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1. Introduction

Heinz Hopf did much work in the field of the algebraic topology of Lie groups [1,2]. Later on, mathematicians
worked on it and named it after Heinz Hopf as Hopf algebra (HA) [3-5]. Vast applications of HA are in physics,
guantum groups, non-commutative geometry and representation theory etc. [6,7], e.g., a particle move in
space-time has HA structures [8]. So, it is necessary to extend these concepts in uncertainty. In 1969, Sweedler
[9] wrote the first book on HA. After that, much research was done in this algebra [10,11].

HA is an algebra with dual structure coalgebra and has an endomorphism called antipode. In other words,
we can also say that an algebra with the structures of cohomology and homology of a topological group is
called HA. In 1939, such algebras were introduced and linked with Lie groups. An example of HA is the
Steenrod algebra introduced in the 1960s by Milnor and Moore [12], the cohomology algebra.

Zadeh gave the approach to fuzzy sets (FS) in 1965 [13]. Rosenfeld worked on the notion of fuzzy groups
[14]. Basically, in fuzzy sets, the range of membership degree is [0,1], which tells us up to which degree the
element belongs to a set. The fuzzy set theory deals with uncertainties. Fuzzy set theory is the door to
developing an intelligent system for identification and decision making etc. There are vast applications of
fuzzy sets in decision-making, pattern recognition, control theory, and optimization. A fuzzy set is also known
as a model that represents uncertainty in the universe.

The thought of fuzzy submodule was given by Zahedi and Ameri [15]. Many authors used the concept of
fuzzy submodules in different fields of mathematics and physics [16-18]. The thought of fuzzy subcomodule
was offered by Chen and Akram [19] in 2012. Notions of comodule and coalgebra are generalizations and
dualizations of module and algebra, respectively.
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The thought of fuzzy algebra was offered by Abdulkhalikov et al. [20] in 1988. The thought of fuzzy
subcoalgebra was given by Chen [21] in 2009, and the thought of fuzzy subbialgebra was also given by Chen
and Wenxu [22] in 2012. The concept of fuzziness was also applied in some other algebras in [23-25].

The main problem in mathematics containing uncertainty is how to carry out the ordinary concepts to the
uncertainty case. The proposed work will help in dealing with uncertainty problems in HA and quantum
groups. Our obtained results probably can be applied in various fields such as artificial intelligence, signal
processing, multiagent systems, pattern recognition, robotics, expert systems, medical diagnosis, and
engineering.

In this study, we introduce the concepts of fuzzy Hopf subalgebra (FHA), fuzzy Hopf ideal (FHI) and
fuzzy H-submodule (FHM). Some basic and essential definitions that are helpful in this paper are recalled in
Section 2. The notion of fuzzy Hopf subalgebra is introduced in Section 3. In this section, we also investigate
some results and examples about fuzzy Hopf subalgebra. The concept of fuzzy Hopf ideal is introduced in
Section 4. In this section, we also investigate some examples and results about fuzzy Hopf ideals. The thought
of fuzzy H-submodule is offered in Section 5. In this section, we also investigate some examples and results
about fuzzy H-submodule. Section 6 is about the advantages of our article, and Section 7 have application.

2. Preliminaries
In this section, we include some relevant definitions which are helpful for the reader. From now onward, except

if stated otherwise, we use H for Hopf algebra, k for field and Q for H-module.

Definition 2.1. [5] A HA (H,m,u, 4, ¢) is a bialgebra with antipode S, where S is an inverse map under
convolution operation.

Definition 2.2. [5] A subspace J of H is called Hopf subalgebra if it is subalgebra and S(J) < J.

Definition 2.3. [5] A B°P(bialgebra having opposite comultiplication) is a co-opposite HA H¢P with
antipode S.

Definition 2.4. [5] A subspace I of H is a Hopf ideal if it is a bi-ideal and ST € I
Definition 2.5. [5] A right k-space Q is H-Hopf module of H if
i. Q isaright H-module and right H-comodule, viap: Q - Q ® H.
ii. pisaright H-module map.
Definition 2.6. [13] An FS &: X — [0,1] is a function of a non-empty set X.
Definition 2.7. If £ is an FS of X, then the subset ¢,/ = {x € X: &(x) = t',t' € [0,1]} is called level subsets.
Definition 2.8. [14] The intersection of two FSs ¢ and o of X is also an FS of X and is defined by
Eno)x)=¢(x)Nax), forall x e X
Definition 2.9. [14] The sum of two FSs & and ¢ of X is defined as follows:
(& +o0)(x) =sup{é(a) ANa(b)}, forall x € X
Definition 2.10. [20] An FS ¢ of k-vector space V is called fuzzy subspace if forany v, v' e Vand a, 8 € k
§(av + pv) 2 E(w) AW

