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1. Introduction

Let C denote the complex plane and C: = C U {oo}; G < C be a bounded Jordan region with boundary L: = aG such that 0 € G;
Let {zj}j_:1 be the fixed system of distinct points on the curve L. We consider generalized Jacobi weight function h(z) which
is defined as follows:

h2):=Tliey |z2- 7|7, zeg (1)
where y; > =2, forall j =1,2,...,L

Let g0,, denotes the class of all algebraic polynomials B, (z) of degree at most n € N.
Let p > 0. For the Jordan region G, we introduce:

1/
1Ballp: = 1Bullayrey: = ([f, R@IBu(2)IPda,) ", 0 < p < oo, @
IBullco: = 1Pnll age(1,6): = max| B, (2),p = oo,
ZEG

and A,(1,G) = A,(G), where o be the two-dimensional Lebesgue measure.
When L is rectifiable, for any p > 0, let

1/p
1Pl iy = ([, h(2)IP(2)IPldz]) " < o0, 0 < p < oo, 3
||Pn||L°°(1,L): = nzléiLX|Pn(Z)|:p = %,

and £,(1,L) = £L,(L).
Let us set Q:= C \G = extL; A(w,R):= {w:|w| > R,R > 1},A:= A(0,1) and let w = ®(z) be the univalent conformal
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(2
z

mapping of Q onto A such that @ (o) = co and lim,_,,, > 0; W:= &~ 1. ForR > 1 we define Lg: = {z: |®(2)| = R}, Gg: =
intLR, QR: = extLR.

Well known Bernstein -Walsh Lemma [26] says that:
”Pn”C(ER) < Rn”Pn”C(E)- (4)

Analogous estimation with respect to the quasinorm (4) for p > 0 was obtained in [19] for h(z) =1 (i.e., y; = 0 forall j =
1,2,...,0) and in [8, Lemma 2.4] for h(z) # 1, defined as in (1) as following:

1+y*

+—— X .
Bl e, gy < R IRl cpcniy v' = max{0;y;:1 <j <}, (%)
To give a similar estimation to (5) for the A, (h, G) —norm, first of all we will give the following definition.

Definition 1. [20, p.97], [23] The Jordan arc (or curve) L is called K —quasiconformal (K = 1), if there is a

K —quasiconformal mapping f of the region D o L such that f(L) is a line segment (or circle).

Let F (L) denote the set of all sense preserving plane homeomorphisms f of the region D o L such that f (L) is a line segment
(or circle) and let

Ky:=inf{K(f): f € F(L)},

where K (f) is the maximal dilatation of f. Then L is a quasiconformal curve, if K; < oo, and L is a K —quasiconformal curve,
if K, <K.

A curve L is called a quasiconformal, if it is a K —quasiconformal for some K > 1.
The Bernstein-Walsh type estimates for the norm (2), for the regions with quasiconformal boundary and weight function h(z),
defined in (1) with y; > =2, forall p > 0 as follows

*n+%
12, SR

Ap(hGR) = Ap(hG)’ (6)

was found in [3] (see, also [2]), where R*: =1+ ¢,(R — 1), ¢; > 0 and ¢;: = ¢,(G, p, c;) > 0 constants, independent from n
and R. It’s well known that quasiconformal curves can be non-rectifiable (see, for example, [16], [20, p.104]).
Analogous estimation was studied for A, (1, G)-norm, p > 0, for arbitrary Jordan region in [4, Theorem1.1] and for any P, €

P R1 =1+ L and arbitrary R, R > R;, was obtain
" nil
B <cR P|P.l

Ap(GR) — Ap(GR,)’

1
(2 \p 1
where ¢ = (ep_—l) [1 + O(Z)] , N — 00,
For a rectifiable quasiconformal curve L, N. Stylianopoulos [24] obtained the following estimate:

IP(2)] < € 7= [Bulla )| PRI,z €0, ™

where d(z, L):=inf{|{ — z|: { € L}, aconstant ¢ = c¢(L) > 0 depending only on L.

Analogous results of (7)-type for |B,(z)|, different weight function h, unbounded region Q were obtained in [17, p.418-428],
[5]. [6]. [7]. [8]. [9], [10], [11], [15], [22] and others.

