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Ozet — Matematigin temel bilesenlerinden olan ispat ve ispatlamay: farkli perspektiflerden ele alan pek ¢ok teorik
cerceve sunulmustur. Bunlardan biri olan ispat imaj1, Kidron ve Dreyfus’un (2014) iki profesyonel matematikg¢inin
ispat siireci {lizerinde yaptig1 analizler sayesinde ortaya ¢ikmistir. Yazarlar, ispat imajint bilesenleri baglaminda
tanimlamis ve bunun formal ispat ile iliskisini vurgulamigtir. Diger yandan ispat imajinin, formal ispatin ortaya
¢tkmadigi durumlarda da ortaya cikabilecegi belirtilmesine ragmen bdyle bir 6rnek sunulmamistir. Teorik
cergevedeki bu bosluk arastirmanin motivasyon kaynagi olarak benimsenmistir. Caligma siirecinde ¢ok asamali
ornekleme yaklasimi tercih edilmis ve dncelikle 120 6gretmen adayindan cebir ile ilgili iki teoremi ispatlamalari
istenmigtir. Daha sonra her iki teoremi de dogru olarak ispatlayabilen 3 katilimei ile etkinlik temelli milakatlar
gerceklestirilmistir. Toplanan veriler tizerinde mikro-analitik analizler yapilmis ve alt bilesenler arasindaki iliski
tartigilmigtir. Ayrica “aydinlanma” kavraminin rolii yorumlanmis ve hislerin etkisi detaylandirilmistir. Bu sayede
katilimcilardan birinin formal ispata ulasamamasma ragmen ispat imajina sahip oldugu belirlenmis ve bu
caligmada buna dair verilere yer verilmistir.
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Genis Ozet
Giris

Kidron ve Dreyfus (2014) tarafindan literatiire kazandirilan ispat imaji, bireyin ispata
iligkin zihninde tasidig1 yapinin tamami olarak diisiiniilebilir. Yazarlar iki matematik¢inin ispat
stirecleri {izerinde RBC (Recognizing, Building With and Construction) modeliyle yaptiklar
analizler sonucunda bu kavrama ulasmiglardir. RBC, ii¢ gozlenebilir (epistemik) eylemle
aciklanabilmektedir (Hershkowitz, Schwarz ve Dreyfus, 2001). Siirecin ilk basamagi “Tanima”
(Recognizing), bir problem ¢oziimiinde onceden var olan/bilinen yapmin fark edilmesini
icermektedir (Tiirniiklii ve Ozcan, 2014). Ikinci basamag: olusturan “Kullanma” (Building
with), fark edilen bu bilgiden yararlanmay ifade etmektedir (Schwarz, Dreyfus, Hadas ve
Hershkowitz, 2004). Son basamak olan “Olusturma” (Construction) ise mevcut bilgi yapilarinin
kismi degisimle yeniden yapilandirilmasidir (Bikner—Ahsbahs, 2004). Dahasi, bunun
ongoriilemeyen bir sans sayesinde gergeklesmedigi “Aha! Deneyimi’” (Liljedahl, 2004) ve
Aydinlanma (Rota, 1997) gibi mekanizmalarin siirece eslik ettigi sdylenebilir. Tiim bu
bilesenleri dikkate alan Kidron ve Dreyfus (2014) ispat imaj1 bilesenlerini asagida yer alan
Tablo 1’deki gibi ifade etmislerdir:

Tablo 1 Ispat Imajmn Bilesenleri

Biligsel Boyut Duyussal Boyut
Bi. Kisisel Olma: Imajn, bireyin  kisisel | Imajin ikinci bileseni “duyussal diizey” olarak
¢ikarimlarindan/deneyimlerinden iz tasimasi ve bunlardan | kabul edilen sezgisel iknadir. Bu bilesen
beslenerek gelisim gostermesidir. “kesinligin  duyussal hissi” olarak ifade

B.. Mantiksal Baglar I¢erme: Ispat siirecinde tanman ve
secilen matematiksel yapilar arasinda sezgisel iplikleri
dokumaya benzer bi¢imde anlamli baglantilar kurulmasidir
(Kidron & Dreyfus, 2014). Ispat imaji agisindan, segilen
kurulan kisiye 0zgii bu baglantilarin formel olma

zorunlulugu bulunmamaktadir.

Bs. Dinamizm: Davydov’un (1990) soyutlamaya iliskin

goriislerine paralel olarak ispat imajinin gelismemis
formdan gelismis forma, basitten karmagiga dogru gelisim

gostermesidir.

Bs. Bir Olusuma Sebebiyet Verme (Biitiinliik): Matematiksel
durumun tek bir imgesidir (Kidron & Dreyfus, 2014).
Diger bir ifadeyle imajin “olusuma” olanak saglayacak

sekilde biitiinciil gelisim gostermesidir.

edilebilir. Sezgi, temelinde 6znel bir kesinligin
bir bilis
tanimlanabilir (Fischbein, 1999). Hisler ise Clore
(1992) tarafindan ifade edildigi gibi “bedensel,

bulundugu  o6zel tirii  olarak

biligsel veya duyussal durumlardan kullanilabilir
bir geribildirim saglayan tiim icsel isaretler”

olarak degerlendirilebilir.
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Blum ve Kirsch (1991) formel ispati, kabul edilebilir mantiksal ¢ikarimlarin yer aldigi
ispatlar seklinde tanimlamaktadir. Buna paralel olarak Kidron ve Dreyfus (2014) da ispat
imajinin formel ispatla birlikte bulundugu aktiviteler iizerine odaklanmislardir. Ispat imajinin
ortaya ¢iktigr ancak formel ispatin ortaya ¢ikmadigi durumlar olabilecegini belirtmelerine
ragmen bu kismi derinlestirmemislerdir. Bahsedilen bosluk, arastirmanin motivasyon kaynagi
olarak benimsenmis ve arastirma problemi “Ispat imajmin ortaya ¢iktign ve formel ispatin
ortaya ¢ikmadigi bir ispat siirecinin bilesenleri nasil sekillenir?” seklinde belirlenmistir. Bu
inceleme, formel ispatla ispat imaj1 arasindaki iliskiyi betimlemeye olanak saglamasi agisindan

onemli goriilmektedir.

