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Abstract

The present study focusses on the existence of positivity of the solutions to the higher order three-point
boundary value problems involving p-Laplacian

[p (=™ (£))] ™) = g(t, 2(t)), t € [0,1],
29(0) =0, for 0 <i <m—2,
2m2(1) — az™ () = 0,

[Dp(@™ ()Y, _y =0, for 0<j <n—2,

(6™ N2, = algy (™ N2 = 0,

where m,n > 3, £ € (0,1), a € (0, %) is a parameter. The approach used by the application of Guo—
Krasnosel’skii fixed point theorem to determine the existence of positivity of the solutions to the problem.
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1. Introduction

Differential equations have created a tremendous amount of interest and played a vital role in many
areas of mathematical sciences. The theory of differential equations gives profound and wide mathematical
support for addressing many emerging issues of present society that are challenging and multidisciplinary
in the universe. In this theory, one of the significant and useful operators is one-dimensional p-Laplacian
operator and is defined as ¢,(7) = |7|P~27, where p > 1, ¢, L = ¢, and %—F% = 1. Recently, researchers have
given great consideration to study p-Laplacian problems due to the wide applicability in various real time
applications such as biophysics, plasma physics, image processing, rheology, glaciology, turbulent filtration
in porous media, radiation of heat etc. We mention a few papers devoted to p-Laplacian problems, see [3], [4},
191 26], 20}, 10, 13] for the existence of positivity of the solutions. For applications and recent developments,
we refer [7, [1], 2, [5 @] [15] 16 18] 28].

We consider higher order three-point boundary value problems involving p-Laplacian of the form

[8p(x™ ()] = g(t, 2(8)), t € [0,1], (1)
2D(0) =0, for 0<i<m—2,
2 (1) — axm2 () = 0,
[fp(a™ ()] g =0, for 0<j <n—2,
[ (™ (E)]G2) — alep(@™ @))% 2 =0,

where m,n >3, £ € (0,1), a € (0, %) is a parameter, and the function g : [0,1] x RT — R* is continuous and
establish the existence of positivity of the solution by using fixed point theorem of Guo—Krasnosel’skii. If
p = 2, we get various order three-point boundary value problems by giving different values to m and n. In the
past, most researchers have focussed and demonstrated the positivity results for boundary value problems
of third order three-point using various methods, see [11, 29, 33| 35| 22| 23], 25| 27, 34, 24, 39]. However,
some works on positivity results have been found for n*®, 2n*® and 3n*® order p-Laplacian boundary value
problems, see [21], [12], [32] 38|, [8, 36], 37, 30}, BI]. Motivated by the aforementioned papers, we then extend
the results to mn' order p-Laplacian problem stated in , .
For establishing the results, assume the following condition is fulfilled in the entire paper:

(2)

(F1) « is a parameter such that 0 < af < 1, where £ € (0,1).

The remaining portion of the paper is structured as below. With the aid of Green functions, the solution
of p-Laplacian problem stated in and is expressed as a solution to an analogous integral equation and
then some inequalities for these Green functions are established in Section 2. The existence of the positivity
results of the problem — is established and the results are validated by an example in Section 3.

2. Preliminaries

This section contains preparatory results that are necessary to demonstrate the existence results.
We first express the solution of the following m'™ order non-homogeneous problem of three-point

M) + o) =0, t € 0,1], (3)
2®(0) =0, for 0<i <m—2, A
x(m—2)(1) - Ck.%'(m_Q)(f) _ 0’ ( )

where p(t) € C([0,1], R"), in terms of Green’s function G,,(t,s) as a solution of an analogous integral
equation. By taking y(t) = gbp(:c(m) (t)), the solution of n'" order non-homogeneous problem of three-point

y(n) (t) +(t) =0, t €[0,1], (5)
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@D (o) = ; _
yV(0) =0, for 0<j<n-—2,
(6)

y" (1) = ay" 2 (€) = 0,

where ¥(t) € C([0,1], R"), is expressed in terms of Green’s function G, (¢, s) as a solution of an analogous
integral equation.