In this work, we study the pointwise estimations for the derivative |PB,(z)| in unbounded region Q with zero angles as the
following type

|Fi(2)] < 2 (G, h,p,d(z, L), |®(@)DIP, 2 €0, ®)

where ¢, = ¢,(G,p) > 0 is a constant independent of n, Z and B,, and ,,(G, h, p,d(z, L), |®(2)|) = o, n - oo, depending on
the properties of the G, h and from the distance of point z € Q to the G.
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2. Definitions and main results

Throughout this paper, c, ¢y, ¢4, C,, . .. are positive and &, &4, &5, . .. are sufficiently small positive constants (generally, different
in different relations), which depends on G in general and, on parameters inessential for the argument, otherwise, the dependence
will be explicitly stated. For any k > 0 and m > k, notationi = k,m meansi =k, k+1,...,m.

Let z = z(s), s € [0, mesL] denote the natural representation of L .

Definition 2. We say that L € Cy, if L has a continuous tangent 8(z): = 8(z(s)) at every point z(s). Then we write G €
Cy & G € C,.

According to the "three-point™ criterion [13, p.100], every piecewise smooth curve (without any cusps) is quasiconformal.
Moreover, according to [23], we have the following:

Corollary 3. If G € Cy, then 3G is (1 + €) —quasiconformal for arbitrary small € > 0.

Now we give the definitions of regions with a piecewise smooth curve, which we present our main result and some notation
that will be used later in the text.

Definition 4. [5] We say that a Jordan region G € Cy(44,...,4;), 0< 4; <2, j = 1, Lif L = 3G consists of the union of
finite smooth arcs {L,-}l,_ , such that they have exterior (with respect to G) angles A, 0 < 4; < 2, at the corner points
j=1

l
{zj}j_1 € L, where two arcs meet.

Without loss of generality, we assume that these points on the curve L = dG are located in the positive direction such that,
G has exterior 4w, 0 < 4; <2,j=0,l;, angle at the points {zj}i,l:l, l; <1, and interior zero angle (i.e. A; = 2 —interior

cusps) at the points {zj}j__l o
=41

It is clear from Definition 4, the each region G € Cg(44,...,4;), 0<A; <2, j = 1,1, may have exterior nonzero Am, 0<
L

2; < 2, angles at the points {zj}j_1 € L, and interior zero angles (4; = 2) at the the points {zj};_l . ELIf I =1=0 then
= =41

the region G doesn’t have such angles, and in this case we will write: G € Cg; if [; =1 > 1, then G hasonly A4;m, 0 < 4; < 2,

i = 1,1, exterior nonzero angles, and in this case we will write: G € Cy(4;); ifl; = 0and [ = 1, then G has only interior zero

angles, and in this case we will write: G € Cy(2).

Throughout this work, we will assume that the points {zj};=1 € L defined in (1) and Definition 4 are identical and w;: = ®(z;).
For simplicity of exposition and in order to avoid cumbersome calculations, without loss of generality, we will take [; = 1,1 =
2. Then, after this assumption, in the future we will have region G € C4(44,2), 0 < A, < 2, such that at the point z; € L region
G have exterior nonzero A;m, 0 < A, < 2, and at the point z, € L - interior zero angle. Note that, the notation "G € Cg(44, 1),

0 < 44,4, < 2" means that the region G has two exterior nonzero A;m, 0 < 4; < 2,j = 1,2, angles at the point z; € L.
For0 < 6; <8y = lmin{|z1 —z;]:j = 1,2}, §:= min §;, let
4 1<j<2

Az, 6):=an {z: |z — Zj| < Sj}; 9)
Q8):= Ui, Oz, 6),0:= 0\ Q).

In this work, we study problem of (8) type in regions with piecewise smooth boundary without exterior cusps and generalized
Jacobi weight function h(z), as defined in (1).
Now, we start to formulate the new results.