Yontem

Gozlem, goriisme ve yazili verilerden faydalanilan bu arastirmada nitel analiz
yontemlerinden Ornek olay calismasi kullanilmistir. Calisma grubu, ilkégretim matematik
ogretmenligi 3. smuf ogrencilerinden olusmaktadir. Ornekleme islemi iki asamada
tamamlanmistir. Birinci asamada, kolay ulasilabilir durum 6rneklemesi tercih edilmistir. Bu
kapsamda bir devlet tiniversitesinde soyut cebir dersini almakta olan 120 6gretmen adayina 2
sorudan olusan bir form uygulanmustir. ikinci asamada, goriisme yapilacak bireyler dlgiit
ornekleme yontemiyle se¢ilmistir. Bu baglamda iki soruya dogru cevap veren ve goniillii olan
3 6gretmen adayiyla miilakat gergeklestirilmis ve onlardan baska bir teoremi sesli diisiinerek
ispatlamalar1 istenmistir. Goriisme video ile kayit altina alimmustir. Elde edilen veriler igerik
analizi ile analiz edilmistir. Analizler sonucunda katilimcilardan sadece birinin formel ispata
ulasamadig1 halde ispat imaj1 olusturabildigi belirlenmistir. “Biisra” olarak isimlendirilen bu

katilimciya dair veriler bulgularda paylasilmistir.

Bulgular

Bu boliimde Biisra’nin ispat siireci dncelikle 6zetlenerek dogrudan aktarilmistir. Daha
sonra ise ispat, bir akis diyagrami ile ayrintili olarak gorsellestirilmis ve ispatin biligsel ve
duyussal boyutlar1 igin ispat imaji baglaminda analizler gergeklestirilmistir. Bu analizler
sonucunda ulasilan sonuglar asagida 6zetlenmistir:
B1. Kisisel Olma: Ispat siirecinin tamami disaridan herhangi bir miidahale olmaksizin Biisra’nin
tercihleri ve kendi eylemleri dogrultusunda sekillendiginden kisisel bir anlayisi icerisinde
barindirdig1 yorumu yapilabilir.
B2. Mantiksal Baglar Icerme: Biisra’nin farkli noktada anlayisini derinlestirmek igin 6n bilgileri

arasindan esitlik, kiime, merkezlestirici, gibi matematiksel yapilari sectigi (R-) ve cogunlukla
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mantiksal gerekcelendirmeye dayanan baglantilar kurarak bunlari kullandigi (B-) yorumu
yapilabilir. Baglantilarin bir boliimiiniin matematiksel agidan dogru olmasina karsin 6nemli bir
boliimiiniin de dogru olmayan gerekg¢elendirmelere dayandigi belirlenmistir. Bu asamada Biisra
iki kiimenin de grup yapisinda oldugunu bilmesine karsin bunlar arasindaki iliskiyi “grup olma
ozellikleri” agisindan tekrar incelemistir. Dahasi, yeterli Sorgulama gergeklestirmediginden bu
eksikligi fark edememis ve dolayist ile mevcut bilgi yapisi igerisinde bir dengesizlik
yasamamistir. Bu nedenle islemlerin dogru oldugu kanisi ile formel ispata ulastigini
belirtmistir.

Bsz. Dinamizm: Segcilen (R-) ve Kullanilan (B-) yapilar arasindaki mantiksal gerekcelendirme
sayesinde ispatin gelismemis bir formdan gelismis bir forma dogru gelisim gosterdigi
belirlenmistir.

Bs. Biitiinliik: Biisra’nin farkli yaklasimlar benimsemis olmasina ragmen tek ve biitiin bir imaja
sahip oldugu soylenebilir. Bu karakteristik 6zellik Biisra’nin tiim siireci zihninde tagimasina
olanak saglamistir. Bu sayede Biisra, gerekli noktalarda deneyimlerinin sonuglarini da gézden
gecirerek ispatina yon vermistir.

I¢ gorii anlari ve aydinlanma deneyimleri: Biisra nin ii¢ farkl i¢ gorii (Aha! Deneyimi) yasadigi
belirlenmistir. Bunlardan ilk ikisi, onun M(a) ve M(a™) kiimelerini ayrik olarak ele almasindan
kaynakli giicliigii asmasini saglayacak yontemler ortaya koymasini miimkiin kilmistir.
Ardindan ispati sonuglandirmasinda 6nemli bir adim olan tigiincii bir i¢ gorii daha gergeklesmis

2

ve “esitlik, merkezlestirici ve alt grup yapilarin1  birlikte  diisiinerek

13

M@)<M@")aM(@')<M(@)=>M(@)=M(a™")” slgiitiinii olusturmustur. Bu 8l¢iit, formel
olmayan baglantilar icermesine karsin bu onun bilgi yapisi igerisinde bir tutarsizlik ortaya
¢cikarmamistir. Dolayisiyla, Biisra’nin teoremde yer alan kavramlar arasindaki iliskilere kendi
anlayis1 baglaminda anlam verebildigi ve mevcut bilgi yapist igerisinde aydinlandigi
sOylenebilir.

His Boyutu: Biisra’nin silireci his deneyimleri agisindan incelendiginde Siirecin ilk
asamalarindan son asamalarina kadar cesitli noktalarda asina olma hissi, bilme hissi, dogru iz
iistiinde olma hissi ve kesinlik hissi gibi bu siirece yon veren ¢esitli hisleri deneyimledigi ve
eylemlerine bu hisleri dogrultusunda bir yon verdigi sdylenebilir. Dahasi, pek ¢ok noktada
dogru iz istiinde olma hissinin varligindan da soz edilebilir. Biisra’nin ¢eliskiye diistiigi
anlarda bu hissin kismen kesintiye ugradigi belirlenmistir. Fakat bunun uzun siirmedigi ve onun
kavramsal iliski agin1 farkli yapilar/yontemler sayesinde zenginlestirdigi ve bunu yaparken de

kendisini cesaretlendirdigi goriilmiistiir. Dolayisiyla Biisra’nin siirecin sonunda sezgisini kesin
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olarak dogruladigini diisiindiigiinden ispatin geneline iligkin bir tamamlanmislik hissine ulastigi

yorumu yapilabilir.