Definition 2.11. [22] An FS ¢ of a bialgebra B is called fuzzy subbialgebra of B, if for any b, b’ € B and
a, € k, the following conditions are satisfied:

i. &(ab+Bb") = E(b) AED)
ii. $(by) = §(b) A§(DD)



Journal of New Theory 35 (2021) 20-31 / Fuzziness on Hopf Algebraic Structures with Its Application 22

iii. $(b) < §(bin) AS(biz)

Definition 2.12. [16] An FS ¢ of a P-module Q is said to be a fuzzy submodule of Q if for any q,q’ € Q and
p EP,

i. &0)=1
ii. &(aq+pq) =@ Né(q)
ii. $(pq) =¢(q)

Definition 2.13. [19] An FS & of a C-comodule Q and a left comodule map p: Q —» € @ Q is said to be fuzzy
subcomodule of Q, where p(q) = Xi—1, qio ® q;1 ifforany q,q' € Q,c € C,and a, B € k,

i. &0)=1

ii. &(aq+pq)=¢(@NEQ)

iii. £€(q) <£€(qip), forall i.

3. Fuzzy Hopf Subalgebra

In this section, the notion of FHA is proposed. Some significant results related to this concept are also discussed
in it.

Definition 3.1. AFS ¢ of H is called FHA, if forany h,h' € H and a, B € k it satisfies:

i &(ah+ph) = &) AER)

ii. &(hh) = E(R) AE(R)

ii. &(h) < &(hip) Aé(hip)

. , sup {§(h)}, if k' € S(H)
. §(h) = { 0, ifh' ¢ S(H)

Example 3.2. Consider the 4-dimensional HA
Hy = (1, hy, hy, heh, | h12 = 1;h22 = 0, h,hy = —hqhy)
and é: Hy — [0,1] defined by

_ (04 ifa € H,\{0)
$a)= {0.8, ifa=0

Then, & becomes an FHA of H,.
Remark 3.3. There is no difference between FHA and fuzzy co-opposite HA because é(h) A §(h") = E(h") A
().
Theorem 3.4. Let ¢ and o be FHA of H such that £(0) = ¢(0). Then, ¢ + o is also fuzzy FHA of H.
Proor. Let h,h’' € H and a, B € k. Now, we first have to show that ¢ + ¢ is a fuzzy subspace.
Suppose on the contrary

(€ +o)(ah+pR) < (E+a)(M) A +0)(R)

(€ +o)(ah+ph) < (§+0)()

and

(§ +o)(ah + BR') < (§ + 0)(h)
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Let 3t" € [0,1] such that

E+o)(ah+ph) <t < (é+0)(h)
and

(é+0o)(ah+Bh) <t < (&E+0)(h)
Then, 3h4, hy, hs, hy € H with ah = hy + h,

h= (") and Bh' = hs + h,
hs + h hy +h hs +h
R = (—=—2) such that £((= - 2N >t o(———2) > t'
Now, we have
§+o)ah+ph’) = sup {E(m)Ao(n)}
h+h'=m+n
hy +h hs +h
> s (i aeEh)

h+h'=m+n a B

> t' > (& +o0)(ah + Bh")
which is contradiction. Therefore,

¢ +o)(ah+Bh) = (E+ )W) AE +0)(h)
Forall h,h' € H,leth = hy + hy and h’ = h3 + hy. Then, hh' = hyhs + hihs + hohs + hyhs. Moreover,

E+o)hh) = sup {(m)Ao(n))

> sup {E(hlhg + h1h4) A O'(hzhg + h2h4)}
hhr=hihz+h.hs+h;hs+hh,

= sup {§(hihs) A§(hihs) Ao (hzhs) A o(hoha)}
hhr=hihz+hihs+hhs+hyhy

2 sup {E(h1) AE(h3) AE(ha) Ao(hz) Ao(hs) Ao(ha)}
hhr=hihz+hihs+h;hs+hyhy

2 sup {(§(h) Ao(h2)) A (€ (hs) Aa(ha)) A (§(ha) Ao(hs))}

hhr=h,h;+h hs+hyhs+hohy
E+ )M A +0)(h) A +a)(h)
=+ AE +0)R)