Theorem 5. Letp > 1;G € Cy(A4,2), for some 0 < A; < 2; h(z) be defined as in (1). Then, for any P, € ,, n €N, y; >
—2 and arbitrary small € > 0
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| (2)|™+? |®(2)|2+D

|F(2)] < ¢ [d(Z,LRl) Cn1(D + Ehrom B D En | 1Rl
holds, where ¢, = ¢;(G,y;,p,€) > 0;
[tz g 2 T
p ) )/121‘_()/2-'_2)_2;]/22?_2; ZE‘Q((S):
1 1
Y2tz , 1 2 T
n e 1] A__ZSY1<1-_(]/2+2)—2,]/22§_ 1] ZEQ((S),
1 1 1
G =< Ya+2 2 1 7
na(@):i=14 2 n<t-zpmziioa 2 € (8),
1 3
1, )/1<Z_2,]/2<_E, ZEQ((S),
2
L np'?, for all Ay, v1, V2 z € Q(6),
72 -
e 3
E, = nlp, if y-42>21, B, ,(2):= {n . Z € 9(6),;
’ L o A ' nite, z e Q(5),
ne, if y-A<1,
j__{max{l;l}+s, ifo<aA<2, ~__{)71, ifo<1<2,
T2 ifa=2 VT, ifa=2

72 = max{0; y;}, i=12; A;:=max{l;1}+e

Theorem 6. Letp > 1; G € Cy(A4,4;), forsome 0 < A; < 2,j = 1,2; h(z) be defined as in (1). Then, for any P, € §,,, n €
N, y; > —2 and arbitrary small ¢ > 0

[ (z)|"*+!
d(Z,LRl)

|¢(z)|2(n+1)
Cn2D) + Bhrm B2 (BEnz

1B (2)] < c2l|Rullp

holds, where ¢, = ¢,(G,y;,p, €) > 0;

2 ~
yit T

nr V12 -2y <+ -2 7€ Q(5),
1 2
Y2tz 3 1 1
ne Nn<——2y,2—-2 z € Q(6),
A1 2z
1 1
1 <z =2r<i;-2 z € Q(6),
Gn,z(z):= yi+2 vi A )
nr 22+ -21,2--2  z€0(),
1 2
Y2+2 Tz 1 A 1
nope , —= 225y <=0 +2)=-2,y,=2—-2, z€Q(9),
A1 A1 Az
2
ne'e, for all ;,v4, z € Q(5),
3 1 g (8)
ne, i V- 21, n-, YA )
Eng={" " T2 ;Bn,z(z):={ e 2S00
ne, lf 7'A<1, n » Z ( )!
i__{max{l;l}%—s, if0<A<2, ~__{}71; ifo<a<z,
T2 ifi=2 VTl ifa=2

o= max{0;y;}, Ap=max{1;A;}+¢i=12.

Analogously, we also can give a theorem for the regions such as G € Cy(2,2).
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3. Some auxiliary results

Lemma 1. [1] Let L be a K —quasiconformal curve, z; € L, z,,2z; € 2 N{z:|z — z;| < d(z;,Lgy)}; wj = @(2)), (22,25 €
G N{z:|z — z;| < d(z;, L)} wj = 9(z)),j = 1,2,3. Then
a) The statements |z, — z,| < |z; — z3| and |w; — w,| < |w; — wg]| are equivalent.
So are |z, — z,| = |z; — z3| and [wy — wy| = |w; — wy].
b) If |z, — z,| < |z, — 23], then
W, — Wy K2 K2

Z1 = Z3 Wi — W3

<

Wy —Ww; Z1 =23 W — W,

where e < 1, ¢ > 1, R, > 1 are constants, depending on G.

Corollary 7. Under the assumptions of Lemma 1, if z; € L, then
lwy — W2|K2 <|z; — 7| < |wy — W2|K_2

Corollary 8. If L € Cy, then
[wy —w, |78 < |zy — 25| < |wy —w,|'75,

forall e > 0.

The following lemma is a consequence of the results given in [18], [21], [27] and of estimate for the |‘P'| (see, for example,

[14, Th.2.8]):
' = @D
W' (@)l = <57 (10)
Let w;: = ®(z), ¢;: = argw;. Without loss of generality, we will assume that ¢, < 27. Additionally to the notations (9), for

n; |t —w;| >0 and n:=min{n;,j = 1,1} let us set: A;(n,):= {t:|t — w;| < m;} < @z, 5)), A®):

= min
teEID(Q (Zj,ﬁj))
!

—~ —~ ! ! ! : + +
Uiy (), By = A\AG)); B(n):= M\A(D); Afi= A(1), Aj(p):={t =R-e®:R>p>1%2% < <2202} o/ =
&), A/ (p):={t =R-e®:R=p>1,220 <9 <P 23 1 where ¢g =21 — g; Qi = W(4)), L,:
Lg, N Q. Clearly, Q= U}, Q;.
The following lemma is a consequence of the results given in [27] and [18].

