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EXPONENTIAL STABILITY OF A TIMOSHENKO TYPE
THERMOELASTIC SYSTEM WITH GURTIN-PIPKIN
THERMAL LAW AND FRICTIONAL DAMPING

Abdelfeteh FAREH
Laboratory of Operator Theory and PDE’s, University of El Oued, ALGERIA

ABSTRACT. In this paper we consider a linear thermoelastic system of Timo-
shenko type where the heat conduction is given by the linearized law of Gurtin-
Pipkin. An existence and uniqueness result is proved by the use of a semigroup
approach. We establish an exponential stability result without any assumption
on the wave speeds once here we have a fully damped system.

1. INTRODUCTION

In the present paper we investigate the well-posedness and the asymptotic be-
havior of the following Timoshenko type system

pruee = K (ug + @), in (0,7) x Ry,
Papr = by — K (Uux + @) + 60 — Ty in (0,7) X Ry, (1)
Cet = —Qqr — 6@15 m (0,7’() X R+,

where w is the transverse displacement of a beam of length 7, ¢ is the rotation angle
of filament, # is the temperature variation from an equilibrium reference value and
g is the heat flux. The coefficients p;, ps, ¢, K, T are positive and present the mass
density, the polar moment of inertia of a cross section, the specific heat constant,
the shear modulus and the intensity of the frictional damping respectively, b = ET
is the product of Young’s modulus of elasticity and the moment of inertia of a cross
section, 8 and § are coupling constants that are different from zero but their signs
does not matter in the analysis.

To render the system determined an additional equation relating g and 6 is
needed. In the classical theory of thermoelasticity the constitutive equation for the
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96 A. FAREH

heat flux is expressed through Fourier’s law of heat conduction

where k > 0 represents the coefficient of the thermal conductivity of the material.

In 1921, Timoshenko [32] introduced a shear deformation and a rotational iner-
tia into the derivation of the vibrating beam theory. He modelled the transverse
vibrations of a beam by the conservative system

{ pPULt = (K(um - @))Ia in (07L) X (0,00) (3)
Ipsott = (EI()OZE)I + K(UJL’ - @)7 in (07L) X (07 OO)

In the last three decades, the system has been intensively studied for possible
damping mechanisms. Mufioz Rivera and Racke [25] introduced a thermal damping
by coupling system with the classical heat equation. They proved that the
system

prow =k (pe +9),,
prtt = b¢zz -k (9093 + 1/1) + 7917 (4)
Cet = fiea::r - 7%1
(of course with some boundary and initial conditions), is exponentially stable if and
only if
P1 _ P2
b ()
If (5) does not hold Guesmia et al. [17] established a polynomial decay result pro-
vided that the initial data are regular enough.
Almeida Junior et al. [1] considered the thermal coupling of the system in
shear force

p1# — K (p ), +00: =0 in (0,L) x Ry,
p2¢tt - bwmm + K (@x + rlzb) —0o0=0 in (Oa L) X R+a (6)
Pgat - ’ng + g (30;1; + 'I,ZJ)t - O 7/I’L (0, L) X R+,
subjected to either the boundary conditions
o(t,0) = ¢(t, L) = (t,0) = (¢, L) = 0(t,0) = 0(t, L) = 0, (7)
or
(p(t7 0) = (p(t, L) = ¢x(t7 0) = ¢z(tv L) = ax(tv 0) = Qz(t, L) =0, (8)
and proved that the solution is exponentially stable if and only if
K b
x=———=0. 9
P1 P2 ©)

Otherwise, when @D does not hold, the authors showed that the system is poly-
nomially stable with a rate of decay t—'/* for the boundary conditions and an
optimal rate of decay ¢~'/2 for the boundary conditions (). Recently [18] reached
the rate t~/2 for the boundary conditions and

@m(ta 0) = sz(tv L) = ¢(t70) = w(tv L) = gz(tv O) = am(ta L) = 0.
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Alves et al. |2] improve the results of [1] for the case of different wave speeds and
obtained the same rate of decay t~!/2? independently of the boundary conditions.
Later, Alves et al. [3] extended the results of [1] to the non-homogeneous case with
the boundary conditions . Precisely, they established an exponential stability
provided that the non-homogeneous wave speeds satisfy the condition

k(x) _ b)
p1(z)  py(x)

, xelC(0,L), (10)

in an open subinterval I of (0,L). When does not hold they obtained a
polynomial stability result with a rate of decay depending on the regularity of the
initial data.