Furthermore, let h = hy + h, € H. Then,

D b ® hip = A(h) = Ak + hz) = Ahy) + A(h)

i=1,n
Here, hy = Zs:l,n hl(sl) X h1(sz) and h; = Zt:l,n hZ(tl) X h2(t2)-
Since
E+o)(h) = sup {§{(h)Ao(h)}
h=h1+h2

< sup {(f(husl)) A &(his2))) A (0(hyen) A U(hz(tz)))}

h=h1+h2

=, Suw {&(hus1)) A3(0) AE(0) A hapn))} A Sup {§(his2)) A (0) AE(0) Ao (haa))}

h=hq+h,

23
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< ((f + ) (hys) AN+ U)(hz(ﬂ))) A ((f + ) (hys2) A (€ + 0)(h2(t2)))
< €+ 0)(hi) A€+ 0)(hi2)
o) 2] | 20, OO ReU, i esan
0, ifh' ¢ S(H)
and
sup (§+0)(h), if h' € S(H)
¢ +o)R) = {heﬂw .
0, ifh" & S(H)
Then & + g is FHA.
Theorem 3.5. Let ¢ and ¢ be two FHA of H then & n ¢ is also FHA.
Theorem 3.6. Let {; : i € N} be any collection of an FHA of H then n ¢; is also FHA.
Theorem 3.7. An FS ¢ of H is an FHA iff the level sets &,/ are Hopf subalgebras of H.
Proor. Assume that & is an FHA. Since,
é(h) > 0=t',vheH
Ser # ¢
Leth,h' € &, &(h) = t',and é(h") = t'. Since
E(ah+Bh) = EMANER) =t AL =t
then ah + Bh' € &,+. Similarly, since
E(hR) = EMAEMR) =t At =t
then hh' € &,.

Let h € H such that {(h) =t' = h €&y and A(h) = Xic1n 2 hio @ hyy = &(hy) = t' and E(hyy) =t
Then,

§(hi) NE(hi) =t At =t" =¢(h)
Leth € Hsuchthat {(h) =t'= h e, .Ifh €S(H), then,

§(h) =z sup §(h) =t
hes—1(n")

= h'e&y
Hence, &, is Hopf subalgebra for all t'.
Conversely, assume that all £,/ are Hopf subalgebras.
Leth, h' € & and a, B € k. We may assume that
)y zé(y =t
Since h,h' € &1, then ah + Bh' € &,r. Thus,
§(ah+ pR) = t' =E(M) AE(R)
Since h,h' € &,s, then hh' € &,1. Thus,
§(hh) = t' = &) AE(R)
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Leth € & and A(h) = Xi=1, hio @ hi; where hy, hy; € &, Therefore,
§(hi) NE(hiy) =t At =t"=§(h)
Leth' € S(H)and é(h") > t'. Since h’ € &,/ and

§(Wy=t'= sup &(h)
hes—1(n")

Then, & is FHA.
4. Fuzzy Hopf Ideal
In this section, the concept of fuzzy Hopf Ideal is proposed. Some significant results of the fuzzy Hopf ideal
are also studied in it.
Definition 4.1. A fuzzy subspace ¢ of H is called fuzzy Hopf left (right) ideal if for any h,h' € H
i &(hR) = §(R), (§(hR)) = §(R))
i §(h) < &(hz), (§(h) <&(hin))

sup&(h), if h' € S(H)
iii. £(h") = {hes~1(n")

0, if h' ¢ S(H)

Example 4.2. Consider ¢: H, — [0,1] defined by

0.5, if a € H,\{0,1}
&(a) =140.3, ifa=1
0.8, ifa=0

Then, & becomes a fuzzy Hopf left ideal of H,.
Remark 4.3. If & is both right and left fuzzy Hopf ideal of H then ¢ is called an FHI of H.

Theorem 4.4. Let & and o be two fuzzy Hopf left (right) ideals of H such that £(0) = ¢(0). Then, £ + o is
also a fuzzy Hopf left (right) ideal of H.