Lemma2. LetG € Cy(4,...,4), 0<A; <2, j=1.2,.., [,.Then
i) for any w € A;, [w — w; |4 < [W(w) — WWw))| < [w—w; Y%, [w — w; BT < @ (w)] < [w —wy| T

ii) for any w € A\A;, (|lw| — D < d(¥(w), L)| < (Iw| — D78, (Iw| — D® < ¥ (w)] < (Jw| — 1)<

Let {zj}j,:l be a fixed system of distinct points on curve L ordered in the positive direction and the weight function h(z) be
defined as in (1).

Lemma 3. [6] Let L is a K —quasiconformal curve; R =1+ % Then, for any fixed € € (0,1) there exist a level

curve Ly, g-1y Such that the following holds for any polynomial B,(z) € §, ,n € N:

1
1P <2Byll, p>0. GED
)

h
Lp(mlﬁs(k—n

Lemma 4. [6] Let L be a K —quasiconformal curve; h(z) be defined as in (1). Then, for arbitrary B,(z) € f,, anyR > 1
andn = 1,2,..., we have
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1
U
Bl 4y rer) < R" PPl aycngy P> 0, (12)
where R = 1+ c(R — 1) and c is independent from n and R.

Lemmas. Let G € Cy(Ay,...,4), 0<A; <2,j= 1, 1. Then, for arbitrary P,(z) € $,, and any p > 0, we have:
”Pn”Ap(h,GH.C/n) < ”Pn”Ap(h,G)' (13)

4. Proof of Theorems

4.1. Proof of Theorems 5 and 6.

Proof. We will prove both theorems simultaneously. Suppose that G € Cq(4; 2) (Co(A4; 15)) for some 0 < A < 2; h(z) be
defined as in (1). For z € Q, we define:

T, (2): = —2&_ (14)

¢n+1(z)

Then

' Pp(2)
T, (2) = ¢n+f( L (z )(—¢n+1( )) ,ZEQ.

ForanyR>1 and R;:=1+ ? Cauchy integral representation for the region Qr gives

@) = =5y T o (15)
__ 1 Pu()  dg
ot Vin, gy Gzt 2 € Mre
and
1 o 1 1 ag
(cb"‘”(z)) T 2mi fLRl onH+1(7) ((-2)2 ' Z € Qg,.
Then, from (15), we get
n+1 !
Pi(2) = 0" (D) [T1(2) = B (i) |
— Hn+l P dg Pn(z) 1 ag
=@ (Z)[ 2mi LR1 o) G2 | 2ml fLRl dnHL(() (¢-2 ] z € g,
Therefore,
/ |@7™+1(2)] Pp(9) | ldg] 1 lag]
R < B, || L+ @, || ]
Since |®({)| > 1, for { € Lg,, then, we have:
/ (@)™ 24 24
B <L), IR@IZE; + RG], 2] (16)
| (2) ™+ |d¢| g |
< oo [—d(ZLR -, RO 4R, L]
Denote by
- Jadl | . |dg|
A=, RO Bu@:= [, 2o (17)
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and will be estimate these integrals separately.
To estimate 4,,(2), first of aII replacmg the variable T = ®(¢) and multiplying the numerator and denominator of the integrant

by ]'[j=1 |lP(r) lP(w,)|P [P’ (r)lp and applying the Holder inequality, we obtain:

A@ = [, 1RO (18)

Yi 2 _2
. iz, [¥ (@) -2 (w)|? Pn(W(r))(‘P’(r))lf’‘I‘P’(r)l1 P
=%k oy 7; |dz|

Mo, ¥ (@)-Pw))[ P 1% (@) - (W)

1

<38y (Jig, Ter [90) = W IR, P@)P 19/ @)Ll )

1
q q

2
@' ()| 7P
X fp}l? | (T)|ﬁ |dT|
P\, [P @-9w | P (W@ -ww)l

= Z?:l A%(Z)'

where FJ := ®(Ly ) = A; n{z:|t] = Ry},j = 1,2; F§ s = ®(Ly O\(FA, U FZD) and

1 1
: oo\ W' (@) ’
a@i=| [ @l | | [ = 2 dz]
i | T, W) — P (w)| W(z) = W(w)l
. . FRl FR1
=Jn1Jn2(2), ) ,
fap(@:=hr(P@)B,(P (@)W ()7, 7] =
Applying to Lemmas 3, 4 and 5, we get:
1
Joy <nPlIBll,, i =1,23. (19)