Recently, Jorge-Silva and Racke [19] considered (6) with Cattaneo’s law and
proved that there is non exponential stability no matter if @D holds which confirms
the result of [10].

We recall that the model using Fourier’s law leads to a parabolic equation.
Consequently, the heat propagates with an infinite speed, that is, any thermal dis-
turbance produced at some point in the body has an instantaneous effect elsewhere
in the body. To overcome this physical paradox, many theories were developed.
Green and Naghdi [12114] expanded three new theories based on an entropy equal-
ity rather than the entropy inequality. They called them thermoelasticity of type
I, type II and type III respectively. In each of these theories the equation for the
heat flux is given by a different constitutive assumption. The constitutive equation
for the heat flux in the type III theory is given by

q= _flaa: - f20m

where
t
a=ao(x) +/ 0 (x,7)dr
0

is the thermal displacement and f;, fo are two positive constants.
In the framework of the thermoelasticity of type III, Messaoudi and Said-Houari
[24] considered the following Timoshenko type system

pl@tt - K (‘px + ¢)w = O ZTL (07 1) X (07 +OO) )
ptht - bd}mz + K (@z + %/1) + BGT = O in (07 1) X (07 +OO) )
POt — 0040 + By + KOtz =0 in (0,1) x (0, +00),

and showed that the solution (¢, v, 0) decays exponentially provided that pﬁ = pi

1 2
The case of non equal speeds was examined by Messaoudi and Fareh [23]. They

established a polynomial rate of decay. Fatori et al. [9] show that the optimal rate
in this case is ¢t~1/2.
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Santos and Almeida Junior [30] extended the results of [23)24] to the Timoshenko
system with thermoelastic effect acting on a shear force

p1pu — K (pp 1), + 00t =0 in (0,L) x (0,+00),
ptht - b'(/)za: + K (QD;E + '(/J) - 0-015 =0 in (O?L) X (O’ +OO) ’
P30t — 0020 + 0 (¢, + 1), — V0tze =0 in (0,L) x (0,+00).

The second theory proposed to overcome the paradox of infinite speed was de-
veloped by Lord and Shulman [21]. They suggested to replace Fourier’s law by
Cattaneo’s one

Togt +q+ kb, =0,

where the positive constant 7o represents the time lag in the response of the heat
flux to the temperature gradient and is referred to as the thermal relaxation time.
According to this theory, the system becomes fully hyperbolic, as a result the heat
propagates with a finite speed and is viewed as a wave-like propagation rather than
a diffusion phenomenon. A wave-like thermal disturbance is referred to as a second
sound (where the first sound being the usual sound) and a nonclassical theory
predicting the occurrence of such disturbances are known as thermoelasticity with
finite wave speeds or second sound thermoelasticity.

Ferndndez Sare and Racke [10] considered the following Timoshenko type system
with second sound thermoelasticity

prpw — k(9 + w)z =0,
Pgat + 7Gx + 57/’1‘,3: =0,
Toqt + ¢+ Kbz =0,

and proved that the solution of is no longer exponentially stable even if p—kl = %2.

However, the incorporation of the frictional damping u¢p, into the first equation of
(11)) produces an exponential stability independently of the wave speeds [22].
Santos et al. [31] introduced the stability number

_ ( P1 ) ( bpl) 7'9152
Xo=\T————J\P2—— |~ —
P3k K kp3

and proved that the solution of is exponentially stable provided that y, = 0.

It is worth noting that the type III thermoelasticity and the second sound ther-
moelasticity are unable to describe the memory effect which reigns in some materi-
als, particularly at a low temperature. This fact leads to the look for a more general
constitutive assumption relating the heat flux to the thermal memory. Gurtin and
Pipkin [16] assumed that the heat flux depends on the integrated history of the
temperature gradient, and established a general nonlinear theory for which ther-
mal disturbances propagate with a finite speed. In accordance with this theory, the
linearized constitutive equation for ¢ is given by

q= 7/7 k(t—s)0, (z,s)ds, (12)
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where k(s) is the heat conductivity relaxation kernel. The presence of the convolu-
tion term renders the Timoshenko system coupled with the heat equation into
a fully hyperbolic system, which allows the heat to propagate with a finite speed
and admits to describe the memory effect of the heat conduction.