Lemma 2.1. [3]] If the condition (F1) is fulfilled, then the solution of the problem stated in (3)), is

1
x(t):/o Gn(t,s)p(s)ds,

where

- atm—l
Gm(t,S) :H(t78)+ (m—l)! (1_€a>G(€aS)7 (7)
1 t" 1 —-5), 0<t<s<1,
H(t,s) =
(m—1) { (1 —s) — (t—s)™ 1], 0<s<t<l,
and

(1-¢§s, 0<s<E< T,
G(f,é’){
(1_8)§7 OSfSSSl

Lemma 2.2. [3]] If the condition (F1) is fulfilled, then the solution of the problem stated in , @ 18

1
y(t) = /0 Gt )0 (5)ds,

where
at™1
Gn(t,s) = K(t,s) + CESEG _§a>G(§,S), (8)
. t"t1-5), 0<t<s<l,
K(t,s) = —— o {
=D i —s) ==Y, 0<s<t<1,
and

(1-¢)s, 0<s<E<T,
G(é?‘g){

Using Lemmas and the solution of the problem stated in , is

() = /Ole(t,s)qu [/01 G5, 1) g(r, 2(r))dr | ds. ()

Lemma 2.3. [3]] If the condition (F1) is fulfilled, then G, (t,s) in fulfills the subsequent conditions:
(i) Gu(t,s) >0, for all t € [0,1] and s € [0,1],
(ii) Gm(t,s) < Gm(1,s), for all t € [0,1] and s € [0,1],

(111) tIe]a[gﬂ]ém(t’ s) > &m1G,,(1,s), for all s €[0,1].

Lemma 2.4. [3])] If the condition (F1) is fulfilled, then Gy(t,s) in fulfills the subsequent conditions:

(1) Gn(t,s) >0, for allt € [0,1] and s € [0, 1],



S. Namburi, R.S. Ronanki, R.P. Kapula, Adv. Theory Nonlinear Anal. Appl. 6 (2022), 451459 454

(i) Gn(t,s) < Gn(l,s), for allt € [0,1] and s € [0, 1],
(111) In[girhGn(t, s) > " 1G,L(1,5), for all s €[0,1].
tele,

The fixed point theorem of Guo—Krasnosel’skii mentioned below is often used as the fundamental tool
to establish the positivity results of the problem stated in , .

Theorem 2.5. [0, (1], [17] Let X be a Banach Space and the set k C X be a cone. Suppose the sets Q1 and
Qo are any two open subsets of X such that 0 € Q1 and Q; C Qo. If F: 6N (Q2\Q1) — K is a completely
continuous operator such that, either

(1) ||Fx|| < ||z||, * € kNI and ||Fz| > ||z||, = € kN ONg, or
(i) ||Fx|| > ||z|l, x € kN O and ||Fx| < ||z||, x € kNN holds.

Then the operator F has a fized point in kN (Q2\ Q).

3. Existence of Positivity of the Solutions

This section presents the existence of positivity results of the problem stated in , .
For our construction, let us take X = {x : =z € C[0,1]}, a Banach space with the standard norm
|z]| = max,e(,1) [#(t)|. Consider a set « as

k={zeX:z(t)>0forte0,1] and nfgl}]x(t) > Ml|z||},
te

)

where
M = min{em =1, en 1}, (10)

Then, it is obvious that the set  is a cone in X. To establish the results, we use the operator F : kK — X by
defining as

1 1
Fa(t) = / Gm(t, s)9, [/ Gn(s,m)g(r,z(r))dr| ds. (11)
0 0
Define the non-negative extended real numbers gg, ¢°, goo and g by

g(t,l') g(]: lim max .g(t7:L‘)7
a—0+ t€[0,1] Pp(x)

= lim min ,
90 a—0+ t€[0,1] Pp(T)

Joo = lim min 9(t, @) and ¢*° = lim max g(t,$)7
a0 tef0,1] Pp(x) 200 1€[0,1] ¢p ()

and assume that the above are exist. The case ¢° = 0 and g, = 0o represents superlinear and the case
go = oo and g™ = 0 represents the sublinear.
We also consider the following conditions are fulfilled in this paper:

(F2) 0 < fol Gm(t,s)ds < 0o and 0 < fol Gp(t, s)ds < oo, and
(F3) the function ¢(¢,x) is a non-decreasing for the second variable z.