Tartisma ve Sonug¢

Ispat imajimin bilissel boyutunu olusturan bilesenler arasinda, kisisel anlay1s bileseni ile
sekillenen hiyerarsik bir iligskinin varligindan sdylenebilir. Buna gore, ispatlama siirecini
gerceklestiren birey siirecin herhangi bir asamasinda belirli bir amaci gergeklestirmek igin
kisisel anlayis1 dogrultusunda girisimde bulunarak belirli matematiksel yapilar1 seger ve bunlar
arasinda sezgisel ya da formel olabilecek iliskiler kurar. Eger kurulan bu iliskiler, mevcut
asamaya kadar benimsenmis olan gerekcelendirme ag1 ile tutarlilik gosteriyor ise bu asama
slirecin onceki agamalari ile birlesir ve Davydov (1990) tarafindan ifade edildigi anlamu ile basit
bir formdan daha gelismis bir forma dogru gelisim miimkiin olabilir. Ayrica bu dinamik gelisim
sayesinde ispatin s6z konusu asamasi ile dnceki asamalari arasinda bir biitiinliik ortaya ¢ikabilir
ve birey Onceki adimlarda ulastig1 sonuglardan hareketle yeni bir girisimde daha bulunarak
siirece yon verir. Ispatlama eylemine eslik eden imajin olusumunun, beraberinde getirdigi iliski
ag1 sayesinde bireye iddianin neden dogru oldugu ile ilgili i¢sel bir goriis sagladig1 yorumu da
yapilabilir. Dahasi, Biisra’nin olayinda gozlendigi gibi ispat imajin1 bi¢gimlendiren bir bireyin
ulastig1 kesinlik hissi ile birlikte enformel yaklasiminin da 6tesine gegerek daha formel bir bakis
elde etme ihtiyaci duydugu soylenebilir. Bu noktada saglanan i¢sel motivasyon, bireyi tanimlar
gibi matematikgiler tarafindan kabul edilen formel yapilar1 kullanmaya tesvik etmektedir. Bu
noktada Kidron & Dreyfus (2014) tarafindan da ifade edildigi gibi s6z konusu formel bilgi
yapilariin, daha zayif yapilar1 destekleyerek bireyin daha gerekgelendirilmis bir cerceveye
ulasmasimni miimkiin kildig1 yorumu yapilabilir. Diger yandan kurulan matematiksel
baglantilarin formel bilgi tutarlilig1 ise basta hazirbulunusluk olmak iizere pek ¢ok faktor ile
yakindan iligkilidir. Bu ¢alismada oldugu gibi yeterli matematiksel olgunluk diizeyinde
olmayan ve bir matematiksel durumu bagka bir duruma doniistiirmede (Simon, 1996) yeterli
gerekcelendirmeyi saglayamayan bireylerin ispat imajin1 insa ettikleri durumlarda dahi formel

ispat1 olusturamayabilecekleri sdylenebilir.
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Abstract — As proof and proving are the key elements of mathematics, several frameworks evaluating this process
have been presented. Proof image, being one of them, was introduced by Kidron and Dreyfus (2014) through
analyses of two mathematicians' activities. Authors clarified it in the context of components, and emphasized its
relation with formal proof. However, despite mentioning its possibility, they didn’t present any case where proof
image exists without the formal proof. This led us investigating dynamics of such cases. Multi-stage sampling was
preferred, and 120 pre-service teachers were asked to prove two theorems about algebra firstly. Then, task-based
interviews were conducted with 3 participants, who proved both theorems. Moment-by-moment analyses were
conducted and sub-dimensions were discussed in detail. Additionally, role of “enlightenment” was reinterpreted
and feeling dimension was elaborated. Consequently, it was identified that one participant had an image although

she couldn’t reach the formal proof, and her story was presented.

Key words: proof image, proving, algebra, mathematics education
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Introduction

As proof and proving are the key elements of mathematics, difficulties experienced (eg.,
Moore, 1994; Almeida, 2000; Knapp, 2005; Harel & Sowder, 2007; Ko & Knuth, 2009; Weber
& Alcock, 2009) in proving in mathematics education have caused the process to be discussed
in detail, and several theoretical frames (eg., Balacheff, 1988; Harel & Sowder, 1998; Tall,
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1998; Blum & Kirsh, 1991; Miyazaki, 2000) which are evaluating this process through different
perspectives have been presented. One of these perspectives, the proof image was introduced
by Kidron and Dreyfus (2014) by correlating different frameworks which explain the learning
process of individuals. Because it approaches the proving process from the knowledge
construction perspective and considers its both cognitive and affective dimensions, it can be
said that the proof image provides a deep understanding of proof. However, is there always a
possibility of transition from proof image to formal proof? Moreover, can the proof image exist

in the absence of formal proof?

In this article, firstly, basic theoretical frameworks constituting the basis for the proof
image were mentioned, and the sub-components of the image were discussed in detail. Then a
proving process of a prospective mathematics teacher was presented in micro-analytic
(moment-by-moment) level. This process was interpreted by using the proof image and findings
of all characteristics were presented with specific examples. Based on these results, the
discussion about the relation between the proof image and the formal proof was presented at

the end of article.

Theoretical Framework

While the importance of proving in the studies of mathematics education has been
underlined in this regard, studies have shown that undergraduates have difficulties with this
activity. For example, Moore (1994) stated that students do not know mathematical definitions,
or they cannot explain them. However, Antonini and Mariotti (2008) stated that methods of
proof are not known sufficiently and argued that the known methods are often applied
incorrectly. On the other hand, Knapp (2005) stated that undergraduates have difficulty in
formal thinking and understanding formal mathematics. Another point in which students have
difficulties is that they cannot decide where or how to start to prove. Although, on the basis of
many theories which try to explain the proof process underlining the significance of intuitive
understanding, lack of intuitive understanding is one of the difficulties that the students
experience (Moore, 1994). However, intuitive structures are the key elements in every type of
active understanding and productive thinking (Fischbein, 1982). Weber and Alcock (2004)
stated that students use intuitive reasoning in addition to formal reasoning, defined this situation
as different ways that students can produce a proof. In producing a syntactic proof, which is
one of them, the individual tries to prove by using mathematical expressions in a logically
acceptable way, that is, in a formal way. In producing a semantic proof, the individual uses

informal and intuitive representations to lead the formal processes. Having looked at difficulties

Necatibey Egitim Fakiiltesi Elektronik Fen ve Matematik Egitimi Dergisi
Necatibey Faculty of Education, Electronic Journal of Science and Mathematics Education



8 Formal Ispatin Mevcut Olmadig Bir Durumda Ispat Imaji Var Olabiliv Mi?: Basarisiz Bir Ispat Girisiminin Analizi
Can the Proof Image Exist in the Absence of the Formal Proof?: Analyses of an Unsuccessful Proving Attempt

experienced in the proof process from a different perspective, Weber (2001) mentioned that
although students know the concepts, definitions, theorems and can apply them, they could fail
in proving. She explained that situation by strategic knowledge and categorized it. The strategic
knowledge is “knowledge of the domain's proof techniques, knowledge of which theorems are
important and when they will be useful, knowledge of when and when not to use 'syntactic'
strategies”. This strategic knowledge and attempt to prove in a semantic way through intuitive
understanding can be seen as a reflection of concept image in the individual's mind. Because
having a rich concept image is of great importance to be able to use a concept in a flexible way.
On the other hand, having a rich concept image is possible by structuring the knowledge
construction process correctly. With the aim of analysing this construction on a micro-analytic

level, Hershkowitz, Schwarz and Dreyfus (2001) put forward RBC model.