In the context of Gurtin-Pipkin theory Pata and Vuk [26] studied the linear
thermoelastic system

Ut (X, 1) = Ugg (2, t) — O (2, 1),
et (Z‘,t) = Uty (l‘,t) — 4z (Jf, t) ’
where the heat flux ¢ is given by . They proved, under some assumptions on
w1 (s) = =k’ (s), that the solution of the system decays exponentially. Fatori and
Munoz Rivera [8] considered the system
Upt — AUy + b, = 0dn (0,L) x Ry
0r — k% 0,; + quzs =0idn (0,L) x Ry,

where
(k% 00 (£) = /O k(t— )00 (7) dr,

and established an exponential decay result provided that the kernel k is positive
definite and decays exponentially.

Concerning Timoshenko systems coupled with the heat equation in the frame-
work of Gurtin-Pipkin’s theory, Dell’Oro an Pata [7] analyzed the following system

P1Pu — K (9, + 1[1)@ =0,

p2¢tt - bwmx + K (301: + I)Z)) + 501 = 07 (13)
1 oo
Pl — B/ g(8) 0y (t —s)ds+ 0¢,, =0,
0

and proved that the semigroup associated with the solution of the system is
exponentially stable if and only if

_ {ﬂlﬁ] ot _ B pd?
psk g0 Lk b g (0) pgrd

Closely related to Timoshenko’s beam theory, Raposo [29] investigated the lami-
nated Timoshenko system

Xg

pruee — K (ug — ), +auy =0 in (0,L) x Ry,

po(s =)t = b(s = V)zz + K (Y —uz) +B(s =) =0 in (0,L) x Ry,

postt — bSzz + k(Y — uy) + 46s + 4ys; =0 in (0,L) x Ry,
(14)

and obtained an exponential stability result. Regarding the damping by the heat
conduction, Liu and Zhao [20] showed that the laminated beam coupled with the
heat equation modelled via Fourier’s law of the heat conduction is exponentially
stable provided that the wave speeds are equal. Apalara [4] obtained the same result
by coupling the laminated beam with the heat equation moddeled via Cattaneo’s



100 A. FAREH

law, provided that the equal wave speeds is replaced by a relation between the
coefficients of the system. Choucha et al. [5] added a distributed delay and proved
the exponential and the polynomial stability for the equal and the non-equal wave
speeds respectively. They also kept the same results in the presence of a viscoelastic
damping and a distributed delay [6].

In view of the aforementioned studies we can summarized the stability results
for Timoshenko systems coupled with thermal effects as follows:

i) A fully damped Timoshenko system with parabolic thermal effects is expo-
nentially stable regardless any restriction on the wave speeds.

ii) A Timoshenko system damped only by thermal effects is exponentially sta-
ble if and only if the coefficients of the system satisfy a stability condition
(equal wave speeds, in the case of the classical parabolic heat equation).

To the best of my knowledge there is no results concerning the fully damped
Timoshenko system with hyperbolic thermal dissipation. One can expected that
this leads to an exponential stability. In the present paper we give a positive answer
to this concern.

It should be noted here, that replacing the parabolic heat conduction by a hyper-
bolic type one is not obviously profitable, first, because the system becomes fully
hyperbolic and therefore it loses the exponential decay reached with one dissipa-
tion when holds, (see [10}/28]), secondly, because the dissipative effects due to
the hyperbolic type heat conduction are generally weaker than those induced by
Fourier’s law.

In the present paper we consider the fully damped case of and prove the
exponential stability of the solution without any condition. The importance of our
result manifested from the fact that the case of equal speeds is purely mathematical,
since it is physically never satisfied [15|. Therefore, the stability result obtained
without any restriction on the coefficients is more realistic than that obtained with
a stability condition.

Note that the presence of the convolution term in the constitutive equation for
¢ renders the family operators mapping the initial value (ug, u1, ¢g, ¢1,6o) into the
solution (u, ¢, ) not match the semigroup properties. This is due to the fact that
the solution value of 6 at time ¢ depends on the whole function up to time t.