Proor. ¢ + o is a fuzzy subspace. Let h = hy + hy, h' = h; + hy. Then,
hh’ = h1h3 + h1h4. + hzhg + h2h4

Moreover,

(¢ + 0)(hh) hh,=h1h3+s:}ll£’+hzh3+hzh4{f(h1h3 + hihs) A o(hzhs + hohy)}

sup {&(h1h3) A &(hihy) A o (hahs) A o(hahy)}
hh’=h1h3+h1h4+h2h3+h2h4

sup {§(hs) AE(ha) Na(hs) Ao(ha)}
hh’=h1h3+h1h4+h2h3+h2h4

= sup {§(hs) Aa(ha) Aa(hs) AE(ha)}
hh’=h1h3+h1h4+hzh3+hzh4

¢+ )W) A€ +o)(h)
= (§+o)(h)

v

v

Leth:h1+h2€H.Then,

Z hi; @ hjz = A(h) = A(hy + hz) = A(hy) + A(hz)

i=1,n
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Where, hl = ZS=1,Tl hl(Sl) ® hl(SZ) and hz = ZC=1,TL hZ(tl) ® hZ(tZ) SUCh that

€ +a)h) sup {¢(h1) Aa(hz)}

h=h1+h2

sup, {E(ha(s2)) A o (hagez)}

h=h1+

_sup {E(s2) Ao(0) AE(0) Aalhaqa)}

(§ +0)(his2)) A (§ + o) (haea))
< §+0)(hi2)

IA

IA

E+o)n) =

{ sup { sup &(hy) A O'(hz)}, ifh' € S(H)
hes=t(h’) (h=hq+h,

0, ifh' @ S(H)
and

sup (é+o0)(h), ifh' € S(H)
(€ +o)(h) = nesn

0, if ' & S(H)
Hence, £ + o is fuzzy Hopf left ideal.

Theorem 4.5. Let & and o be two fuzzy Hopf left (right) ideals then & n ¢ is also a fuzzy Hopf left (right)
ideal.

Theorem 4.6. Let {¢; : i € N} be a collection of fuzzy Hopf left (right) ideals then N ¢; is also a fuzzy Hopf
left (right) ideal.
5. Fuzzy H-Submodule
In this section, the concept of fuzzy H-Submodule is proposed. Some significant results of fuzzy H-Submodule
are also studied in it.
Definition 5.1. AFS ¢ of Q isright FHM if forany q,q' € Q,h€ Hand a, B € k
i. é0)=1
ii. §(aq+pq)=E(@NEQ)
ii. £(qh) = ¢(q)
iv. £(q) < ¢€(qio)

sup &(q), ifq €p(Q)
v. &(q") =1{4aep~t@)

0, ifq' ¢ p(Q)

(vi). ECp(@h) = $(p(9))
Example 5.2. Consider ¢: H, — [0,1] defined by

(0.4, ifa € H\{0}
E(a)_{l, ifa=0

Then, ¢ becomes an FHM of H.,.
Theorem 5.3. Let ¢ and ¢ be two FHM of Q such that £(0) = a(0). Then, ¢ + ¢ is also an FHM of Q.
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Proor. Let q,q" € Q and a, B € k. Now, we have to show that ¢ + ¢ is a fuzzy subspace.
On the contrary, suppose that
€ +o)aqg+Bq) < E+a)g)AE+0o)d).
€ +o)(aq+pq9) < (€ +o0)(@)
and
€ +o)aqg+pq) < (+0)q)

If 3t" € [0,1] such that

(€ +o)aqg+Bq) <t <(+0)q)
and

€ +o)ag+pqg) <t <(E+0)q)

If 3 q1,92, 93,94 € Q With ag = g1 + g2, then

q=((q1+q2)/a)and Bq’ = q3 + qa

q/ — (q3;q4) SUCh tha.t f((qlqu)) > t',O'((q3;q4)) > tl
Now, we have

E+o)aqg+pg) = sup {E(m)Ao(n)}

q+q'=n+n’

> sw e @) ne @yl

1_91%492_ q3t4q4
q+q ="—,""+ B

> t'> (£ +o0)(aq +Bq")
which is a contradiction. Therefore,

E+o)aq+pBq)=(E+a)(@N(E+0)q)
Now, let g € Q and h € H such that

(+0)(gh) =  Sup {$(q) N o(g2)}

qh=q1+q>

> sup {{(H A0

= §+ao)(g)
Letqg = g1+ g2 € Q. Then,
Z qio ® i1 = P(CI) = p(q1 + qz)

i=1,n

= p(q1) +p(q2)
= z d1(s0) @ qa1s1) + Z d2(t0) ® dz(t1)

s=1n t=1n

Moreover,

27
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E+0)q) = sup {&(q)A0o(q2)}

q=q:+q;