RBC (Recognizing, Building- With and Construction)

According to RBC, which is a model presented in the framework of Abstraction in
Context (AiC), construction of mathematical knowledge is seen as a vertical mathematization
process. Vertical mathematization pointed out by Freudenthal (1991) means constructing a new
knowledge by analyzing and correlating present mathematical knowledge in mathematical
context (Treffers & Goffree, 1985). According to Hershkowitz, Schwarz and Dreyfus (2001)
taking this view as a reference, the abstraction process can be explained by three epistemic
actions. These actions are Recognizing (R-), Building- with (B-) and Construction (C-)
respectively. Recognizing (R-) which forms the first step of the abstraction process is the
realization of a construction already formed by students before in the process of problem
solving (Tiirniiklii & Ozcan, 2014). On the other hand, using preformed mathematical
constructions to achieve a certain goal is explained through Building with- action. (Schwarz,
Dreyfus, Hadas & Hershkowitz, 2004). Construction (C-), the last step of the process, refers to
the reconstruction and regulation of mathematical constructions by partial changes. (Bikner-
Ahsbahs, 2004). The reconstruction and regulation actions mentioned herein indicates a vertical
mathematization. Thus, thanks to the Construction (C-) action, a new mathematical
construction, which has not been accessible for the individual before, is put forward
(Hershkowitz et al., 2001). However, it can be interpreted that this discovery has not been made
by an unforeseen chance (Liljedahl, 2004) and some basic mechanisms which take place in the
mathematical thinking process have important roles in forming and understanding new
constructions. The "Aha! Experience” and “Enlightenment” are two of those mechanisms

accompanying the knowledge construction process.
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The “Aha! Experience” and Enlightenment

"Aha! Experience", which expressed by Liljedahl (2005), can be imagined as an electric
spark that occurs suddenly and connects the various pre-existing knowledge constructs through
appropriate selection. Thanks to this phenomenon, a new construct can be formed. Moreover,
it can be said that the individual can better understand the experienced situation, and thus he or
she is "enlightened"” in the sense of Rota (1997). From the viewpoint of the proving process,
this step can be interpreted as “providing an insight to the connections underlying the claim to
be proved"”. By this means, for example, the role of a concept (or argument etc.) in the context

of other mathematical constructs can be comprehended.

The concept of the “Aha! Experience” and the “Enlightenment” can be described as
important stages in the knowledge construction (C-) process (Kidron & Dreyfus, 2010) and are
explained in a mutual metaphor by the authors of this study as follows (Figure 1).

I
il

S

Figure 1 A metaphor explaining the relation between “Enlightenment” and “Aha! Moment”

While the marked part of the presented puzzle is determined by an appropriate approach,
different features such as shape, size and color of the remaining shaded parts are taken into
consideration. All of these features are considered as a whole and then the appropriate part is
chosen from the pouch. At the moment in which all the features are evaluated simultaneously,
clarification of which part in the pouch is appropriate for the shaded space in an undoubted way
for the individual is interpreted in the context of “Aha! Experience” stated by Liljedahl (2005).
On the other hand, creating a meaningful whole by this chosen part for the individual by being
placed on the puzzle, and the increase of this meaningfulness level gradually have been

evaluated in the context of the “Enlightenment” idea stated by Rota (1997).
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Proof Image

Taking conceptual framework presented above into account, Kidron and Dreyfus (2014),
examined the interplay between intuitive and logical thinking in the proving process micro-
analytically and they reached the concept of the proof image by using RBC (Recognizing —
Building With - Constructing) model. They described this concept as “total cognitive structure
in the person’s mind that is associated with her or his proof (Kidron & Dreyfus, 2014, p. 305)”
and introduced it by comparing it to different viewpoints related to proving such as intuition,
conceptual insight, semantic proof production, and they created the proof image-formal proof
analogy by using a double strand concept image-concept definition structure. In this context,
the writers underlined that the individual has certainly a proof image if he or she, who has
attempted to understand why a given claim is true, has two main components together. Main

components and their subcomponents are in the Figure 2 below.

Proof Image

it Affective
Undergsr:anding I:Ce;{ti:iit‘;f

Including Giving Rise to

: 2 an Entity
Logical Links (Integrity)

Intuitive

Being Personal Being Dynamic Conviction

Figure 2 Components of the Proof Image

The first component is the cognitive understanding of why the proof is true. According
to Kidron and Dreyfus (2014), the cognitive dimension of the proof image consists four
characteristics. These are presented following Table 1:

Table 1. Cognitive Components of the Proof Image

C:. Being personal: It means the image's having the traces of the individual's personal
inferences and experiences, and making progress by being fed with them. According to
Kidron and Dreyfus (2014), cognitive intuition and logic enriching the understanding of the
individual on why each suggested claim is true in the proving process can be expressed in
the context of personal understanding.
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Cz. Including logical links: Mathematical proof requires a synthesis of various cognitive links
to establish a new connection (Barnard & Tall, 1997). In this context, the meaningful links
are established by the way like weaving the intuitive threads between previous mathematical
constructions recognized and selected by the individual in the proving process (Kidron and
Dreyfus, 2014).

Cas. Being dynamic: This characteristic which is inherent to the image's process of progress
(Kidron and Dreyfus, 2014) can be expressed as image's further forms' including the former
ones. In other words, in line with Davydov’s view of abstraction, the progress of proof image

is from backward form to developed form, from simple to complicate.

Ca. Giving rise to an entity: It means a single image of entire mathematical situation (Kidron
and Dreyfus, 2014). In other words, the progress of the image in a single and entire way,
which enables a construction. In present study, this characteristic was used by emphasizing

the meaning of “integrity”.

Kidron and Dreyfus (2014) defined the second component of the proof image as “the
affective feeling of certainty, consists of the intuitive conviction”. When defining the affective

part of framework, they emphasized the following two concepts:

Intuition: According to the English version of the Oxford Dictionary (1989), intuition means
“the ability to understand something instinctively, without the need for conscious reasoning”.
Fischbein (1999) defined intuition as a special cognition type on whose basis a personal feeling
of certainty and generality take place, and stated that the intuition is explained together with
many characteristics such as self-evident, immediacy etc. In addition to this, Fischbein (1987)
defined intuitive knowledge as a knowledge type that is not based on experimental proofs or

certain logical arguments.

Feelings: The context of the feeling concept is a subject of debate in the literature. Many
researchers (e.g., Hannula, Evans, Philippou & Zan, 2004; Grootenboer & Marshman, 2016;
Selden, McKee & Selden, 2010) described this concept as affective. However, some researchers
claim that feelings cannot be restricted in a domain. One of them, Clore (1992) stated that
“feelings” can be seen as both affective and cognitive and even physical. Because he considered
the feeling as internal indications deducted from the bodily, cognitive and affective states,
which provide usable feedback or information about these states. Affective feelings include
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fear, happiness, satisfaction, and many other feelings like those attached to the affective
domain, while reactions for physical conditions such as hunger, ache and pain are bodily
feelings (Clore, 1992). Cognitive feelings are also the feelings that the individual provides
feedback for their own cognitive processes (ibid). Knowing, confusion, certainty, rightness,
familiarity and completeness are some cognitive feelings. These three domains take place in
different categories in regard to the way that they are felt; however, they are connected with
each other and are interchangeable. That is to say, feelings in different categories can direct,
launch or have an interaction with each other mutually. To illustrate, we can be happy to know
something, be in dread of a situation that we feel confused about or be sad about being tired
(Clore, Ortony & Foss, 1987, cited from Clore, 1992) or we can welcome an “Aha! Experience”
with enthusiasm (Goldin, 2000). As Clore (1992) said, stating that some feelings aren’t affective
doesn’t mean that they won’t cause affective reactions.