In order to overcome this difficulty we introduce the new variables

0'(x,s) = 6O(x,t —s), s >0,
and

n(z,s) = nt(:v,s) = / 9t(x,7)d7, s>0,
0

which denote the past history and the summed past history of 8 up to ¢, respectively.
Clearly n' (z, s) satisfies the boundary conditions

n(0,s) =n(mr,s)=0.
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Moreover, we assume that k (co) = 0 and n(z,0) = lin(lﬁnt(x, s) = 0, then

o= [ re- 90 sds= [T Kt )b

Further, we have

nt($75) :9_773(33’5)~ (15)

Setting 1 (s) = —k' (s), the system and equations (12)), become

pruet = K (Ugy + @) — B0, in (0,7) x Ry,

PoPy = fom —k(uz +9)+00 —19, in (0,7) xRy,

B= [ (o) (5)ds = Buss — By in (0,7) x R (16)

0

nt(s) =60 —nt(s) in (0,7) x Ry x Ry.
The system is complemented with the boundary conditions

U(O, t) - U(TF, t) = 90:5(0’ t) = cpm(ﬂ—a t) - 0(03 t) - 9(”3 t) =0, (17)

77(075) = 77(7‘—75) =0,Vt € R+a 77(%0) =0, Vz € (077T)7
and the initial data
u (170) = Uo (.T) y Ut (3’],0) =u (x) y P (l‘, O) = %o (x) ) (18)
Pt (IE,O) =¥1 (1’) , 0 (xvo) =t (‘T) ) 770 (x’ S) =To (:U, S) :
Regarding the memory kernel p, we assume the following set of hypotheses:
(h1) p € C(RT) N L (RY),
(h2) 1 (s) >0, /' (s) <0 Vs >0,
(h3) [,° 1 (s)ds = ko > 0,
(h4) there exists £ > 0, such that u' (s) < —€u(s), Vs > 0.
The rest of the paper is organized as follows: in Section 2, we introduce some
functional preliminaries. Section 3 is devoted to the proof of an existence and
uniqueness result. In Section 4, we state and prove our stability result.

2. FUNCTIONAL SETTING

Let A = —D? be the operator defined over L? (0, 7). It is well known that the
operator A with the Dirichlet boundary conditions is a self-adjoint and positive
operator with domain D (A) = H? N H{. Thus, it is possible to define the powers
A® of A for a € R, and the Hilbert space V,, = D (A%/2) endowed with the inner
product

(u,v), = <A°‘/2u,Aa/2v>
and the associated norm denoted by |ul|, . In particular, Vo = L?, Vo = H™!,
V; = H§ and
<Al/2u7 A1/2v> = (Du, Dv), Yu,v € Hé.

For oy > aa the injection V,, — V,, is continuous.
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Furthermore, we introduce the weighted Hilbert space

with the inner product

Qi = [ 1) (0(3) (),
and the norm
i, = [ ) 1D ) ds

We shall also need to define the spaces

Mo=L2 ((0,400); L*(0,))
and

K=H (0, +00); H (0,m))

={n/n,n, € Ma}.

The following lemma will be useful in the proof of our main result.

Lemma 1. Let v € L? (0,7) be given and

1 ™
D= — d
v 71_/0 v(x)de

D[]y = [lo =]}

the mean value of v. Then,

Proof. We have

[Dvl—y = sup [(Dv,9h)[ = sup [, DY)| <|lv]|.
IDwl|=1 1D =1

Let ¢ (z) = ﬁ Jy v (y)dy, then |Di| =1 and

[(Dv, ¥)| = [|v]| < | Dvl|_; -
Therefore,
D]y = [Jv]] -
Suppose that v = 0, then
[1Dv][_y = |lv =7l
If v # 0, then
[1Dv][_y =D (v =2)[_; = [lv—7].
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3. WELL POSEDNESS

In this section we prove that the problem determined by — has a unique
solution. The main tools of the proof are the Lumer-Phillips and the Lax-Milgram

theorems. First we need to rewrite the problem in the semigroups setting.
Let H be the Hilbert space

H=Hj x L* x H} x L? x L* x M,

endowed with the inner product

s s

(U,U") = H/ (uz + ) (up +¢")dx+py | vo"dz+0 sox%dx

+p2/ ooy dx—f—c/ 66" dm+/ / e (s) dxds

and the associated norm

2 2 2 2 2 2 2
15 = & llua +@ll” + oy [[0I7 + bllea ™+ po 1917 + 117 + lInllas, -

We note that by virtue of the inequalities

u2 <2 (ug + 9)° + 267,
(uz +¢)° < 2u2 + 247,

the above norm in H is equivalent to the usual norm. Therefore, we use either of
the norms indifferently.

