric tridiagonal
family of matrices. That is, Proof. We prove (i), since the proof of (ii) can be
showed similar to it. We use the principle of finite
C X induction on n to prove the Equation (7). For
kl,l = C:r+s (X’ Y), k2,2 = [M—" n=1 P | ( )
CH—S (X' y) ,

kjj=2C,(xy),3<j<n,

det Mr,s (1) = Br+s(x’ ¥),
Kip =Koy = \/k2,2Cr+s(X, ¥)=Coris(X,Y),

it is easy to see that for n= 2,

Bris(XY) \/mzzBHS (X, ¥) =By (X, )
detMr’ (2):det o )
s \/mz,z Bris (X, ¥) =By s (X, Y) |VBZI’%(X’;/))—‘
r+s\ %

= BZr+s (X’ y)'
Now assume that it is true for n. That is,
detM, ¢ (n) = Bps (X, Y).
Then, by considering Theorem 1.1 and the our assumption, we have

detM, ; (n+1)=2C,(x,y)detM, ;(n)—y" detM, ;(n-1)
=2C (%, Y)Br s (% ¥) = ¥ Br_rs (X, Y):

From the part (i) of Proposition 2.1, we get [ Bx \/y |
- 6x 'y
detM, (n+1)=B (x,y) y
e MuM=TM=| 1 e - ©
which ends up the proof. ooy
) . 1 6x
Using Theorem 2.1, one can construct a family of - -
tridiagonal matrices whose successive q
determinants form any linear subsequences of the an
bivariate  Balancing and  Lucas-Balancing _ .
polynomials. For example, the determinants of the 3X ﬁ
following nxn tridiagonal matrices are
y 6x 'y
Kio(n)=E(n) = 1 6x . (10)
. y
i 1 6x]

764
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are given
respectively.

by Bn+1(xl y) and Cn (X, y) )

Theorem 2.2 The inverses of matrices T (n) and
E(n) are

Baxy) o1
Byt (x,Y)
B, i..(X

R R LA

6= (_1)”]_&::2(;)/) B(xy)y!?, i<jizl
i+1 By pa(X, o

P i

(1) —Bé‘n'?(ix;;) Bi(xy),  i>jj#l
and

B, (1) -

Cy(x.Y)

(—1)“1—8”(;:&(’);)” ' i< ji=1
6= (- —Bnc:&(’);)y) Cia( Yy, i<zl

R R 51

(I Re )it

where X,y#0 and neZ".

Proof. It is easily seen that the matrices T (n) and
E(n) are invertible matrices, since every
B,(X,y) and C,(X,y) are nonzero for X,y #0

and ne Z*. For the inverse matrix of T (n), if we
choose

aj=6x, j=12,...,n
b.l.:C_I_:\/yabi:y,cizl,izz,...,n
6, =B (x,y), i=2,...,n

¢ nJ+2(X y) J—n 1n 2 ,1

765

in Theorem 1.2, then we obtain

Bu(x.Y) =1
Bn+1(xl y)'
YA Bn—j+l(xv y) ) S
( 1) Bn.a(Xy) \/yyl ’ '<li=l
f; = (—1)i+jMBi(x, Yyl
Y n+1( )
'*l Bn |+1(X y) isii=1
) Bra(X,y) \/_ =1
( 1)I+J Bn |+1(X y) J( y) i>j,j¢1
Bna(XY)

For the inverse matrix of E(n), if we choose

=3x,a; =6x, j=12,...,n
bl:C_L:\/y, bi = y, Ci :1, |:2,
6 =C(x,y), i=2,...,n
@ = 3X, ¢j = anm(x, y), j=n-Ln-2,...,2
in Theorem 1.2, then it is as required.
In the following theorem, it give us the bivariate
Balancing and Lucas-Balancing polynomials with

negative indices in terms of the determinants of the
special tridiagonal matrices.

Theorem 2.3For n,reZ" and seN,

(i)Let M_,
family of matrices. That is,

(n) be the symmetric tridiagonal

B :
My =B (X y),my, = (B_ZL((;(;//))—‘

m;; =2C_ (x,y),3<j<n,

Mo =My = \/mz 2B (% Y) =B o 5(X,Y),
m;

=y, 2<j<n,
=1,2<j<n.

INE

J+1 i

Then, we have

detM_; () =B_p s (X, Y)- (12)
(ii) Let K_; _s(n) be the symmetric tridiagonal

family of matrices. That is,
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kjj=2C_(x,y),3<j<n,

Kip =Koy = \/kz,zc—r—s(xv y)=Coors(X%Y),
Kijn=y " 2<j<n,

k =1,2<j<n

j+1,]
Then, we have

det K_, _s(n)=C_ps(xY). (12)

Proof. The proof can be seen similar to Theorem
2.1.

3. Conclusion

In this paper, to obtain the bivariate Balancing and
Lucas-Balancing polynomials, we define the
tridiagonal matrices and present the determinants
and inverses of these matrices. By the results in
Sections 2 of this paper, we have a major chance to
crosscheck and acquire some new properties over
these sequences. This is the key goal of this paper.
Thus, we enlarge some recent result in the
literature. That is, the Balancing and Lucas-

Balancing numbers are a special case of B, (X, Y)
and C,(X,y) with x=y =1. k-Balancing and k
-Lucas Balancing numbers are B,(X,y) and
C,(x,y) with x=Kk,y=1.

In the future studies on the tridiagonal matrices for
number sequences, we hope that the following
topic will bring a new comprehension. Also, it
would be interesting to research the tridiagonal
matrices for generalized Balancing, bivariate
cobalancing and Lucas-Balancing polynomials.
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