As accepted by Kidron and Dreyfus (2014), in this present article, the intuition was
discussed in the sense, which Fischbein (1982; 1987; 1999) used. In addition, the concept of
feeling was adopted in the sense, which Clore (1992) used. Especially, affective and cognitive
feelings have been taken into consideration due to their effect on justification in proving

activities.

Motivation of Study

In their article, Kidron and Dreyfus (2014) presented two proving stories (the case of K
and the case of L) both of which included a proof image and formal proof together. On the other
hand, despite mentioning its possibility, they did not present any specific case, which includes
a proof image and does not include formal proof. This gap, which is an incomplete part of the
theoretical framework, led us to be sensitive about these type possibilities. For instance, Pala
and Narl1 (2020) examined the proof image of a student when the student had and did not have
formal knowledge, and detailed the effect of formal knowledge on the proof image and on
reaching formal proof. As a result, they emphasized the positive effect of formal knowledge on
the proof image and on reaching formal proof, but also stated that the student had the proof
image even when she did not have formal knowledge. Thus, such findings directed us to the

following question for this study:

“How can a proving activity occur in which the proof image emerges but the formal proof

does not?”

By the light of this question, in this present study, proof image, feelings, and epistemic

actions were used to analyze an unsuccessful proving process of an undergraduate who attended
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abstract algebra course. Because of having a rich content in terms of proving activities, abstract
algebra course is considered as a suitable context for revealing the difficulties in proving. In
this way, it is thought that the relationship between the formal proof and the proof image can
be elaborated and some of the reasons preventing the transition to the formal proof can be
revealed. This analysis is of importance mainly because of its contributions to the educational
practices for instructors’ proof presentations, and the description of the process, which students
experience within the scope of mathematics education in a multidimensional way. Furthermore,
the data obtained from in-depth and multi-perspective analyses of the proving process can

include suggestions for the educational practices for proof.

Method
Because a student's proving process was aimed to be analyzed without any intervention,

the case study, which is one of the qualitative analysis methods, was used for this study. Case
study is an in-depth description and analysis of a limited area (Merriam, 2009). Observation,

interview, and written data were used to comprehend the student’s proving process throughly.

Sampling

Participants of the study were pre-service middle school mathematics teachers attending
a state university. Before the research, they took the Fundamentals of Mathematics, Abstract
Mathematics, Linear Algebra I-1l, and Analysis I-11 courses previously. During this research,
they were also taking Introduction to Algebra, Analysis Il and Analytic Geometry | courses.
The third writer was the instructor of Introduction to Algebra course. Because the sampling
process completed in two stages, the multi-stage sampling was preferred in the study. In the
first stage, the convenience-sampling method was preferred and 120 juniors taking Introduction
to Algebra course were given a questionnaire including two proof questions. In the second
stage, students whom would be interviewed were selected by the criterion sampling method.
This method was preferred because it enables the selection of the individuals who had the
determined qualification. In this stage, three students who answered both of the questions

correctly and volunteered for the study were selected for task-based interview.

During the research and analysis process, attention was paid to the criteria that would
ensure the validity and reliability of the study. The most basic and first of the strategies that
increase credibility in a qualitative study is data triangulation (Merriam, 2009). In this study,
data triangulation (interview and observation) was performed to ensure the credibility of the

findings. Sufficient (rich and dense) descriptive data were provided in the findings to ensure
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transferability (Merriam, 2009). Peer evaluation, which is one of the strategies that can be used
to ensure the reliability of qualitative research, is explained in the data analysis section.

Data Collection

The questionnaire, given to 120 students to determine the students with whom a task-
based interview would be conducted, was an open-ended exam, which did not include any
multiple-choice questions. The exam consisted of two questions about proving two theorems.
Because the questions include advanced cognitive skills and required long answers, the number
of questions was limited. Expert opinions on the validity of the questions were taken from two
instructors working in the primary mathematics teaching department. The theorems in the
questionnaire included proving tasks on a subgroup and centralizer concepts in abstract algebra.
These concepts were preferred because they are the basis of many subjects in abstract algebra.

The theorems were as follows:

. Theorem 1: Let (G,.) be a group and a € G. In this case: Is the set of C (a) = {x € G:

a.x = x.a} a subgroup of the group G? Prove it.

. Theorem 2: Let (G,.) be a group and H<G. In this case: The set of C (H) = {xe G: V¥
he H, h.x=x.h} is defined. What kind of a set is this? Explain it. Is the set of C(H) a

subgroup of the group G? Prove it.

Before the practice exam, the students learned the subjects of operation, group, subgroup,
and the center of a group in the introduction to the algebra course. Also, the statement “the
center of a group is a sub-group” was proven in the course with the students. Therefore, the
students were thought to have a sufficient background necessary to use statements such as “the
center of group, subgroup requirements, properties of commutation and association, etc.” to
prove the two theorems above. In answering the questions, no limitation was placed on the
undergraduates. After the preparation of the questionnaire, a key form was prepared to evaluate
the items in the questionnaire. Taking into consideration that an individual can prove in
different ways, all-different proving ways, which can be formed through the subjects taught
within the scope of the course, were tried and added onto the key form. To be accepted as
successful in demanded proving, an individual should complete the steps on the form. Answers
taken from the questionnaire were evaluated by the first and second writers individually, and
three students who received full marks from both of the researchers were selected. These
students, whom we called Rabia, Biisra, and Merve, were given the necessary ethical
information about the study. In the interview, they were asked to prove the theorem given below

in order to observe how they proved a theorem, which they had never come across before.
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+ Theorem 3: Let G be a group and a€G. If C(a)= {x€G: a.x=x.a}, show that C(a)=C(a™)

This interview was conducted by the first writer and recorded by two video cameras. One
of these cameras was placed in such a way that it could record the paper of the student, and the
other was placed in such a way that it could record the face of the student. When proving the
given theorems, the students were asked to think aloud and to give explanations at critical
points. Right after each proving activity, a semi-structured interview was carried out with
participants about their proving process. This interview form, which was developed by the light
of opinions of three mathematics education experts, included 13 questions about components
of the proof image.

Data Analysis

Content analysis was used in the analysis of the data received from the task based activity
and the interview. After the interview was transcribed, the data was analyzed according to the
cognitive and affective components and their sub-components. The RBC (Recognizing-,
Building With- and Construction-) model was used as an analytic tool in the evaluation of

knowledge construction processes on proving.