To rewrite the system in the semigroup setting we introduce the new vari-
ables v = u; and ¢ = ¢,, then the system becomes

Uy = pil (uﬂcx (xvt) + ¢, (x’t)) - ;%eac (x,t)

or=¢

¢t—,f;@m(wf)—ﬁ(ux(wt)ﬂp( 1) + 20 (x,1) — ¢ (1)
0, (z *fo r]“a:s)ds—fvx(x t) — 5 (x, t)

77%( : )*9(1“ t) m(x s)

and the problem f rewritten

d
{ LU= AU, £ >0, 20)

U (0) = U,



104 A. FAREH

where, A is the operator defined by

1 P1 P1
b i )
AU: 7(pma:_£uw_£<p+79_l¢
/)12 w P2 P2 %2 %2
- ds — Zv, — =
S AICTMOTE S
0_775

with domain
UcH;u,poc H* v,0 c HY ¢ € H,n € H; ((O,—l—oo);Hé),

1 (8) Moy (s)ds € L2, 7 (0) = 0
Before stating the main result of this section let us recall the following theorems.

Theorem 1. (Lumer-Phillips) [27,33] Let A : D(A) C H —H be a densely defined
operator. Then A generates a Cy-semigroup of contractions on H if and only if

i) A is dissipative;

ii) there exists a constant A > 0 such that \I — A is onto.
Theorem 2. [33] Let A : D(A) C H —H be the infinitesimal generator of a

Co-semigroup {S(t);t > 0}. Then, for each & € D (A) and each t > 0, we have
S(t)¢ € D(A) and the mapping

D(A) =

S:[0,+oo[ — H
t— S(t)¢
is of class C' on [0, +oo[ and satisfies

4(5(1)€) = AS (1) € = 5 (1) Ac.

Our main result reads as follows:

Theorem 3. Suppose that p satisfies the hypotheses (h1)-(h4), then for any Uy =
(uo, u1, po; ¥1, 00, nO)T € H the problem has a unique solution U € C ((0,400);H).
Moreover, if Uy = (uo, u1,¥g, ¢1,00,19) € D (A) then the solution U satisfies

U e C((0,+00); D (A)NCH((0,400);H) .
Proof. First, we prove that A is dissipative. Indeed, for every U € D (A) we have

<AU7U>:H/Oﬂ(vm-ﬂb)(uz—kcp)dx—k/o

™

(Kuge + Ko, — B0:) vdm—l—b/ D P dx
0

+/ (b, — Kug — kp + 860 — T7¢) ddx
0
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([ e (10— 0 0
+/O7T /Ooou(s) (02 — nks) 0y (s) dsde,
- —/ $2di ;/()mu(s)CZ In, (5)]1ds.

For the second term in the right-hand side, we have
oo d oo
/O (), (5)Pds = (o), ()5 - / 1 (5) [ (s) | 2ds.

Since 41.(s) ||n,, (s) [|* and ju (s) [In,5 (s) |* belong to L' (R*) and 7, (0) = 0, hence

. 2 _ 9. 8
Jimgy ()l ()17 = o () || |- s (7) T

s 2
< lim sup ( | # n df) |
0

s—0

)

The Cauchy-Schwarz inequality, leads to

tim (o) (9)° < imsup s | (r) () 7 =0,

s—0

Therefore,

oo

| r6) nao)Pds = tim ()17 = [ o) Pas

The left-hand side of the last equation is bounded, and from (h2) both terms on
the right-hand side are positive. Then, the limit in the right hand side exists and
is finite, and therefore equals zero. Thus,

s 1 oo
(AU,U) = —r / P+ / 1 (), (5)]12ds < 0,

which proves the dissipativeness of A. Next, we show that A is maximal. Let
U* = (u*m*,cp*,(b*,b'*,n*)T € H, and find U = (u,v,go,¢79,77)T € D (A) such
that