For the estimation of the integral J, ,(2), for i = 1,2,3,and j = 1,2, we set:

Eﬁi(wf>={f'TEF’l |t —w| < (R = 1)},
ERwj):={r:T€F, R G (Ry— 1) <|t—-w]|<n}
ER(w):={r:t€ q’(Lfel). |t —w;| =7},

where 0 <¢; <7 is chosen so that {z:|t—w;|<c¢(R,—1)}nA#2 and d(L, D = Uiy Ez¥(w)). Taking into
consideration these notations, (19) can be written as:

?:1 ]ril,z(z) =:/,(2) = ?:1' Z§=1 ]Z(E;i (Wj)'z) (20)
3=1 ZJZ'=1 ]é,j(z)
and, consequently,

An(2) < PRIl - Sy Sy T (2) = Xy By AL (), (21)

where
) 1 )
A{Li(z): =n?||B.ll, ‘];j(z), i=123;j=12. (22)
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i q ¥’ @[* " az]
Z = i a—
U2s@)5= g M-, [ -9 TP wm-wane
2-q
2 |‘P'(T)| |dt| .
= = i (g— , L= 112;31
2j=1 fEﬁi(Wﬂ e @-ww )| T4V -ww))a

since the points w; and w, are isolated.

Therefore, we need to estimate the quantity (21). In case of j = 1, forany p > 1,0 < 4; < 2,y > —2, and for all sufficiently
small € > 0, in [12] is proved following estimate:

{ v1+2 zl 0 < /11 < 2,
ne , ]/12%—2; z € Q(6),
L AL < 1Bl { . 1 i 23)
ne -, forall A,,v,, z € Q(6),
1, otherwise,

where 1;:= max{1;1,} +«.
Similarly to the case j = 1, for the case j = 2, we obtain:

[ Y2+2
Inv» 2+£, Y2 = —21 z € Q(6),
2L A%.@) < Bl - 2 O “
i=1 Ani(2) < IRl ne' e 1> -2, z€Q), 0
t 1, otherwise

Combining (23) and (24), for the region G € C4(14,2),any p > 1,y, > —2,0 < 4, < 2, and for all sufficiently small € > 0,
we obtain:

An(z) = Zi:l A}l,k < ”Pn”p X (25)

y1+2 Z Y242
Jn p My > %_ 2, z€Q(5), In Py > —;, z € Q(6),
1
x 2

2., .+ Zie ~
l ne -, forall 1,74, z € Q(6), L ne -, y1 > -2, z€Q(b),

1, otherwise 1, otherwise
Yatz 3 2 11
n?e , Y121_1(YZ+2)_2J/22E_2J ZEQ‘((S)r
Y2*2 , 1 2 1
ner 5, —=2<y<=0+2)-2,y,=2—-2, z€Q(9),
11 Al 2Al
Y2t2 1
<IPRllp 4% 2, N <——2,7, =222 z € 0(5),
11 214
1 3
1, y1<Z—2,y2<—;, z € Q(6),
2
ne'e, for all Ay, ¥4, V2, z € Q(6),
=t ||Pllp - Gra(2)

If the angle at point z, is equals A,m such that 0 < A;,4, < 2, , then, analogously to (25), for the region G € C4(1,,1,) all 0 <
A4, A, < 2,we have:

An(z) = Zi:l Aiz,k < ”Pn”p X (26)
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( Y1+2 ¥ { Y2t2 5
Ine ™ yzo-2 ze®), [n? 7 yz--2 ze0®),
Zie ' ~ + Zie 2 ~
nr -, forall 4,y;, z€ Q(6), ne -, forall A,,y,, z € Q(6),
t 1, otherwise ( 1, otherwise
vitz ~
noe Al, )/121—11—2,)/2<i—2, z € Q(6),
Ya*2 3. 1 1
ne , y1<l—1—2,yzzz—2, z € Q(9),
1 1
1, y1<l—1—2,y2<z—2, z € Q(9),
<11Pully X4 2 ) 1
nre ylzﬁ(y2+2)—2,yzzz—2, z € Q(6),
Ya*2 3. 1 y) 1
ne , A——ZSY1<A—2(Y2+2)—2,Y22/1_—2; z € Q(6),
1 1 2
2
e, for all A1, 74, z € Q(6),