In the data coding process, firstly, main indicators of each sub-component were identified
by three authors. For example “clear expression of remembering any pre-knowledge” was one
of the indicators of Recognizing (R-) epistemic action, “relating at least two concepts for any
procedure” was one of the indicators of including logical links characteristics or “expressing
thoughts without any hesitation” was one of the indicators of the feeling of rightness.
Especially, camera records (focused to face) and statements in the interview were used for
coding feelings. Having identified these indicators, the coding process was executed by the first
and the second authors separately. The same coded variables of both authors were included in
the study. For different situations, the third author's opinion was taken into account. The codes
of the researchers were compared and the consistency between the coders was calculated using
Miles and Huberman's (1994) formula (Reliability of the study = consensus / (disagreement +
consensus) x100). As a result, the reliability percentage between the encoders was calculated
as approximately 80%. After the coding process, analyzes were conducted. As a result of these
analyzes, it was observed that only one of the participants had the proof image but did not reach
the formal proof. In light of the motivation of the study, the proving process of this participant,

whose name is Biisra, will be presented with findings related to her activity.
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Findings
In this section, first of all, Biisra's proving activity is summarized and then interpreted in

the context of the components of the proof image.

Summary of Biisra’s Proving Process

After having read the theorem Biisra started to explain her thoughts to herself. She stated
that there existed two centralizer sets in the theorem and she should show their equality. After
having thought for a while, she said: “I got what the question asked but | dor’t know how to
point this out”. At this time she first questioned whether the commutative elements with an
element of aeG could also be commutative with the inverse of this element. She linked the
condition of equality of the sets to the condition of being commutative with exactly the same
elements, and so started to create a framework within the context of commutative property on
the equality of the sets. Then she decided to focus on the concept of a centralizer. She clearly
expressed that the objects used to comprehend this concept existed in her mind, and she detailed

her thoughts as follows using the concrete objects on her desk:

For example (she takes an eraser) let this be the element of “a’. If this eraser is commutative
with these 4 pencils (pointing out the pencils), the inverse of the element of ‘a’ should be

commutative only with these 4 pencils.

She stated that she had difficulty to express this relationship mathematically. At this
point, she first focused on the approach of finding a contradiction. According to this approach,
if any element in the centralizer sets were commutative with only one of the elements of aeG
and al &G, it would certainly be commutative with the other. However, she gave up on
proceeding in that way because she had a doubt that this approach could provide the essential
conditions in terms of the formal proof. After having thought for a while, she excitingly
expressed her thoughts:

| wonder whether there exists an element a* in the set of C(a)? If I choose an element of

a from the set of C(a) and show that it is commutative with every element in the set of

C(a), it will mean that this set is the centralizer of the element a. Yes, I can do this now!
After making this explanation self-assuredly, she focused on the question ofa™ éC(a) .

?
To answer this question, she focused on a e C(a_l) which she thought that it was easier to

be answered and equivalent to other question. After having remained silent for a while, by
stating that the set of C(a™) is a subgroup just like the set of C(a), and so it should provide the
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group characteristics, she wrote “a.a'=a'.a=e =>ae C(a) ”. She couldn’t continue with this
expression and in order to overcome this difficulty, she expressed that she would define a new
centralizer set and wrote “C(a)={ VX eC(a?): a.x=x.a}”. She stated that the sets needed to be
equal according to the new definition. Because she had difficulty in expressing her thoughts

and she repeated same concrete objects as follows:

| said that (she took the eraser) let this be the element ‘a’. Let them (pencils) be the
centralizer set of the inverse of ‘a’. If this one (means the element ‘a’) is commutative with
all these (means the centralizer set of the inverse of the ‘a’), then the centralizer of the

element ‘a’ is the same set.

Having made this explanation confidently, she stopped and didn’t continue prove. After

having thought for a while, she said that she made it much more confusing by defining the set

of C(a) ={vxe C(a‘1)|a.x = x.a} in that way and then deleted it.

If all elements of the set C(a™) is commutative with the element a, then it means that I’1l
show the set C(a) as a subgroup of the C(al). If I show these sets are subgroups of each

other, then it means I’ll show the equality.

After having formed her criterion about the proof, Biisra, finally, was observed as being
motivated. She produced the proof of “C(a) < C(a*) ”” through a similar procedure of the proof
of “C(a) < G which she knew already. At the end of the following operations (presented in
Figure 3), which she performed without hesitation, she arrived at the conclusion that this is a

subgroup.

Figure 3 Biisra’s approach for C(a) < C(a™)
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Following this step, she showed through a similar procedure that the expression C(a™)
< C(a), which is the inverse of the previous step, was valid, and then she stated that she
completed her proof.

Figure 4 visualizes Biisra’s proving approach (including mathematical connections,
statements, actions, mimics and feelings) moment-by-moment. In addition, Table 2 elaborates
her statements and actions step-by-step and shows her epistemic actions in each step.
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Table 2. Micro-analytic analyses of Biisra’s proving process

Statement (S) Explanation Observed
Action (A) Epistemic Actions

She stated that she has to demonstrate equality of  Action (R-)
S1 centralizer sets. However, she also stated that she
was not sure about this equality.

She stated that the constructs, which she need for  Action (R- & B-)
Al-S2 understand centralizer concept, exist in her mind.

Afterwards, she interpreted the meaning of the

equality of centralizer sets by using concrete objects

(pens & eraser).

A2 She reached the conclusion that equal centralizers Action (R- & B-)
are the sets, which are commutative with same
elements.

S3 She stated that she could deal centralizer sets

separately and could not deal them together.

A3 After for a while she suggested following approach:  Action (R- & B-)
“’Demonstrating that if any element in the
centralizer sets were commutative with only one of
the elements of aeG and a? &G, it would certainly
be commutative with the other’’

S4 Having stated she doubted the adequacy of this
method, she abandoned it.

Ad To understand better the relation between centralizer
sets and their elements, she focused on a question.

S5 «If I select a* from C(a) and demonstrate that this  Action (R- & B-)
element is commutative with all the elements of
C(a), then | prove that C(a) set is also centralizer of
the a* element. »

A5 She answered the question asked in A4 action by Action (R- & B-)
using her pre-knowledge.

A6 She re-defined centralizer sets by using conclusion  Action (R- & B-)
reached in A5 action.

S6 She stated that this approach made the relationship
network more complicated and gave up using the
definition she wrote in the last step.
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S7 She gave up her approach, which based on
synthesizing two centralizer sets in single
representation, and stated that she thought C(a) as
a simpler construct.

AT She thought about the properties of both centralizer
sets and their elements.

S8- A8 By considering S5 statement and A6 action, she Action (C-)
formed following criterion to prove equality of the
sets:

«If these two centralizer sets are sub-group of each
other, then they must be equal. »

A9 She constructed the proof of C(a) < C(a™). Action (R- & B-)

Al10 She constructed the proof of C(al) < C(a) in a Action (R- & B-)
similar way.

S9 She stated that her proof was finished.

Evaluation of Biisra’s Proving Process
When cognitive and affective components taken into consideration, it could be said that

Biisra had a proof image. The findings of the subcomponents will be exemplified below.