(I-A)U=U", (21)
which reads in components
u—v=u, (22)
PV = KUz — K@, + B0, = pv”, (23)
¥ — (b = (p*v (24)
(P2 +7) & — by, + Kla + K — 00 = py¢7, (25)
ch — / s)nt, (s)ds + Bv, + d¢p = c”, (26)
n—0+n,=n" (27)
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Solving equation gives

n(s)=(1-e)0+ /O e’ n" (y) dy. (28)
Substituting , and into , and we get

Klgy + Ko, — B0z — pru = —pq (u* +0%),
bppy — Ky — (K4 py +7) @ + 60 = = (po + 7)™ — pad”,

e0an — o — Bug — 8 = — (cb" + Bu* + ") / u(s) ( / o (4) dy) ds

(29)
where,

CH:/OOO/L(S) (1—e*)ds

is a positive constant. The last term in the right-hand side of the third equation of
belongs to H~!. Indeed, let ¢ € H{ such that |4, ] < 1, then

(o ([ o) | o ([ )
< [ nere ( ezl dy) s

— [ el [ atedsdy
0 Y

< / () e s ()] / " e rdsdy
- / 1 @) 72 ()] dy < .

At this point we multiply the equations 1,2 and 3 by u, p and [ respec-
tively, integrating over (0,7) and summing up, we obtain

B (U, ﬁ) -y (U‘) , (30)

where

B(U, (7) ::ﬁ/ uﬂjwd:r:—/i/ gowﬂdx—i—ﬁ/ Qwﬂdx—l—pl/ uudx
0 0 0 0

s

40 [ ppdnn [Cupdot (ot py ) [ opde
0 0 0

—5/ Hﬁdx—i—cu/ Hmézdm+c/ 95dm—|—ﬁ/ umédx+5/ go%lx,
0 0 0 0 0
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and

T

L(ﬁ) ::pl/ow(u*+v*)ﬁdx+(p2+7')/o

+/ (0 + Bu* + 6p*) bdz +/ 5/ 1w (s) </ e’k (y) dy) dsdz.
0 o Jo 0

Clearly, B (-,-) is a bounded bilinear form over W = H} x H! x H} and L is a
bounded linear form. Furthermore, we have

B({U,U) = m/ uidm—/{/ gaxudx—i—ﬁ/ qudx—l—pl/ u2dac+b/ prdx
0 0 0 0

P pdr — py / ¢*pdx
0

0
+I€/ u$<pdas—|—(n+p2+7')/ @de—é/ 9<pdx—|—cu/ 02 dx
0 0 0 0

—|—c/ 02dx+5/ umde—i—é/ pldz,
0 0 0

B(U,U):n/ (uz+go)2d$+p1/ u2d$+b/ 2da
0 0 0

+ (P2 +T)/ sozdx+cﬂ/ Oiderc/ 0% dz.
0 0 0
Therefore, there exists a positive constant « such that
B(U,U)>a|U|?.

Thus, B (:,-) is coercive and by means of the Lax-Milgram theorem, the problem
has a unique solution

(u,p,0) € W.
Moreover, taking (m @,5) = (%,0,0) in we get

KJ/W Uplpdr = /W (K, — BOx — pru+ py (u* +v*)) udz, Vi € H. (31)
0 0
Using standard arguments of elliptic equations we infer that
u € H?(0,7)N H(0,7),
with
KlUgy = —K@y + B0s + pyu — py (u* +07),
which solves 1. Similarly, by choosing (17, @,5) = (0,%,0), we obtain

b/ mxdax=—/ (kg +9) + (pp +7) (9 — ©") — 80 — pod”) B, V5 € HY.
0 0
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Let U € H} (0,7) and set

(2, 1) :\Il(x,t)—/OW\IJ(x,t)dx.

Clearly Ve H!(0,7). Plugging U in and recalling that
K (us +¢) + (py +7) (0 = ¢%) = 80 — py¢™ € L2 (0,7),

we arrive at

b/ 0,V dr = / (K (uz + @) + (pg +7) (¢ — ©*) — 00 — poyd™) Wdx, YU € H (0, 7).
0 0
Thus, by virtue of the theory of elliptic equations, ¢ € H? (0,7) N H} (0, 7) with

wm:%1(ﬁ(ux+<p)+(p2+7)(<p—<p*)—59—Pz¢*)~

Then, ¢ solves (29)s.
Substituting u, ¢, 6 just obtained in , and , we infer that

v e Hy(0,m),¢ € H(0,7) and ne€ H) ((0,+00); Hy(0,7)).
Moreover, implies that

/OOO ()t () ds € L2 (0,).