= ”Pn”p X Gn,Z(z)'

Now, let us estimate B, (z). Let G € C4(14,2). By replacing the variable T = ®({) and according to (10) and Lemma 2, we
obtain:

_ ldgl |/ (©)]laz] ' _ d¥@.L)
Bu(2) = fLRl g-z12 Ji=r, wo-wene | T O =T @7)
= [r—w, 171~ |ar| + d(¥(0).L)ldr]
T Htl=R3nA; r—w|2(A1-8) {ltI=R1}nAz (|7]-1)|¥(1)-¥ W)|?
+f (zI-1)~%|dz|
{ltl=Ry}n B VRy) |r-w|2(1-9)
=:B}(z) + B2(2) + B3 (2).
Let us set:
Fi:= {{|T| =RINA;:|t—wy| 2|t - W|}: Fy= {{|T| =Ri}NAy |t —wy| 2|t - W|},
Fy:= ({lz]l = RiD\(FL U F,).
Under this notations we have:
1,8 _  lrmwiM1T 18 ar] [r—w, 1718 |ar|
Bn(z) = fpl [t—w[2@1+e) fpz |[t—w|2(A1+€)
1\A—1-¢ dt] dt| .
(;) J‘F1 |[t-w|2(A1-€) + sz |[T—w|A1t1te’ if A, 2 1,
dz] 1\h-1-¢ dz| .
fpl [r—w[2G1+e-Ar+i-e + (;) sz [r—w21+e)’ ifA4, <1,
Aqi+e if1, >1
na +E' 1 1= ve>0;
n1te o if A <1,
2
200N _ A (@).L)ldr| n%,  z€Q(9),
B2(®) = fjrizryin(ayuny) I DI¥@-F W {n“f, Z€ ﬁ(a),’vs > 0.
3 _ (It1-1)~"%ldz| 1+
By (2) = f{|T|=R1}ﬂ Ay |r-w|2(-9) <n'E Ve > 0.
So, from (27), we have:
p)
n z € Q(8)
B,(2) < B, {(2):= ’ 7, Ve> 0. 28
1(2) < Bai (2) {mﬂ,zeﬂw) (28)

Similarly, for the region G € Cqy(14, 1,), We obtain:
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z € Q(6),

R ,Ve > 0.
z € Q(6),

nt
Bn(2) < By (2):= { 1;—2 (29)
n )

Now, combining (16), (17), (25), (28) and (29) for the region , any p > 1, y; > —2,0 < 4; < 2, and for all sufficiently small
& > 0,we obtain:
|d{]|

¢ —z?

1 d
P < 0@ | 2 f |Pn(o||('%'zl+|Pn(z)| f

< |q)(z)|n+1”Pn”p [ Gn,l(z) + |Pn(Z)|Bn,1(Z)] !1fG € Cg(/11, 2);

_r
d(Z,LRl)

L] < 1O Pl [ 1755 6o ) + B IBaz ()] £ € Con, 1),
R
Now, using estimates for |B,(z)| ([25, Theorem 1 and Corollary 1]) for the cases G € C4(4,,2) and G € Cy(44, 4,), We get:

and

where

|D(2) ™+
d(Z,LRl)

|®(2) |2(n+1)
Gn1(2) + 7~

dp<Z,L 1)
14

1R (@] < 1Bl En1Bn,1(2)|,if G € Co(44,2),

n+1 2(n+1)
1P < 1B, |22 6, L) + B2 B, ()|, G € Co(Ay, Ay),
! 1+%
Ty By
ne, ify-A>1, ne, if y >1,
En;l:z 1 14 A H En,2:= 1 14 ~
ne, if7-l<i, ne, ify-l<i,
/i__{max{l;/l}+s, ifo<A<2, ~._{}71, if0<A<2,
T2 ifa=2 VT ly, ifi=2

7io=max{0;y;}, i = 1,2; A:=max{1;1;,1,} +¢.

Therefore, we complete the proof of Theorems 5 and 6.
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