Lemma 3.1. If F: k — X is given in then F is a self map on the cone k.
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Proof. By using the Lemmas and the condition (F2), Fz(t) > 0 for x € k and ¢ € [0,1]. Then, by
Lemma [2.3 and for = € k, we obtain

Fa(t) = /01 Gm(t,s)qbq(/ol Gn(s,r)g(r,x(r))dr) ds
< /Olam(1,s)¢q</01 Gn(s,r)g(r,x(r))dr>ds

so that . .
IFz| < / Gm(l,s)¢q</ Gn(s,r)g(r,x(r))dr> ds. (12)
0 0
Then, by Lemma and , for € k that

min Fa(t) = min { /0 G s)¢q< /0 1 Gn(s,r)g(r,x(r))dr> ds}
> gm1/01Gm(1,s)¢q</OlGn(s,r)g(r,x(r))dr)ds

1 1
> /\/l/ Gn(1, s)¢q</ Gn(s,r)g(r,x(r))dr> ds
0 0
Hence, the operator F is a self map on a cone x. O

Moreover by applying Arzela-Ascoli theorem, F is a completely continuous operator. The existence of
positivity results of the p-Laplacian problem stated in , for both the superlinear case as well as the
sublinear case is now established.

Theorem 3.2. Suppose the assumptions (F1), (F2) and (F3) are fulfilled. If the conditions ¢° = 0 and
Joo = 00 hold, then the nonlinear p-Laplacian problem stated in , has at least one positive solution
and it lies in the cone k.

Proof. From the definition of ¢° = 0, there exist p; > 0 and H; > 0 such that
g(t,x) < p1gp(x), for 0 <z < Hy,

where p; satisfies
1 1
(pl)q_l/ Gm(1,8)¢q</ Gn(l,r)dr>ds <1. (13)
0 0
Let z € £ and ||z|| = Hj. Then, for t € [0,1] and by Lemmas [2.3] we get

Fa(t) = /Ole(t,s)qﬁq(/ol Gn(s,r)g(r,x(r))dr) ds
< /()1Gm(1,s)¢q</01 Gn(l,r)plqbp(a:)dr)ds
< [ 1Gm<1,s>¢q( / 1 Gn<1,r>dr) dse]

< 2l
Hence, ||Fz|| < ||z||. Now, if we are setting

Y ={zeX:|z| <Hi}
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then
||Fz|| < ||z||, for x € kN OQy. (14)
Next, since goo = 00, there exist ps > 0 and Hy > 0 such that
g(t,z(t)) > pagp(x), for x > Ho,
where po satisfies
(pQ)q_l./\/l2/ Gm(1,8)dq <./\/l/ Gn(l,r)dr> ds > 1. (15)
s€lé,1] relé1]
Let Ho = max {Z’Hl, v } Choose x € k and ||z|| = Ha2. Then
min_ z(t) > M||z|| > Ha.
te¢,1]
By the Lemmas and , and for ¢ € [0, 1], we obtain
1
Fx(t) —/ G </ Grn(s,r)g(r,z(r ))dr)ds
{ m(t,s)o </G $,7)g ra:())dr)d}
1
ZM/ m(1, (/ Gn(s,m)g(r,z(r ))dr)ds
0
> M/ G, s)¢q< / Gn(l,r)pgqbp(x)dr)ds
s€[g,1] €[¢,1]
> M(pg)q_l/ Gm(1,8)dg (./\/l/ Gn(l,r)dr>MHdes
€l¢.1] rel€1]
> (pg)q_l./\/l2/ Gm(l,s)¢q<./\/l/ Gn(l,r)dr>H:I;Hds
s€lé,1] relé1]
> [|]]-
Therefore, ||[Fz|| > ||z]]. So, if we take
Qo ={z e X:||z|]| < Ha}
then
|Fz|| > [|z|| for z € kK N 0. (16)

By Theorem 2.5 . to 1 ) and ., it follows that the operator F has a fixed point x € kN (Q2\ Q1) and that

fixed point x is the posmve solution of the p-Laplacian problem . .