Finally we have
S
s (s) =e "0 +n"(s) - / """ (y) dy € Mo
0

and 7 (0) = 0, which proves that the solution U of belongs to D (A) . Hence,
Lumer-Phillips theorem ensures that the problem (20]) has a unique solution U (z,t) =
etUy () . This completes the proof of Theorem O

4. ASYMPTOTIC BEHAVIOR

In this section we establish an exponential rate of decay for the solution of the sys-
tem —. The following Lemma gives a sufficient condition for a Cy—semigroup
in order to be exponentially stable.

Lemma 2. [11] Let S(t) be a contraction semigroup on H, and let A be its infini-
tesimal generator. If the operator i3I — A is bounded below as 3 € R, that is there
exists A > 0 such that

Inf 1GBI = A) U = AU}, YU € D (A),
then S (t) is exponentially stable.

The main result of this paper reads as follows:
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Theorem 4. Assume that the memory kernel u satisfies the hypotheses (h1)—-(h5).
Then the semigroup S(t) = et associated to the problem - is exponentially
stable.

Proof. The proof will be done by a contradiction argument. Suppose that the
assertion is false. Then there exist a sequence (\,) C R and a sequence (U,) C
D (A), of unit norm

2 2 2 2 2
K[ Dun + @ull” + prllonll” + 0 [Den 1" + p2 [|0nlI” + ¢ 10

n / () 1Dy ()] ds = 1,

such that
lim |[(¢A I — A)U,|| =0,
o0

n—s

which reads in components as

32)
33)
34)
35)

iIAply, — Uy — 0 in H&,
1P AUy — kD?u,, — kD, + D0, — 0 in L?,
My — ¢, —> 0 in H},
ipoAnd, — bD*@, + kDu, + kp,, + T¢, — 60, — 0 in L2,

o0
icApb, — / w(s) D*n,, (s)ds + BDv, + 6, — 0 in L? 36
0

(
(
(
(
(36)
iAnn,, — 0 + Dsn,, — 0 in M;. (37)
Note that since the norm in H is equivalent to the usual norm, then there exists

v > 0 such that for any U € D (A) of unit norm, we have

2 2 2 2 2 2 > 2
[Dunl” +llvall” +lenll” + 1D, 1" + |6, ]1” + [10n]] +/0 1 (8) ([ Dy, (s)]” ds = -

(38)
First we have
™ 1 o0
Re (0] = AU U} =7 [ 2o =5 [ w()lDn,(s)ds —> 0.
0 0
Thus,
[¢nll —> 0 (39)
and | oo
B, <=3 [ #1895 — o0 (40)
Moreover, from we have
1
Oy, ~ )\—¢n — 0in L% (41)

The injection L? «— H~! is continuous, hence holds in H~! instead of L? and
101 AnVn ~ kD%, + kDo, — BDO, in H.
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On the other hand we have

H/{ (Dzun + Dgpn) — ﬁDGnH% = sup |</£ (D2un + D<pn) — BDHn,w>
IDy|<1

< [l5 (Dun + @,) = B0l sup [|Dy]],
ID¥l<1

)

< K[| Dun + ¢, | + 181 110a]] < V2.
Therefore,
|Anl ||Un||_1 <y, (42)

for a positive constant Cy independent of n € N.
Similarly, we get

| @t s < [ a1 @)
-1
o ) T 1/2
<\ [n@as([Tue [Cion i)
0 0 0
then
|[Cuepa o] <y [T a@asinl, —o
0 -1 0
Note that holds with H~! instead of L?, hence
licAnby + BDvy||_y — 0. (43)
Since
[Dvp|l_y = sup [(Dvn, )| < [lon| < oo,
[Dyl<1
Duw,, is bounded in H~!, then
||C)\n0nH_1 S 027

for a positive constant Cy independent of n € N.