Cognitive Dimension
C1. Personal Understanding: Because the proving process was shaped by Biisra’s own
preferences and her own actions, it can be interpreted that it includes a personal understanding
which belongs to her. To illustrate, having considered using an approach based on finding a
contradiction in the process, but then giving up on this approach with the impacts of her
experiences and leaning towards a different approach can be interpreted as a reflection of her
personal understanding giving direction to her proof. Personal understanding dimension
expressed at this point can be said to provide an opportunity for presenting a flexible framework
for herself. It can be expressed that this characteristic formed a branching construct rather than

a linear proceeding.

On the other hand, it was observed that with the impact of Biisra’s personal
understanding, Biisra had difficulty in expressing her thoughts in the beginning stages and
frequently hesitated in the communication process. To illustrate this, after having decided to
define the elements of set C(a) with reference to the set C(al), she remained silent for a while

and then made the following explanation with a concerned face:

...I thought what | had at the beginning was logical for me but how can I express it?
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It can be interpreted that at that moment the image was “silo thinking”. On the other hand,
with the impact of the dynamism provided in the next stages of the process, Biisra can be said
to have managed to make contact with the outside, and thus she was able to express her thoughts

in writing and orally in a more organized manner.

Ca. Including Logical Links: It can be interpreted that Biisra selected (R-) various mathematical
constructs at several points and used them by establishing links most of which were based on
logical justifications. To illustrate this, she focused on the relation between the centralizer sets
and their elements to verify her initial intuition on the equality of the sets, and thus, she formed
more formal framework between the sets by developing a mathematical definition which would
correlate the elements of the set C(a) with the set of C(a). Similarly, it can be interpreted that
Biisra established logical links which enabled her to discuss different concepts such as equality,
set, centralizer, group, and subgroup interactively at several points. Besides, it can be said that
although some parts of those links which Biisra established in the process had correct

justifications mathematically, the majority of the links were based on incorrect justifications.

On the other side, it can be said that the relation C(a)<C(a™l) which Biisra expressed
towards the last stages of the proving process was based on a mathematically inadequate
justification process. Because she preferred to analyze the sets once more in terms of the
characteristic of being a subgroup instead of analyzing their subgroup relations between them
even though she knew that both sets were in a group structure. In this context, Biisra can be
interpreted as having developed an inadequate understanding of the concept of the subgroup.
On the other hand, because the subset relations between the sets weren’t analyzed, a proof
which could be valid for the proposition of C(a)<G was put forward by Biisra. However,
because she didn’t question the operations adequately she put forward at the last stages of the
proving process, she didn’t realize this deficiency, and thus, any imbalance didn’t emerge
within her present knowledge construct. Therefore, Biisra stated that she produced the formal

proof with the view that the operations she performed were correct.

Cs. Being Dynamic: Thanks to the logical justification networks among the mathematical
constructs which were selected (R-) and used (B-), it can be stated that the proof made a
dynamic progress from the backward form to the more developed form. Biisra illustrated this
by managing to explain the equality, which was an abstract relation that she comprehended on
merely concrete materials at the beginning of the process, within a mathematical form, thanks
to the logical relation networks, which she established within the process. As in this example,

thanks to the dynamism, it can be interpreted that the next stages within the proving process of
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Biisra made progress in such a way that including the previous stages. Therefore, progressing

from an intuitional characteristic to a formal framework was possible.

Cas. Giving Rise to an Entity: Although Biisra adopted different approaches methodologically
and didn’t proceed within the process linearly, she can be said to have a single and entire image
in terms of her proof thanks to the emerged dynamism. In the most general sense, this
characteristic allowed her to carry all steps of the process in her mind as a whole. By means of
this integrity, Biisra can be said to have given direction to her proof by reviewing the results of
previous experiences at the necessary points. For instance, when she foresaw that she would
not be able to obtain the proof she wanted in the case of adopting the approach based on

contradiction, she gave up this approach.

Insight Moments and Enlightenment Experiences: Thanks to the justified relation networks and
the integrity based on this, Biisra can be said to have gone through insight (Aha! Experience)
in the meaning by Liljedahl (2005) at three different points. First, two of these experiences
enabled her to put forward proof approaches which would make it possible for her to overcome
the difficulty resulting from dealing with the sets C(a) and C(a) as separated constructs. In
these moments, by taking into consideration of her dead-ends in proving, she produced new
initiatives based on inferences of her previous experiences. The first method based on finding
a contradiction and the second method grounded on expressing the sets under a single
representation provided a beginning point for Biisra’s proof approaches. However, these
attempts could not provide enough sense making to her for continuing proving because of
weakness and complexity. On the other side, following these experiences, the third insight
moment occurred, which was a significant step in Biisra’s proof. In this phase, she formed (C-
) the following criterion confidently by binding the constructs of the equality, the centralizer

and the subgroup, which comes into the forefront among the concepts:
C(a)<C(a')aC(a')<C(a)=C(a)=C(a™)

Although this criterion had inadequate links mathematically, this inadequacy was not
questioned in detail because of the impact of Biisra’s belief in her criterion. Because these
inadequacies weren’t realized, and any inconsistency didn’t emerge within her knowledge
construct. In other words, considering through Biisra’s perspective, it could be said that there
was no contradiction in terms of the relations hidden in the theorem. Thus, it can be said that
Biisra could comprehend the relations among the concepts laying the basis of the theorem in

the context of her understanding and she was enlightened in her present knowledge context.
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Biisra’s Feelings
When her proving process was analyzed, it can be said that she experienced various
feelings such as the feeling of familiarity, the feeling of knowing, the feeling of being on the
right track, and the feeling of certainty, which gave direction to the process. To illustrate this,
after having read the theorem, she recognized (R-) the centralizer concept, and experienced the

intense feeling of familiarity, as is seen in her explanations below:

I am making assumptions right now, | mean the objects I used while comprehending the

centralizer at the beginning are in my mind after all.

Along with this, she modelled the relations she mentioned within a concrete model and
stated as follows that this model helped her comprehend the relations.

Now, the centralizer isn’t confusing for me any longer. What the centralizer is, is just a

simple set, ‘a’ commutative one with ‘a’...

Within this context, it can be said that the feeling of knowing of the concept of the
centralizer is dominant in the explanations Biisra presented above. Besides, the existence of the
feeling of being on the right track can be mentioned in some phases. The following explanation,
while she was in search of a method to demonstrate the equality of the sets, can be interpreted

as an example experience of this feeling.

If I select the inverse of the element ‘a’ from the set of C(a) now and demonstrate that it is
commutative with every element in C(a), | will have shown that this set is its centralizer...

Okay, it made sense to me after all.

The moment that Biisra runs into a contradiction within the different methods she
adopted, it can be said that the feeling of being on the right track was interrupted by the feeling

of confusion at certain points as in the following example.

... I mean the thought | had at the beginning was logical for me but how can | express it?