O

Theorem 3.3. Suppose the assumptions (FI), (F2) and (F3) are fulfilled. If the conditions gy = oo and
g% = 0 hold, then the nonlinear p-Laplacian problem stated in . has at least one positive solution and

it lies in the cone k.

Proof. From the definition of gy = 0o, there exist p; > 0 and R; > 0 such that
g(t,x) > p1gp(x), for 0 <z <Ry,

where p; > p2 and ps9 is given in .
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Let « € k and ||z|| = R1. Then, by Lemmas and (10), and for ¢ € [0, 1], we obtain

Fa(t) = /Ole(t, s)gﬁq(/l Gn(s,r)g(r,a:(r))dr> ds
Ztre?ghi {/OlG (t,s (/ Gn(s,r)g(r, (r ))dr)ds}
>M/ o q</rem Gn(s,r)plqﬁp(x)dr)ds

> ./\/l/ e m(l,s (bq( /e[g,l] Gn(l,r)plqﬁp(x)dr) ds

Z./\/l(m)ql/ Gm(l,s)gbq(./\/l/ Gn(l,r)dr>MHdes
s€[E,1] relé1]

= (pl)qlMQ/ Gm(1,3)¢q<M/ Gn(l,r)dr>|]des
s€[E,1] relé]

> [|]]-
Therefore, ||Fz|| > ||z||. Now, if we take
Q3 ={zeX:|z| <R}

then
|Fz|| > ||z||, for x € kK N OQs.

Next, since g> = 0, there exist po > 0 and Ry > 0 such that
g(t,z(t)) < ﬁ2¢p(x)7 for z > 7?,2,
where po < p1 and p; is given in .

Set

g*(t,x) = sup g(t,s).
0<s<z

Then, it is evident that the real-valued function g* is a non-decreasing, g < g* and

T—r00 X

=0.
It follows that there exists Ry > max{2Rq, 7@2} such that
g (t,z) < g*(t,Ra), for 0 < x < Ra.

Choose z € k with ||z|| = R2. Then, we get

(17)
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Hence, ||[Fz|| < ||z||. Now, if we take
Qy={x e X:|z|| < Ra}

then

|Fz| < ||lz||, for x € K N 0. (18)
Applying by Theorem to and , we have that the operator F has a fixed point x € kN (24 \ Q3)
and that fixed point x is the positive solution of the p-Laplacian problem —. O

We consider the example to validate the established results.

Example 3.4. Let us take m =4, n =3 and £ = % Now, consider a nonlinear p-Laplacian problem

[6p (20 (0))]®) = g(t,2(2)), t € [0,1], (19)
satisfying
2(0) =0, 2M0) =0, 2@0) =0, 22(1) - 2m(2)(%) =0,
(6 (£)]at t=0 = 0, (6= (£))]hg 1m0 = 0, (20)
[6p('D ()]s =1 = 2lbp(@ V(@O ,_e_1 = 0.
£=3
Let us take p = 2 for simplicity. By algebraic computations, we get

M =0.1111.

(a) If we take g(t,z(t)) = 2%(1 — e™2), then g% = 0 and go, = co. So, all the claims in the Theorem
are fulfilled. Therefore, the boundary value problem — has at least one positive solution.

(b) If we take g(t,z(t)) = \ﬂﬁ“), then go = oo and g™ = 0. So, all the claims in the Theorem are

t222

fulfilled. Therefore, the boundary value problem — has at least one positive solution.

4. Conclusion

In this paper, we established the existence of positive solutions to the higher order three-point bound-
ary value problem involving p-Laplacian operator by an application of the Guo—Krasnosel’skii fixed point
theorem for operators on a cone in a Banach space.

Acknowledgements: The authors express their gratitude to the referees for their insightful recommenda-
tions and remarks.
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