< SUP {f(‘h(so))/\U(QZ(to))}
q=q;+

= qzsqugq {€(q150)) A a(0) AE(0) A o(qzce0))}

= SUP {f(‘h(so)) A 0(0)} A sup  §(0) Aa(qzto))
q=q;+ q=q1+q;

< € +9)(Giis0) A E +0)(G2t0))
< (€ +09)(qi0)
and

€ +0)(0) = oS @) Aa(@2)} =z §(0)Ac(0)=1A1=1

Thus,

E+a)p@h) = sup  {§(q) Ao(q2)}

p(@)h=q1+q;

> s {zGHACD)

q1
p(@)=11+22

= (§ +a)p(@)
Hence, ¢ + o is FHM of Q.
Theorem 5.4. Let & and ¢ be two FHMs of Q then & n ¢ is also an FHM.
Theorem 5.5. Let {¢; : i € N} be a collection of FHMs of Q. Then n &; is also an FHM.
Theorem 5.6. An FS ¢ of Q is an FHM iff the level sets &, are H —submodules of Q.
Proor. Assume that ¢ is an FHM. As £(0) = 1. Therefore, &, # ¢. Let q,q" € &,+. Then,
§(@) =t andé(q) = ¢’
Since
§laq+Bq) z (@ AE(@) =zt At" =1t

then aq + Bq’ € &,.. Similarly, since é(qh) = &(q) = t' then qh € &,,. Moreover, since £(q;0) = &(q) =t
then x;o € é.r. Let p(x) € &, and h € H. Since

Sp(@h) =8(p(@) =
then p(q)h € &,/ Therefore, each &, is H —submodule of Q.

Conversely, assume that each &, is a fuzzy H-submodules. Let g¢,q" € Q and @, 8 € k. We may assume that
£(q") = &(q) =t'. Therefore, q,q" € &,/ Since, &+ is H —submodule of Q, then ag + Bq’ € &,+. Therefore,

§(aq+pq) =t =5(q@) né(q)
Letgq e Qandh € H. Let&(q) =t'. Therefore, g € ¢, and gh € &,1. Thus, {(qgh) > t' = é(q).
Since p(q) = Xi=1nqi0 @ qi1 Where g;o € v, then
§(qi0) = t' =$(q)

Moreover,
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§(0) =sup{é(q)} =1
qeqQ

Let p(q) € Q and h € H, such that é(p(q)) = t'. Then, p(q)h € &,

Sp(@h) =t =&(p(@)
Thus, ¢ is an FHM.

6. Advantages

The importance of Hopf algebra in Quantum physics and physics cannot be rejected. Shahn Majid and other
physicist and mathematician use Hopf algebra to solve many problems. By using fuzzy theory, we can solve
these problems with easier. So, it is crucial to extend these concepts in uncertainty. So, in this manuscript, we
proposed fuzziness on Hopf algebraic structures.

7. Application

Discrete gauge theory in the 2 4+ 1 dimension arises by breaking a gauge symmetry with gauge group G to
discrete subgroup H due to photons becoming massive w, making the guage force ultra-short ranged. Some
particles are charged, and some carry flux. Charged particles carry a representation of H, and massive charges
are ultra-short ranged. By using fuzziness, we can deal with these particles easily. Here is a simple example,

Example 7.1. Let H = {h4, h,, hs, h,} be a Hopf algebra with antipode S, k = R, 4(h) = h Q h, e(h) =1,
S(h) =h™1,

hy|h, hy hy hy, and hy|h, h; h, hs

Then, &: H — [0,1] defined by

0.6, ifh=nh
§(d) = {0.4, ifh € H/{;ll}

is an FHA. Therefore, h, is the short, ranged particle.

Similarly, we can apply this uncertainty in other fields of physics, like to know the energy level of photons
in non-ideal lasers etc.

8. Conclusion

This manuscript introduces the concept of fuzzy Hopf subalgebra, fuzzy Hopf ideal, and fuzzy H-submodule.
Some properties and significant results are also studied in it. Our obtained results probably can be applied in
various fields such as artificial intelligence, signal processing, multiagent systems, pattern recognition,
robotics, expert systems, medical diagnosis, and engineering. Weak Hopf algebra is a Hopf algebra with a
linear map that satisfy some specific conditions. In the future study, we aim to extend this concept in the field
of weak Hopf algebra.
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