Next, we need to show that ||6,,|] — 0. Exploiting the continuous embedding of
M into M, holds in My instead of M;. Let (€,,) be the sequence &, = s6,,.
Clearly &, € My. Indeed, from (h2), u(s) goes to zero exponentially fast, then

/ s2u (s)/ 10, dads = ||9n||2/ s2u(s)ds = C3 < 0.
0 0 0

Multiplying by &, in My we get
<Z)\nnn7£n>0 - <0n7£n>0 + <D57]n7£n>0 — 0 (44)

For the first term we have

(it €adol =Pl [ (o) [ e
0 0
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Then, using Holder inequality we get

[(EntasEadol < PAal 1l / )10, (5)] ds,

< ] 8]l 1,/ ds/ 5) [ D, ()] ds,

< O/ Cslm,ll, — 0.
From (h4) we infer that hm s2u(s) = 0, then, again (h4) and integration by parts

f/ sQM'(s)ds:Q/ sp(s)ds = Cy < cc.
0 0
For the third term of (44)) we have,

/ u(s)/ nnend:rder/ sp’ (s)/ N,0ndxds|,
0 0 0 0

(Dt £2)0] < 1100l [ [ n s [ ||nn||ds} ,
< ds — ! ds.
< / 11 () llmnll ds / sil (5) |7 ds

Using the Cauchy-Schwarz and Poincaré’s inequalities we conclude that

/Ooou(snnnndsgwom \// ) |l ds,

< / (s ds mlly

yield

then,

<Cp / (s ds [[nl, — 0
and

—/Ooo st (s) IITlndSZ/OOOS\/T(@\/T(S)H%HdS

< (- [ ) - (= [ o )l as) 1/2

1/2

< (—c4cp jarae ||Dnn||2ds) .
0
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Thus, is reduced to

16,2 / sp(s)ds = (0,09 — 0,

that is,

2 (0, €0)
0n|” = =m0 .
10l C

(45)

Removing the terms that tend to 0 from , then multiplying by ¢,, we obtain

We point out that
(D, ) < || Dunl| @, || — 0
and
An (D 0n) ~ lul> — 0.
Therefore,
[Dey|l — 0.

Multiplying by pyv, and by u,, we get
ip1An (Un,y Vn) — Py ||Un||2 — 0,

and
Zpl)\n <vnaun> + K ||Du’ﬂH2 — 0
Adding to the complex conjugate of , we get

K[| Dug | = py [fon]* — 0.
Combining , , , , 7, and we obtain
(142 flonl® .
K

We complete the proof by showing that leads to a contradiction.
Since A~!1Duv,, is bounded in H{ (recall that A = —D?), from (43)) we have

<ic)\n0n + 5Dvn,A*1Dvn> = <ic)\n0n, Ailen> + B ||Dvn||2_1 — 0.
On the other hand, from we have
|<ic)\n0n,A_1Dvn>| = ‘<ic)\n9n,A_1/2vn>‘

<c|Al [10nll = c|Anl [[onll—y [16n]]

’Afl/Z,Un

< cCy |0 — 0.

Thus, leads to
|Dv,||_; — 0.

From we infer that

[vn — Tl = ||Dvn||71 — 0.

(46)

(48)
(49)

(50)

(52)
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Therefore,
an_@nuz = an||2_7r‘@n|2 — 0. (53)
The comparison of and leads to

ol — s

v _.

" T (K +py)

Thus, there exists a subsequence (7,,) that converges to T, such that

_ Ky
ol =/ - (54)
7 (K +p1)
Using again we conclude that there exists a subsequence of (v,,) which converges
to v in L?(0, 7). Exploiting the continuous embedding of L?(0, ) into H~1(0, ),
one can deduce that
vy — T, in HH0, 7). (55)
At this point we distinguish two cases. Suppose that (A,) is unbounded, then we
can choose a subsequence (A, ) such that |\,| — oo and from we have

v, — 0in H (0, 7).

From the uniqueness of the limit we conclude that ¥ = 0, which is incompatible
with .
Conversely, assume that (A,) is bounded, again, there exists a subsequence (\;,)
that converges to some A € R. In this case we have
lim ||(iA — A) Uy, =0,
n—oo
and — hold with A instead of \,,. In particular
iy, — v, — 04n Hg (0, 7).

Since (uy,) is bounded in H} (0, 7), we conclude that there exists v* € H}(0,7) and
a subsequence (v,,) that converges weakly to v* in H}(0,7). From the uniqueness
of the limit we infer that v* = », which is in contradiction with v* € HE(0, ),
since 7 is a non-zero constant function, and therefore cannot be in H}(0, 7). This
completes the proof of Theorem O
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