Because | am not sure about its correctness.

On the other side, it was observed that these interruptions didn’t last long. Because,
Biisra enriched the conceptual relation network at these points by different constructs and
methods, and while doing this she strived to encourage herself at once with the explanations
such as “... I will do it now” and “...yes yes, I am doing it right now”. Along with this, it can
be said that Biisra experienced a feeling of certainty about “the centralizer sets were subgroups”
as a result of actions that she had performed, thus she reached the feeling of rightness on her

initial intuition. Therefore, it can be interpreted that although she didn’t experience a feeling of
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rightness for some approaches, which they did not enable her to reach the point she wanted, she
certainly had verified her intuition at the end of the process. In general, she had the feeling of
completeness for the proof. On the other side, when her following statement considered, which
she made when evaluating her proof in interview, it can be inferred that she was not adequately
satisfied with the form of the proof despite having reached the feelings of rightness and

completeness:

... now, | believe, okay, it might be long, I don’t know, I may have gotten it very differently
but I believe it is correct.

Discussion and Results
Based on the analysis of the presented case, some conclusions regarding the “proof

image” and the “formal proof™ are shared in this section.

Hierarchical Nature of Proof Image

When the proving process of the undergraduate in this study and two mathematicians presented
by Kidron and Dreyfus (2014) have been evaluated together, it can be seen that a hierarchical
relation is generally taking shape among the components of the cognitive dimension of the
proof image. According to this, the individual realizing the proving process selects certain
mathematical constructs by making an attempt on his/her own personal understanding to realize
a certain purpose at any stage in the process, and establishes a relation among them which can
be considered as intuitional or formal. If these established relations are consistent with the
justification network adopted until the current stage, this stage is articulated with the previous
stages of the process, and progress from a simple form to a more developed form in Davydov’s
(1990 ) sense could be possible. Furthermore, this dynamic development can lead to an entity
between the present stage and the previous stages of the proof, and the individual gives direction
to the process by making a new attempt considering the results of the previous steps (Pala,
2020).

Transition to Formal Proof In Terms of Sub-Components

It can be said that the construction of the image accompanying a proving activity provides
an insight into the individual about why his or her claim is true thanks to the logical links. Along
with this, an individual giving shape to a proof image can be said to be in need of obtaining
more formal perspective by passing beyond the informal approach (Dreyfus & Kidron, 2014)
with the certainty feeling which he/she reaches just as observed in the case Biisra. Moreover,
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the provided internal motivation encourages the individual to use formal constructs such as
definitions (Weber, 2005). That is, the present formal knowledge constructs enable the individual
to reach a more justified framework by contributing weaker constructs, just as expressed by
Kidron and Dreyfus (2014). For example, after Biisra interpreted about the equality of the
centralizer sets by the concrete model, which she formed through pencils, she sought to
generalize her thoughts and formed a criterion for her judgement. This can be interpreted in the
context of the transformational thought, which provides the transition from the image of proof
to the formal proof. The importance of transformational thought in terms of constructing new
mathematical situations has been also emphasized by Simon (1996) and has been closely related

to the “dynamism” dimension of the proof image by Pala and Narli (2020).

At this point, it can be interpreted that especially the justification dimension of the relation
network in the proving process is an important element in both the dynamic progress of the
proof and the individual’s reaching the formal proof. Because it can be said that the relation
networks established with insufficient justifications can be an obstacle against the meaningful
progress (Duval, 2007), and as a result of this, it may not create an integrity. Moreover,
dynamism dimension of the image includes "justification™ within it, and thus consistent
connections can be established between steps (Pala & Narli, 2020). On the other side, it can be
interpreted that the knowledge structure which can be synthesized (C-) in the circumstances in
which the characteristic of the entity emerges, is strong within the context of its logical
connections and accompanying epistemic actions; and plays an essential role in reaching the
formal proof in this context. The dynamism in Biisra’s image is parallel with Davydov’s (1990)
viewpoints on abstraction as expressed before. At this point, it can be said that the dynamism
which was observed in Biisra’s images enabled her to convey their intuitive approaches to a
more formal mathematically framework. It can be said that the proving process of Biisra
included the discovery of a new characteristic, which is a synthesis, by the intersection of the
common characteristics of knowledge sets taking shape due to the gathering together of the
different concepts. According to Kidron and Dreyfus (2014), when the image has the
characteristic of giving rise to an entity, it includes whole mathematical circumstance within
itself in full. 1t was clearly observed that the progress enabled by the dynamism occurred in the
process had an important role in giving rise to the entity. It can be said that Biisra was able to
carry consequences of previous stages continuously in her mind thanks to the entity they gave
rise to and, thus experienced insightful moments due to their appropriate selections. Therefore,
it can be interpreted that the entity characteristic of the proof image paves the way for the
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realization of important turning points which enables the revealing of a product in the proving

process.

When the process had been analyzed in terms of the feeling dimension, it can be said that
Biisra successively experienced some of the main cognitive feelings such as the feeling of
familiarity, the feeling of knowing, the feeling of rightness, and the feeling of certainty. The
experience of these feelings gave direction to her proving activity at various points, which in
the end, allowed her to reach the feeling of “completeness™ for the entire of the image.
Moreover, it can be said that when the image is formed, cognitive and affective feelings reach
in a specific step, give direction to the next step, and along with this, the product composed at
the end of the process is reanalyzed with an integrated perspective in the context of the feelings
of “completeness” and “satisfaction”. It can be said that the occurrence of these feelings
undertakes an important function in terms of termination of the proving activity (Selden &
Selden, 2008).

Implications For the Further Studies
Kidron and Dreyfus (2014), made the following explanation while putting forward the

analogy between the concept image and proof image:

...while we do not have a specific example, we think that this might also occur in some
cases where the proof image does not lead to a formal proof (Kidron & Dreyfus, 2014, p.
305)

Along with this, when the findings of this present study had been taken into consideration,
it can be said that the foresight of Kidron and Dreyfus (2014) was verified by the case of Biisra.
Because, despite the fact that she couldn’t reach the formal proof, she had a proof image. On
the other hand, the question of whether the individuals will be able to reach a formal proof even

though they don’t have any proof image is still pending.

This study was carried out with an undergraduate who can be considered as non-expert
mathematicians unlike Kidron and Dreyfus (2014), and the analysis of proof image within the
context of abstract algebra was managed by selecting the concept of the “centralizer”. Along
with this, understanding the nature of the proof image can be deepened by analysis of the proof
image within the context of different age groups and different subject fields as suggested by
Kidron and Dreyfus (2014).

Considering the findings of this study, it can be said that the relationships between

mathematical concepts in the Abstract Algebra course should be taught by making formal
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justifications and by asking students for such justifications. It can be suggested that the logical
connections that students establish between mathematical concepts should be frequently
evaluated in the context of proving, and it should be ensured that they express these connections

with formal justifications.
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